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1. Introduction

The double Mellin Barnes type contour integral occurring in this paper will be referred to slightly modified form for I-function

of two variables [6] will be defined and represented in the following manner:

I[Zl,ZQ] = IO,nl:Nl |:zl

p1,q1:N2 |72

(P1):(P2);(Ps3)
(Ql):(Qz);(Qs)] Or

(aj;aijj;gj)l,plz (CjaCﬁUj)l,pz ; (ejij;Pj)l,ps ]

— IO,nl:mg,n2;m3,n3 z1
- (03 B3 Bjim)1,q, 0 (d:D53V )1 g0 (52 F53Q5)1, g4

P1,91:P2,925P3-93 z2

— ﬁ/L : ¢(s,t)01(s)92(t)zfz§dsdt @

Where ¢(s,t), 01(s), 02(t) are given by

TIT9 (1— aj+ ajs + Ajt)
j=1
B(s,1) = — ! — : (2)
H ].—‘67 (aj— CEJ'S — A]t) H ' (1 — b]+ﬁ]3 + Bjt)
j=ni+1 j=1
no m2
[1 1% (1 —¢;+Cys) [I TV (dj—D;s)
=1 =1
O1(s) = — - ; (3)
[[ T%(c;=Cys) II TV (1-d;j+D;s)
j=no+1 j=mgo+1
n3 m3
[[ 1% (1 —e+E;t) [[ T (fi—F;t)
j=1 j=1
Oa(t) = — — ; (4)
[I TPi(e;—Ej;t) [I T9 (1—f+F;t)
j=nz+1 j=mg+1

Also:
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o 21 #0,20 #0;
R e

e an empty product is interpreted as unity;

e L and L; are suitable contours of Mellin-Barnes type. Moreover, the contour L; is in the complex s-plane and runs

from o1 — @00 to o1 + 400, (o1 real) so that all the singularities of I'V3 (d; — D;s)(j = 1,. ..

and all the singularities of 'V (1 —¢; +Cy8)(j = 1,...,n2), T% (1 —aj +ajs + A;t) (= 1,...

,m2) lies to the right of L

,n1)lie to the left of L;

e The contour L is in the complex t-plane and runs from o2 — 00 to o2 + 100, (02 real) so that all the singularities

of T (f; — Fjt)(j = 1,...,ma)lie to the right of £; and all the singularities of, T¥7 (1 — e; + E;t)(j = 1,...,n3),

D% (1 —aj +ajs+ Ajt)(§ =1,...,n1)lie to the left of £;.

For the condition of existence and condition on the various parameters of I-function of two variables I [Z1, Z2], we refer to

[2, 5] in (1) and that follows, we use the following notations for the sake of brevity. N1 = ma,ns2 : ms, ns; No = p2, ¢2 : p3, g3.

And sets of parameters are

(P1) = (a5, 05, A45:85)1 , - (P2) = (¢5,C35Uj), o, + (Ps) = (€5, Ej3 Fj)

(@1) = (b), B35 Biimi)y 4, » (Q2) = (dj, Djs Vi), g, + (@)

1,p3

(fis F33Q5)1 g

Following the results of Braaksma [1] and we refer to Rathie [6, 11], it can easily be shown that the function defined in (1)

is analytic function of Z; and Z2 if R < 0 and S < 0. Where,

pP1 P2 q2 q2
R=Y o+ > UiCy=> m;Bi— > V;Dy,
j=1 Jj=1 j=1 j=1

p1 P3 a1 a3
S=&A;+> PE; =Y n;Bj— > Q;F,
Jj=1 Jj=1 Jj=1 j=1
And the integral (1) is convergent if,
1 1
A >0, Az >0, |arg(z1)| < §A17r7 larg(zz2)| < §A27T
Where,

ny P1 q1 na P2 mo
o PO ST RO SLC R SIS ST
j=1 j=1 j=1 j=1

j=ni+1 Jj=n2+1

ny P1 q1 ns P3 m3
Ap= {Zl&'Aj - 2 GA - Zl n;Bj + ZleEj - X BE+ _Zl Q;F; —
J= J= J= J=

j=ni+l1 j=n3z+1

Integral (1) is convergent absolutely if,
1 1
A1 >0, Az >0, |arg(z1)| = §A1ﬂ', larg(z2)| = §A27T,
The Following known result will be utilized in this paper from Luke [7] we have

a,byc+1 a,b abz a+1,b+1
3F» tz| =21 1z +72F1 :
d,c d ¢ d+1

And from Rainville [8] we have
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2. Transformations

The transforms involving I-function of two variables to be established are:

[T4]:
- z" 0,n1+4;N1 21 (a—7‘;11,12;1),(b—r;m1,m2;1),(c;n1,n2;1),(c—r—l,nl,ng;l),Pl;PQ;P3
ZF p1+4,91+3;N2
r=0 Z2 Qu; (d =75k, k23 1), (¢ — m5n1,m2; 1), (¢ — 1;n1,n2; 1), Q2,Q3
ii 0.1 +2:N, 21 | (a—=r7;l1,l2;1), (b —r;ymi,ma; 1), Pr; Pe; P3
rl p1+2,q1+1 N2
r=0 z2 Q1;(d =1 k1, k25 1), Q2, Q3
i S oy || (0o = L), (b = Limay mai 1), (6nnn2i 1), Py P, Py 12
7"+1 P1+3 q1+2;N2 ) ) ) ) ) ’
r=0 22 Qh(d_r_17kl>k271)7(c_1>n17n271)aQ27Q3
Provided:

[Ar 4+ (11 +12) + (m1 +m2) — (k1 + k2)] > 0,

[Az + (11 +12) + (m1 +m2) — (k1 + k2)] > 0,

larg(z1)| < = [A1 + (I + 12) + (m1 + m2) — (k1 + k2)] ,

larg(z1)| < 5 [Az + (I1 + 12) + (m1 +m2) — (k1 + k2)] T,

Where A; and Az are mentioned in (7) and (8) respectively.

[T2]:
> 2" 0n1+2N1 21 (C—T—1,77,1,712;1)7(6;711,712;1),P1,(ll—'l';ll,lz;1),(b—T;m1,m2;1),P2,P3
Zil p1+4,91+3; N2
=0 22 Q1; (d =1k, k2; 1), (¢ — m5n1,m2; 1), (e — 1m0, m2; 1), Q2, Q3
o 2" [0mE2Ny 21 | Pri(a—r;l,lo;1), (b —ryma, mo; 1), Po; Py
Z? p1+2,91+1; N2
r=0 22 Q1;(d =7k, k25 1), Q2, Q3
+i S e z1 | (gni,n2;1), P, (a—r—1;l1,12;1),(b—r — 1;ma1, ma; 1), Pa, Ps (13)
T—I—l ;D1+3,q1+2 N2 ’
= z2 Q1;(d =7 — 1 k1, k2; 1), (c — 1;n1,m2; 1), Q2, Qs
Provided:

[Ar — (i + 1o +m1 +ma+ ki + k2)] > 0,

[A2 — (l1 + 12 + m1 +ma + k1 + k2)] >0,

1
larg(z1)] < = [A1 — (41l +m1+me+ ki + k)],

larg(z1)| < = [AQ (lh+ 1o+ mi+ma+ ki + ko),
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Where A; and A are mentioned in (7) and (8) respectively.

[Ts]:
> F(a-’-T).ZT 0,n1+3;N 21 (b—r;ml,mg;l),(c—r—1,n1,n2;1),(c;n1,n2;1),P1,P2,P3
> o Apirsaltan,
r=0 22 | Q15 (d =15 —k1 — ko2; 1), (¢ — ryn1,m2; 1), (¢ — 1;n1,n2; 1), Q2, Q3
C=T(a+7)2" onr1mn 21 | (b—=7ryma,ma; 1), P, P, Ps
- Z rl IP1+1Y¢11+1;N2
r=0 : z2 | @1, (d—r;ik1, k25 1),Q2, Q3
+i F(a+r+1).zr+1 ]O’n1+2;N1 21 (b—r—1;m1,m2;1),(c;n1,n2;1),P1,P2,P3 (14)
rl p1+2,q1+2;N2
=0 22 | Q1;(d— 71— Lk, ko; 1), (¢ — 15m1,m25 1), Q2, Q3
Provided:

[A1 4+ m1 +me — k1 — k2)] >0,

[A2 +my +ma — k1 — k2)] >0,

1
larg(z1)| < 3 [Ar 4+ m1 +me — k1 — k)],

1
larg(z1)] < 5 [Az +mu +m2 — k1 — k)], |z] <1,

Where A; and A are mentioned in (7) and (8) respectively.

[T4]:

oo r . . . .

Z . IO7n1;m27n2+1;m3,n3+1 2 | Py (a r,ma; 1)7 (b T, me; 1)7 P2, Ps
0,q91+1;p2+1,92;p3+1,q3
r!

r=0

Q1, (d— r,mi, ma; 1),@2,@3

22
(@ —r—1,m1,ma; 1), P1,(c;m1; 1), P2, (¢;me; 1), Ps

et r+1 z
_ z 0,n1+1;mo,n2+1;ms3,n3+1 1
- Z 7l Im+1,q1;p2+1,q2;p3+1,qa+2
r=0 22 Q1,Q2,Qs, (d — 71— 1;ma;1), (c — 1,ma; 1),
o rt1 Oy 41Ny 21 (a=r—1,mi,mz;1), P, P>, P3
+ Z 7l Ip1+1,q1;p2+1,q2;p3+17q3+2 ) (15)
r=0 za | (¢,m2;1),Q1,(d—7—1;m1;1),Q2,(c — 1,m2;1),Qs

1 1
Ay >0, Az > 0;]arg(z1)] < §A17r, larg(z2)| < §A27r, |z <1
1 1
A1 20, Az > 0;larg(21)| = S A1, arg(22)| = 5 Ao

Where A; and Ay are mentioned in (7) and (8) respectively.

Proof.  To establish (12) expressing the I-function of two variables on the left hand side as contour integral (1), we get,

- ZT 1 / s _t
—— P(s,t)01(s)02(t) 2125 %
S e L[ s omem
'l—a+r+hs+t) (1 —-b+r+mis+mat)[(2—c+r+nis+nt)I(1 _c+ms+n2t)dsdt
F'l—c+r+nis+net) (2 —c+nis+nat) (1 —d+r+ kis+ kat)
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Now changing the order of summation and integration in view of [2] which is permissible under the conditions given in (12),

we get,

<271 Fl—a+7r+lis+12t)T(1—b+r+mis+ mat)
- ,1)01(8)02(t X
2 7l (2mi)? /L L, 9(s,)01()62(1) T(1—d+ kis+ kat)

r=0

l—a+lis+1l2t,1 —b+mis+ maot,2 —c+ nis+ nat .
3y 12| 21.z5dsdt
1—d+r+kis+kot,1 —c+nis+ nat
Now applying (10) expressing both the gauss hypergeometric function as series, changing the order of integration and

summation and interchanging the result thus obtained in view of (10), we get the Right hand side of (12). Proceeding in

similar way the transformations (13), (14) and (15) can also be established. O

3. Summations

In this section we derive some infinite summations form of transformation formulae discussed in Section 2.
In (12) and (13), putting z = 1, on both sides, and R.H.S. expressed as I-function of two variables as contour integral,
changing the order of summation and integration and evaluating the summation inside the contour with the help of the

Gauss theorem [3] and using (10), we get the following summations respectively:

[S1]:

1 0,n1+4;N; z1 | (a—r;li,l2;1), (b — r;ma, ma; 1), (e;n1,ne; 1), (e —r — 1,n1,n2; 1), P1, Pa, P3
Z ﬁ p1+4,91+3;N2

r=0 22 | Q1 (d —riki, ka3 1), (¢ — m5m1,m2; 1), (¢ — 15m1,m2;1),Q2, Qs

0,n143;N1 Z1 (a;ll,lz;1),(b;m1,m2;1),(d7a7b+2;/€17117m1,k27127m2;1),P1,P2,P3

= IP1+4,q1+2;N2
22 | Qu;(d—a+ 15k — 1,k — 1;1),(d = b+ 1; k1 —ma, k2 —ma; 1), (¢ — 1;n1,n2; 1), Q2, Q3

+Io,n1+4;]\]1 21 (a_1§l17l2;1)7(b_1;m17m2§1),(d_a_b+3;k31—ll,kJQ—l2;1),(C;nl,’l’LQ;l),Pl,PQ,Pg (16)
p1+4,91+3;N2
22 | Qus(d—a+ 1k — Lko —151),(d = b+ 15k — ma, k2 — ma; 1), (c — 15n1,12;1),Q2, Q3
Provided:

A+l +m1—ki+ 12+ mo—k2)] >0,

[As+ 1 +m1 —ki+ 1o+ mo—k2)] >0,

1

larg(z1)| < 5 [Ar+ 1 +m1 — ki + 12+ ma — ko),
1

larg(z1)| < 3 [Ag+ (It + m1 — k1 + 12 +ma — k2)] ,

Where A; and Ay are mentioned in (7) and (8) respectively.

[S2]:

* Oy 42N z1 | (c—=r—1,n1,n2;1),(¢;n1,n2;1), P1, (a — r;l1,12;1), (b — r;m1, ma; 1) P2, Ps
Z 7l Tpi+4,0/+3;N

=0 z2 | Qu;(d =15k, k2; 1), (¢ — ryma,no; 1), (¢ — Lina, n2; 1), Q2, Qs

041Ny 21 (d—a—b+2; (k1+k2)—(l1+l2)—(m1 +m2);1)7P1,(a;l1+l2;1)7(b;m1+m2;1),P2,P3
- Ip1+3,q1+2;N2
F2) Q1;(d— a+ 1;k)1 —l1,/€2 —l2;1),(d—b+ 1;k1 — ml,k‘g —mg;l),Qz,Qg

4 [0 21 | (d—a—=b+3; (ki +k2) — (I1 +12) — (m1 +m2); 1), P1, (a — 1;11 +12;1), (b — 1;m1 +ma; 1), P2, Ps
p1+4,91+4;N:
T e [ Quid— a1y (k4 ke) — (I 1) 1), (d— b+ a; (ki 4 k2) — (m1 +ma)i 1), (e — 1,ny +n2; 1), Q2, Qs
(17)
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Provided:

{A1 = (I +12) = (m1 +m2) — (k1 + k2)} > 0,

{As — (I1 +12) = (m1 4+ ma) — (k1 + k2)} >0
Jorg(e1)| < 3 {41 — (i +12) — (ma +ma) — (b1 + k2)},
larg(z2)| < % {Ag — (L +12) — (m1 +m2) — (k1 + k2) } m,

Where A; and Ay are mentioned in (7) and (8) respectively.

[S3]: In (17) putting i1 + 1o =1 =n, mi1 +m2 =m =n and k1 + k2 = k = 2n, we observe

il Oy £2:N, z1 | (e=r—=1,m;1),(¢,n;1), P1,(a —7;n; 1), (b—r;n; 1) Py, P
rl TP1+4,a1+3;N2
r=0 ' z2 Q1;(d—r;2n;1), (c —r;n; 1), (e — 15m;1),Q2, Qs
01N 1 Py, (a;m;1), (byns 1), Py, Ps
= F(a +b— d) IP1+12,¢11+2;N2

22 | Qus(d—a+1;n;1),(d—b+15n;1),Q2,Q3

oy z1 (e,n;1), Pr,(a—1;n;1), (b—15m51) P2, Ps
+T(a+b—d=2) L7500 M, (19
22 | Qus(d—a+Linl),(d—b+1n31), (c —bin; 1), Q2, Qs
Provided:
1 1
(A1 —dn) >0, (A2 —4n) >0, |arg(z1)] < 5(A1 —4n)m, |arg(z2)] < 5(A2 —dn)m,
Where A; and A are mentioned in (7) and (8) respectively.
[S4]: In (14) setting z = 1 and applying similar method as in (16), we get,
i Cla+r) [Om SNy z1 | (b—r;mi,me; 1), (c—r—1,n1,n2;1), (¢;n1,n2; 1), P1, P2, P3
rl P1+3,91+3; N2
r=0 z2 | Qus(d—riki,ka; 1), (¢ — ryma,n2; 1), (e — Lina, mos 1), Q2, Qs
Omy 42N z1 | (byma,ma2;1), (@ —b+d+1; (k1 — mi), (k2 — m2); 1), P1, P2, Ps
= P(a) Ip14r12,q{+é;N2
z2 | Qui(d+ask, k2;1),(d — b+ 15 (k1 —ma), (k2 — m2); 1), Q2, Qs
F(a+1)F(bfa—d71) 0,m1+2; Ny 21 (b_1;”‘17”2;1)7(C;n17n2;1)7P17P2>P3
T(b—d) Ipi 42,0/ +2:N, ;o (19)
z2 | Qui(d+a;ni,n2;1), (¢ — 1,m1,m251),Q2, Qs

Provided:
1 1
Ay >0, Az >0, |arg(z1)| < §A17T, larg(zz2)| < EAQ’TF,

Where A; and A are mentioned in (7) and (8) respectively.

4. Particular Cases

In this section we obtain some interesting identities.
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1. In (16) setting a = c—d—1, b = —1, m1 = ma = 0 on left hand side, expressing I-function as double contour integral,

changing the order of summation and integration and using Dixio’s theorem [5, p.92] we get,

(d;n1—lhng—lg;l),(d—%—1—3;"71—ll,%—lg;l)7(c—d—1;l1,l2;1)7(§—1;"1 ”2;1),

272
0,n1+5:N1 z1 | (e;n1,m2; 1) P, Po, Ps
Iy 45,01 +5:N,

29 Ql;(d;nl71,7’L271;1),(d+2;n1 7[1,7127l2;1),(d7%+1;%7l1,

(§+1;%,52:1),Q2,Qs

% — lz; 1) (C* 2;TL1,7’L2; 1),

0,n1+3: Ny 21 (2d—C+4;n1—2[1,712—212;1),(C—d—1;[1,[2;1),P1,P2,P3
= Ip1+2,q1+2iN;

z2 | Q15 (d+25m1 — liyna —l251),(2d — ¢+ 251 — 201, m2 — 2025 1),Q2, Qs

+2]01113+;1$é . 21 (2d — ¢+ 5;n1 — 2l1,n2 — 2l2; 1), (¢;n1,n2; 1), (c — d — 211,125 1), P1, P2, Ps (20)
zo | Q1; (d 4+ 2;n1 — l1;n2 — lo; 1), (2d —c+ 2;n1 — 2l1,ne — 2lg; 1), (C — 1;n1,no; 1), Q2,Qs3
Provided:
[A1 —n1 4201 — na + 202] > 0,
[AQ —n1+2l1 —ns + 2[2] > O7
|arg(z1)| < = [Al —ni +2l1 —ns + 2[2]
larg(z2)| < = [Ag —n1 + 2l1 — ng + 2],
Where A; and A, are mentioned in (7) and (8) respectively.
2. In (17) settinga =2c—1,b=2c—d — 1, k1 =11 = k2 = l2 = 2n, m1 = mz = 0 and proceeding as above, we get,
0,n1+2;N; 21 (cf1;n1,n2;1),(c;n1,n2;1),P1,(2cf1;n1,n2;1),P2,P3
[(2c—d=2) 1,70 vain,
Z2 Ql; (20 - 27 ni, n2; 1)7 (d —c+ 17 n; 1)7 (d — CiN1;n2; 1)a Q27 Q3
AN z1 Py, (2c— 1;n1,n2;1), P2, P3
=T(4c—2d —3) 1" 500
z2 | Q1;(2d — 2¢+ 2;n1;n2; 1), Q2, Q3
F(4C—2d—4) 0,n1+1;Ny 21 (c;nl,ng;1),P1,(2072;n1,n2;1),P2,P3
F(QC —d— 2) P1+2,91+2;N2 (21)
z2 | Q15 (2d — 2¢ + 2;2n; 1), (¢ — 15n1,n2;5 1), Q2, Q3
Provided:
(A1 —4n) >0, (A2 —4n) > 0, |arg(z1)| < (Al —4n)w, |arg(z2)| < = (Ag — 4n)m,
Where A; and A, are mentioned in (7) and (8) respectively.
3. In (19) settinga =d —c+2, b= —1, k1 = ko = n1 = nz = n, m = 0 and proceeding as above, we get,
| (d— 5435, 5:1), (5 15, 5:1) (e, m 1), Py, Po, Py
Iy 45,01 +4iN,
2o | Qu;(di2n,2nm;1), (d— £;2,2:1) , (c— 2m,ms 1), (£ +1;2,2:1),Q2,Qs
_ 40,n141;Ny 21 (2d7€74n74’n7 1)7P17P2aP3
— fp1t+l,q1+2;N2
z2 | Qu;(d+25n,m;1), (2d — c+25n,n51),Q2, Qs
S 21 (2d —c+5;n,n;1), (¢;n,n; 1), Pr, P2, Ps
+2d = e+ 2) 10 i, (22)

z2 | Qu;(d+2;n,m;51),(2d — ¢;3n,3n; 1), (c — 1;n,n;1),Q2, Q3
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Provided:

1 1
(A1 —=n) >0, (A2 —n) >0, |arg(z1)| < §(A1 —n)m, |arg(z2)| < §(A2 —n)m,

Where A; and Ay are mentioned in (7) and (8) respectively.
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