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Abstract: In this paper we will extend the classical function Wright W, g(z) — W(i"g(z) using the relationship between Euler beta

function with the symbol Pochhammer B(BA%&;)A) = % Some basic properties are studied and Laplace transform
is evaluate [1, 3]. We will study the Riemann-Liouville fractional integral and fractional derivative arbitrary order v of
WMe(2).
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1. Introduction and Preliminaries

The simplest Wright function W, 5(z) is defined (for z, «, 8 € C) by the series

Wa,5(2) = ;m% (1)

If & > 1, the series in (1) is absolutely convergent for all z € C, while for o = 1 this series is absolutely convergent for |z| < 1
and for |z| = 1 and R.(8) > —1. Moreover, for o > —1, Wy 3(2) is an entire function of z (for more details see [1, 5]).
The Wright function along with the Mittag-Leffler function plays a prominent role in the theory of the partial differential
equations of the fractional order that are actively used nowadays for modeling of many phenomena physical including the
anomalous diffusion (for more details see [3]). Starting recalling some lemmas and definitions elementary that well be used

in developing this paper.

Definition 1.1. Let f € Li,.[a,b] —oco <a <2 <b< oo, v>0. Then, the Riemann-Liouville fractional integrals of

order v is defined as (see [5])

Where I'(z) is the Euler Gamma Function

I'(z2) :/ e "t*"ldt for Re(z) >0
0
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Definition 1.2. Let f € L}, [a,b]; —co<a<x<b<oo,v>0 meN, m—-1<wv<m. Then, the Riemann-Liouville

fractional derivatives of order v is defined as [5]

b
D:1G) = D" (g | G- 0m ™ 0ar)
D" (1 5(2) Q

Definition 1.3. Let x,y € C such that Re(x) >0, Re(y) > 0 Then, the Euler Beta function is defined as [5]:

B(z,y) = /01 "N )Y at (4)

Lemma 1.4. Let x,y € C such that R.(x) > 0, Rc(y) > 0 Then, the Euler Beta function is relations with the Euler

Gamma function given by [5]:

Blaw) = L 6

Definition 1.5. Let z € C, n € N. Then, the Pochhammer symbol is defined as:
(Zmn=2(z+1)(z+2)(2+3)...(z+n—-1)
An alternative definition of Pochhammer symbol is:

1 sin=0
(2)n = (6)

LFZ(;") sineN

Lemma 1.6. Let A\, & € C such that Re(A\) >0, Re(§—X) >0 néeN. Then

BO+me—N) _ (Wn
BOVE-N) () @)

Definition 1.7. Let f : RT — R an exponential order function and piecewise continuous, then the Laplace transform of f

L{f(2)} (s) = / T tidt sec (8)

The integral exist for Re(s) > 0

Definition 1.8. Let a, 3,0,¢c € C such that Re(a) > 0, Re(8) >0 Re(6) >0 and Re(§ —0) > 0 Then, the Extended
Mittag-Leffler function is defined as [2]:

')

$P0 =Y g O ©)

5
E 5,6 —8)T(an + B)

Where B(z,y) is Beta function

Definition 1.9. Let , 3, € C such that Re(a) > —1, Re(s) > 0 Then, the Wright function is defined by the series [1]:

Z’n,

Wap(z) = mﬁ (10)

n=0
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Remark 1.10.
(1). If a > —1 the series (10) is absolutely convergence for all z € C

(2). If a« =1 this series is absolutely convergent for |z| < 1

Lemma 1.11. Let o, € C such that Re(a) > 0, Re(B) > 0. Then, the Laplace transform of the Wright function is

expressed in term of the Mittag-Leffler function [1]:

L{Wa5(2)} (s) = %Eo"ﬁ (é)

Where E, g(z) is the two parameter Mittag-Leffler function and is defined as:

D=2 Tan i B)

2. Main Result

From the classical Wright function, we have

(11)

(12)

(13)

Note that if A = 1 (13) is reduced to the classic Wright function (12). If in (13) we multiply and divide by (£), and using

(7), we obtain

A N () 2"
W) = X T 5 O

O BA+mn,&— ) z
N Z B\ & —-\TI (an+,3)(£)n(n!)2

3

n

n=0

Thus, we obtain the following

Definition 2.1. Let «, 3, A, & € C such that Re(o) > 0, Re(8) > 0, Re(A) > 0 and Re(§ — A) > 0. Then, the extended

Wright function WO):; (2) is defined by series

oo}

BA+n,&—A) 2"
Z B\ & - AT (an+ﬂ)(€)”(n!)2

n=0

Remark 2.2. Note that W:g(z) — Wap(z) as&—1 and X — 1.

Lemma 2.3. Let o, 3,\,€ € C, Re(a) > 0, Re(8) >0 Re(N) >0 and Re(§ — A) > 0. Then

13 B(A+1)+n,&—XN) 2"
Z T'(an+ (a+ B)) ©)
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Proof.  From definition (14) and using (§)n+1 = (£)n, we have

(Z B\ E— D)) (an+ﬁ) )
BA+n,&—)) d
B(X, &= M (an + B)(n!)?
B(A+n,&—\)
BO\E= N an+ B)(nl)?
BA+n,£—A) -
()‘ §— >\) (an + ﬂ)n(n — 1) (E)nz
B((A+1)+n,£—X)
A) (a(n+1) + B)(n + 1)(n!)?

B((/\+1)+n,£f/\)(€) 2"
Llan+(a+p8) " (n+1)(n!)?

Mg &=

0

3
Il

(&)nnz"""

L

0

3
Il

(§)n+1 z"

HMS ﬁMS

B, € -

Lemma 2.4. Let o, 3,\,& € C, Re(a) > 0, Re(8) >0 Re(N) >0 and Re(§ — A) > 0. Then

d >\y£
azEWaﬁ (=)

=Wab_i(z) + (1= B)W5(2) (16)

Proof.  From definition (14), using (15), I'(x + 1) = z['(z) and (&)n+1 = £(£)n, we have

oo

Wb 1 () + (1= HWI5() =

BA+mn,&— ) z" BMA+n,&— ) 2"

nz BOnE— N (an+ 5= Gz

e nz:% BOvE— NT(an+8) "

A+n,&—N) 2"

- A£ AZF

(an+8-1) OF (n!)?
BA+n,&—))

ZTL

(©)n

(1-5)
BAE =) = Z

(n!)2

)

2" an

BA+n,&—))
F(an+8-1)

(an+ B8 -1) OF

A+n,&—N) z" a

(n)2an+p8—-1

(an+8-1) (©)n n(n—1)N2an+8-1

T Hm H=®

—
—

A B+
B\ €—)) Flan+ (a+ B))

Lemma 2.5. Let o, 3, )\, £ €C,

Proof.
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>

™"

>
gk
-

<m+m+m>“”m+mw2

1) +n,&—N) 2"

A+1) 47,6~ N) o
(E)n (n+ 1)(n!)2>

Re(a) >0, Re(B) >0 Re(A) >0 Re(§—X) >0 and Re(s) >0, s#0. Then

c{w2i@)} ) =g

()

From definition Laplace transform and from (14) we have

(18)
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taking into account that the integral in (18) is

< —sz_n F(n+1) n!
/0 (& z dZ:W:Sanl (19)
From (18) and (19) we have
o~ BA—n,6-)) (&) —n-1
bW _ !
c{w2se} e = gres A;} Tt B
1 iB € =) (©u ()
) = Tlan+p) n!
1 e (1
= —F —
s @B (s)
O
Note that £ {WA ( )} (s) = L{Wap}l(s)asA—land & —1
Lemma 2.6 (Integral Representation). Let c, 8, ), € C, Re(a) > 0, Re(B8) >0 Re(X) >0 and Re(§ — X) > 0. Then
1
WS (z) = / PN = W) TIWE (uz)du (20)
0
Proof.  From definition (14), (4) and using the absolutely convergence of the series, we have
1 = BA+n,&—X) 2"
A€ —_ )
Woil) = B m 2 Tantm Ol
_ S
- A& ) Z/ =" Fan 1 Az
A— g-r—1
= 1- d
/O“ - AgAnZ:O an+ﬂn')“
1
= /0 uA_l(l—u)g_)‘_lWiB(uz)du
O
Theorem 2.7. Let v, o, 8, A, & € C such that Re(o) > 0, Re(8) > 0, Re(A) > 0,Re(€§ — X) > 0 and Re(v) > 0. Then
I (zﬁ 1WA§( )) _ 26+v71W0);,g+v(za) (21)
Proof. From (2) and (14), we have
(B 1 BA+mn,§— ) 2"
11 B—1 AN o _ / _ p\v—1,8-1 n
L) Ty J, G0 Z BOn e = NT(an+ 5 O Gy
- B(/\+n §— >‘)( ) / v—1,an+B-1
= —t t dt
B\ € — A ;0 T(an + B)(n!)2 XO(" )
- B(A+n 5 )‘)( ) / t v an+B-1
= 1-—- 22
BT @ 2 Tlant AP o :) (22)
Marking the change of variable u = ﬁ, dt = zdu, t =0, w = 0 and ¢t = z, w = 1 and replacing in (22) it result
Aot o~ BO+ 1€ = N)(©)n
v B—1 Ny _ an+pB—1 _ v—1
I (z WE(z )) = Boog T nz::o om =B ></0u (1—w)" 'dt
2Pt o B(A+1n,£=N)(¢)
= BOLE-NT z:: T(an + B)(n)2 x B(an + ,v) (23)
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From (5) and replacing in (23), we have

v B—1 A, a _ B+U ! — )\+’I’L f A)(&) (Za)n
I, (z Waé(z )) = BnE—N) g T(an+ (B +v) (n)?

Thus
T e o T ) A (i )

O

Theorem 2.8. Let v,a, B, & € C such that Re(a) > 0, Re(8) > 0, Re(A) > 0,Rc(§ — A) > 0, Re(v) > 0 and m €

N, m—1<wv<m. Then

D (7 W2CN) = 2 e L S O g (21)

(
B\ € — I'(an + (8 +v)) ((n 4 m)!)?

Proof.  From (3), (21) and the definition (14), we have

pr (s wasen) = o (1 (2 waser)
_ Dm( Btm—v— 1W¢i\:§+m7v(‘z)a)

o T S B - ) o
= P Bne—w 2 Tlan+ B +m o) <Oy

_ pmev-t i BA+nE=N(n  d" "
BA§—A) g Dlan+B+m—v) ~ dz™ (n!)?

— 1 i (>‘+n7§ — A)(é')n Zan+ﬁ—v—1

B(\&—A) 2« T(an+ 8 - v)(nl)?
_ 257v71 = B(()‘+m) +n7£_ A)(6)”+’m Zoc n
~ B(\¢ )\)nzzol“(a(n—km)—l—ﬂ—v)((n—l-m)!)?( )
e (On (Atm)tn&=N) o )
o (A E—N) Z:: a(n+m)+8—v) x(&+ )"((n—l-m)!)z
Thus
) — et ©On S BO+m) g~ (=
Dz( Wa,ﬂ( )) - )\75 )\ ,nZ:O an—!— 6""”)) X (f)m+n ((n+m)')2
O
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