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1. Introduction

The name triangular norm, or simply t-norm originated from the study of generalized triangle inequalities for statistical
metric spaces, hence the name triangular norm or simply t-norm. The name first appeared in a paper entitled statistical
metrics [19] that was published on 27" october in 1942. The real starting point of t-norms came in 1960, when Berthold
Schweizer and Abe Sklar, (two students of Menger) published their paper, statistical metric spaces [25] After a very short time,
Schweizer and Sklar [27] introduced several basic notions and properties. Namely, they introduced triangular conorms (briefly
t-conorms) as a dual concept of t-norms. For a given t-norm T, its dual t-conorm S is defined by S(a,b) =1-T(1—a,1—Db).
They pointed out that the boundary condition is the only difference between the t-norm and t-conorm axioms. In recent
years, a systematic study concerning the properties and related matters of t-norms have been made by Klement et al.
[15, 16].

The concept of fuzzy sets was first proposed by Zadeh [32] in 1965. Rosenfeld [24] was the first who consider the case of
a groupoid in terms of fuzzy sets. Since then these ideas have been applied to other algebraic structures such as group,

semigroup, ring, field, topology, vector spaces etc. Imai and Iseki [12] introduced BCK-algebra as a generalization of notion
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of the concept of set theoretic difference and propositional calculus and in the same year Iseki [14] introduced the notion
of BCl-algebra which is a generalization of BCK-algebra. Xi Ougen [29] applied the concept of fuzzy set to BCK-algebra
and discussed some properties. Since then B-algebras was introduced in [23] by Neggers and Kim and which is related to
several classes of algebras such as BCI/BCK-algebras. Huang [11] fuzzified BCI-algebras in little different ways. Jun et al.
[10, 31] renamed Huang’s definition as doubt (anti) fuzzy ideals in BCK/BCI-algebras. Biswas [8] introduced the concept
of anti fuzzy subgroup. The concept of doubt fuzzy BF-algebras was introduced by Saeid in [28] and the concept of doubt
fuzzy ideal of BF-algebras was introduced by Barbhuiya [4].

The concept of fuzzy point introduced by Ming and Ming in [20] and also they introduced the idea of relation “belongs to”
and “quasi coincident with” between fuzzy point and fuzzy set. Murali [21] proposed a definition of a fuzzy point belonging
to fuzzy subset under natural equivalence on fuzzy subset. Bhakat and Das [6, 7] used the relation of “belongs to” and
“quasi-coincident” between fuzzy point and fuzzy set to introduced the concept of (€, € Vq)-fuzzy subgroup, (€, € Vq)-
fuzzy subring and (€ Vg)-level subset. some properties of (€, € Vq)-fuzzy ideals of d-algebra was discussed by Barbhuiya
and Choudhury [3]. In [5] Barbhuiya introduced (€, € Vg)-intuitionistic fuzzy ideals of BCK/BCl-algebras. In fact, the
(€, € vq)-fuzzy subgroup is an important generalization of Rosenfeld’s fuzzy subgroup. Further in [18] Larimi generalized
(€, € Vq)-fuzzy ideals to (€, € Vqi)-fuzzy ideals. Reza Ameri et al [2] introduced the notion of (€, € Agx)-fuzzy subalgebras
in BCK/BCl-algebras. In [9] Dutta et al. combined the notion of not quasi coincidence g of a fuzzy point to a fuzzy set
and the notion doubt(anti) fuzzy ideals introduced the concept of generalized doubt fuzzy subalgebra and generalized doubt
fuzzy ideal in BG-algebra. In this paper, we introduced the concept of (€, € Vgx)- doubt intuitionistic fuzzy subalgebra and
(€, € Vqi)-doubt intuitionistic fuzzy ideals in BCK-algebra with respect to triangular binorm by using the combined notion
of not quasi coincidence (q) of a fuzzy point to a fuzzy set and the notion of triangular binorm. We define direct product
of (€, € Vqi)-doubt intuitionistic fuzzy sets and direct product of (€, € Vgi)-doubt intuitionistic fuzzy subalgebras/ideals of

BCK/BC1I-algebras and investigate some related properties.
1.1. Preliminaries
Definition 1.1 ([29-31]). An algebra (X, *,0) of type (2, 0) is called a BCK-algebra if it satisfies the following axioms:
(1) ((mxy)* (zx2)) * (zxy) = 0;
(2). (x*(zxy))*xy=0;
(8). xxx=0;
(4). 0xx=0;
(5). zxy=0andyxx=0=>x=y forallz,y,z € X.
We can define a partial ordering “< 7 on X by x <y iff t xy = 0.

Definition 1.2 ([29-31]). A BCK-algebra X is said to be commutative if it satisfies the identity x Ny = y A x where
xANy=y=x*(yxz)Vr,y € X. In a commutative BCK-algebra, it is known that x Ay is the greatest lower bound of x and y.
In a BCK-algebra X, the following hold:

(1). zx0=x;
(2). (x*xy)*xz=(x*xz)*y;
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(4). (wxy)*z < (z*z)x(y*2);
(5). ¢ <y impliesxxz<yxzand zxy < zxx.

A non-empty subset S of a BG-algebra X is called a subalgebra of X if x xy € S for all x,y € S. A nonempty subset I of a
BCK-algebra X is called an ideal of X if (1)) 0 € I and (i) xxy €l andye€l=x €1 forallz,y € X.

Definition 1.3 ([6, 20]). A fuzzy set u of the form

t if y==z, te(0,1]
0 if y#x

is called a fuzzy point with support x and value t and it is denoted by z¢ [6, 20]. Let u be a fuzzy set in X and z; be a fuzzy

point then

(1). If u(x) >t then we say x+ belongs to p and write T+ € 1

(2). If u(x) +t > 1 then we say x: quasi-coincident with p and write Tqu
(3). If x¢ € Vqu < x¢ € p or TLqU

(4). If x¢+ € ANqu < x+ € p and Tiqu

The symbol x oy means xiop does not hold and € Aq means €V q. For a fuzzy point x;. and a fuzzy set p in set X, Pu and

Liu [20] gave meaning to the symbol x:a where o € {€,q, € Vg, € Aq}.

Definition 1.4 ([2, 18]). Let u be a fuzzy set in X and x; be a fuzzy point then

(1). If u(x) < t then we say x¢ does not belongs to p and write x,Ep.

(2). If u(z) +t <1 then we say x¢ not quasi-coincident with p and write T.qu.

(3). If 24€ Vqu < x€p and xqpu.

(4). If x+€ Aqu < T+EW or Tiqu.

Definition 1.5 ([2, 18]). Let u be a fuzzy set in X and x; be a fuzzy point then

(1). If p(x) +t + k > 1 then we say x¢ is k quasi-coincident with v and write T.qip where k € [01).
(2). If x¢ € Vqup < T € [ Or Teqi .

(3). If x¢+ € N < o1 € p and Tiqp.

Definition 1.6 ([2, 18]). Let u be a fuzzy set in X and x¢ be a fuzzy point then

(1). If u(x) +t+k <1 then we say x: is not k quasi-coincident with p and write x+qxp where k € [01).
(2). If 24€ Vqip < x€p and TGy .

(3). If x4€ Aqrpt < €W OT TGy .

Definition 1.7 ([30]). A fuzzy set p of a BG-algebra Xis said to be («, B)-fuzzy ideal of X if
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(1). zeap = 0:8u for allz € X.
(2). (x*Y)t,Ysupt = Tye,5)Bp for all x,y € X Where o #€ Ng,m{t, s} = min{t,s} and t,s € (0,1].
Definition 1.8 ([9]). A fuzzy subset u of a BG-algebra X is an (€, € Vqi)-doubt fuzzy subalgebra of X if

1

u(w*y)ﬁmax{,u(x),u(y%%k} for all z,y e X.

Remark 1.9. A fuzzy subset p of a BG-algebra X is an (€, € Vq)-doubt fuzzy subalgebra of X iff

u(z*y) < M{p(z), u(y), 0.5}

Definition 1.10 ([9]). A fuzzy subset u of a BG-algebra X is an (€, € Vqi)-doubt fuzzy ideal of X if
(1). 11(0) < maz{p(z), 5=} for allz € X.

(2). p(x) <maz{u(x *y), w(y), 55} for all z,y € X.

Remark 1.11. A fuzzy subset u of a BG-algebra X is an (€, € Vq)-doubt fuzzy ideal of X iff

1(0) < M{p(x),0.5}

w(x) < M{p(x*y), u(y),0.5}

Definition 1.12 ([1]). An intuitionistic fuzzy set (IFS) A in a non-empty set X is an object of the form A =
{{z,pa(z),va(z))|z € X} where pa : X — [0,1] and va : X — [0,1] with the condition 0 < pa(x) +va(z) < 1,V € X.
The numbers pa(z) and va(x) denote respectively the degree of membership and the degree of non membership of the el-

ement x in the set A. For the sake of simplicity, we shall use the symbol A = (pa,va) for the intuitionistic fuzzy set

A= {{(z,pa(z),va(z))|z € X}.

Definition 1.13. An intuitionistic fuzzy set A = {(z, pa(z),va(z))|x € X} of a BCK-algebra X

(a,B) if y=nu,
0,1) if y#=

Ta,p(y) =

is said to be an intuitionistic fuzzy point with support x and value (o, B) and is denoted by x (o 5y. A fuzzy point x4 g) is said
to intuitionistic belongs to (resp., intuitionistic quasi-coincident) with intuitionistic fuzzy set A = {{z, pa(x),va(z))|z € X}
written T, B) € A resp: x(a,p)qA if pa(z) > a and va(z) < B (resp.pa(x) + o > 1 and va(xz) + 8 < 1). By the symbol

T(a,8)qk A we mean pa(x) +a+k>1 and va(z) + 5+ k <1, where k € (0,1).
We use the symbol z; € pa implies pa(x) > ¢ and z:€va implies va(z) < t in the whole paper.

Definition 1.14 ([1, 5]). If A = {(z, pa(x),va(2))le € X} and B = {(z,u5(x),vs(@))| € X} be any two IFS of a
set X then: A C B iff for all z € X, pa(z) < ps(z) and va(z) > vs(z); A = B iff for all z € X, pa(z) = ps(z) and
va(z) = vp(x); ANB = {(z, (paNus)(z), (valvp)(z))|z € X}, where (uanup)(z) = min{ua(z), up(z)} and (valvp)(z) =
maz{va(e), vs(2)}; AU B = {2, (54 U u5)(@), (va N vp)@)le € X}, where (ua U us)(@) = maz{ua(e), pn(@)} ond
(va Nve)(z) = min{va(z),vs(x)}.

An intuitionistic fuzzy set A = (ua,va) of @ BCK-algebra X is said to be an intuitionistic fuzzy ideal of X if
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(1). pa(0) > pa(z)
(2). va(0) <va(x)
(3). pa(z) > min{pa(z*y), pa(y)}

(4). va(z) < maz{va(z xy),valy)} V z,y € X.

Definition 1.15. A triangular norm(t-norm) is a function T : [0 1] x [0 1] — [0 1] satisfying the following conditions:

(T1
(T2

) T(z,1) =2,T(0,2) = 0 ; (boundary conditions)
) T(z,y) = T(y,z) ; (commutativity)

(T3) T(x,T(y,2)) = T(T(z,y),2) ; (associativity)
(T4) T(a,

Every t-norm T satisfies T(x,y) < min(z,y) Vz,y € [0, 1].

T(z,y) < T(z,w) jif t < z,y < w for all x,y,z € [0 1] (monotonicity)

Example 1.16. The four basic t-norms are:

(1). The minimum is given by Th(x,y) = min(z,y).

(2). The product is given by Tp(x,y) = zy.

(3). The Lukasiewicz is given by Tr(z,y) = maz(x +y — 1,0).

(4). The Weakest t-norm (drastic product) is given by

min(z,y), if max(z,y) =1;
To(o.y) = (z,y) (z,9)
0, otherwise.

Definition 1.17. A s-norm S is a function S : [0 1] x [0 1] — [0 1] satisfying the following conditions:

(81) S(z,1) =1,5(0,z) =z ; (boundary conditions)
(82) S(z,y) = S(y,z) ; (commutativity)

(83) S(z,S(y,2)) =S(S(x,y),z) ; (associativity)
(54)  S(a,

S4) S ) < S(z,w) jifx < z,y <w for all z,y,z € [0 1] (monotonicity)

Every s-norm S satisfies S(x,y) > max(z,y) Vz,y €0, 1].
Example 1.18. The four basic t-conorm are:
(1). Mazimum given by Sy (z,y) = maz(x,y).
(2). Probabilistic sum given by Sp(x,y) =z +y — zy.
(8). The Lukasiewicz is given by Si(x,y) = min(xz +y, 1).
(4). Strongest t-conorm given by
max(z,y), if max(z,y) =1;

Sp(z,y) =
0, otherwise.

Definition 1.19. If for two t-norms T1 and T> the inequality T1(z,y) < Ta(x,y) holds for all (z,y) € [01] x [0

1s said to be weaker than Tz, and we write in this case T1 < To. We write Ty < Tz, whenever Ty < Ty and Ty # Ts.

1] then Ty
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Remark 1.20. It is not hard to see that Tp is the weakest t-norm and Thr is the strongest t-norm, that is, for all t-norm T

Tp <T <Tyg

We get the following ordering of the four basic t-norms:

Tp <Tp <Tp <Tnm

Lemma 1.21. Let T be a t-norm. Then T(T(z, y) T(z, t)) = T(T(z, z) T(y, t)) for all z, y, z and t € [0, 1].

Definition 1.22. Let A = (ua,va) and B = (uB,vs) be two doubt intuitionistic fuzzy sets of X1 and Xa, respectively.
Then the direct product of DIFSs A and B with respect to triangular binorm (i.e., ( T, S)-normed) is denoted by A X B =
(LaxB,vaxB) where paxp : X1 X X2 — [0,1] defined by paxp(x,y) = S{pa(x),us(y)} and vaxs : X1 x X2 — [0, 1] defined
by vaxe(z,y) = T{va(z),ve(y)} for all (z,y) € X1 x Xo.

Definition 1.23 ([26]). An intuitionistic fuzzy set A = (ua,va) of a BCK-algebra X is said to be a doubt intuitionistic

fuzzy subalgebra with respect to triangular binorm of X if
(1) pa(zxy) < S{pa(z), paly)}
(2). va(zxy) > T{va(z),valy)} V =,y € X.

Definition 1.24 ([16, 26]). An intuitionistic fuzzy set A = (pa,va) of a BCK-algebra X is said to be a doubt intuitionistic

fuzzy ideal with respect to triangular binorm of X if
(1). pa(0) < pa(z)

(2). va(0) > va(x)

(3). pa(z) < S{palz +y), pa(y)}

(4). va(e) > T{va(@ *y),valy)} Va,y € X.

2. Main Section

In this section, we define direct product of an (€, € Vgx)-doubt intuitionistic fuzzy sets with respect to triangular binorm

and investigate some related properties.

Definition 2.1. Let A = (ua,va) and B = (uB,vB) be two (€, € Vqi)-intuitionistic fuzzy sets of X1 and Xa, respectively.
Then the direct product of (€, € Vqi)-intuitionistic fuzzy sets A and B with respect to triangular binorm (i.e., ( T, S)-normed)
is denoted by A x B = (paxp,vaxp) where paxp : X1 X Xo — [0,1] defined by paxns(z,y) = S{pa(z), ns(y), 5%} and
vaxs : X1 X Xo = [0,1] defined by vaxs(z,y) = T{va(z),vs(y), 355} for all (z,y) € X1 x Xa.

Definition 2.2. An intuitionistic fuzzy set A = (ua,va) of BCK-algebra X is said to be an (€, € Vqr)-doubt intuitionistic

fuzzy subalgebra with respect to triangular binorm of X if
(1). pa(zxy) < S{pa(x), paly), 5=} for all z,y € X.

(2). va(zxy) > T {va(z),valy), 5=} for all z,y € X.
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Definition 2.3. An intuitionistic fuzzy set A = (ua,va) of BCK-algebra X is said to be an (€, € Vqi)-doubt intuitionistic

fuzzy ideal with respect to triangular binorm (i.e., ( T, S)-normed) of X if
(1). pa(0) < S{pa(z), 5=} for allz € X.

(2). va(0) > T{va(z), 5%} for allz € X.

(8). pa(z) < S{pa(z*y),paly), 5=} for allz,y € X.

(4). va(x) > T {valz*y),valy), 355} for all z,y € X.

Definition 2.4. An intuitionistic fuzzy set A X B of BCK-algebra X1 X X» is said to be an (€, € Vqr)-doubt intuitionistic

fuzzy subalgebra of X1 x Xo with respect to triangular binorm if
(1). paxp((@1,y1) * (w2,92)) < S {paxs(@,y), paxs (@2, y2), 55} for all (z1,y1), (z2,92) € X1 X X,

(2). vaxs((x1,91) * (w2,42)) > T {vaxs(@1,y1), vaxs(®2,y2), 55} for all (x1,11), (x2,2) € X1 x Xa.

Definition 2.5. An intuitionistic fuzzy set A X B of BCK-algebra X1 X X5 is said to be an (€, € Vqr)-doubt intuitionistic

fuzzy ideal of X1 x Xo with respect to triangular binorm if

(1). paxs(0,0) < S{,quB Z1,91), k} for all (z1,y1) € X1 x Xo.

(2). vaxs(0,0) >T{1/AX3 x1,91), }for all (x1,11) € X1 x Xa.

(8). paxs(@1,y1) < S {paxs((x1,91) * (22,92)), pax (T2, y2), 5} for all (z1,11), (w2,52) € X1 X Xa.

(4). va((z1,y1) = T {va((z1,11) * (w2, 92)), va(w2,y2), 155 } for all (z1,51), (z2,92) € X1 x Xo.

Theorem 2.6. Let A and B be two (€, € Vqi)-doubt intuitionistic fuzzy subalgebras of X1 and Xa, respectively. Then the

Direct product A x B is an (€, € Vqr)-doubt intuitionistic fuzzy subalgebra of X1 X Xo.

Proof. Let A and B be two (€,€ Vgi)-doubt intuitionistic fuzzy subalgebras of X; and Xa, respectively. For any

(z1,91), (z2,y2) € X1 X X2. We have

paxs((z1,y1) * (x2,y2)) = paxs(T1*T2,y1 *Y2)
—k
2

—k 1-k) 1—-k
< S{ {MAm )s ha(x2), },S{Msyl ), kB (Y2), 3 }’T}
—k
- S{S{MA xl ‘LLB yl }7 {

=S {;m(m *T2), 1B (Y1 * y2),

[95)

1—k 1—k
pa(z2), pe(y2), 5 ("3

—k
= Sqpaxe(@i,y1), paxs(z2,y2), T

vaxp((z1,y1) * (x2,2)) = vaxp(r1 *x2,y1 * Y2)

= T{Z/A(l'l *ZEQ),I/B( Y1 *yg

5
> T{T{VA(azl) va(z2) k},T{VB ,vB(Y2), %}7%}
{ )

—k
= T{T{VA(xl) ve(y1), },T
k
= T{VAxB(a?hyl) vaxB(T2,y2), 7}

Hence A X B is an (€, € Vqi)-doubt intuitionistic fuzzy subalgebra of X1 X Xo. O
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Theorem 2.7. Let A and B be two (€, € Vqi)-doubt intuitionistic fuzzy ideals of X1 and X2, respectively. Then the direct

product A X B is an (€, € Vqi)-doubt intuitionistic fuzzy ideal of X1 X Xo.

Theorem 2.8. If A X B = (uaxB,vaxn) be an (€, € Vqi)-doubt intuitionistic fuzzy ideal of X1 X Xa2. Then for all any

(z1,91), (22,92), (x3,y3) € X1 x X2 and (z1,y1) * (w2,y2) < (23,¥3)

(1). paxs(@i,y1) < S {paxn(@2,y2), paxs (23, y3), 55 }.

(2). vaxp(z1,91) > T {vaxp(x2,y2), vaxp(ws,ys), 355}

Proof.  Let (z1,31), (2, y2), (x3,y3) € X1 X Xa such that (z1,y1) * (z2,y2) < (x3,y3) then ((x1,y1)* (x2,y2)) * (x3,y3) = 0.

Now

1—k
(1). paxe(@i,y1) <SS paxs((z1,y1) * ($27y2))7MAxB($27y2)>T}

1—k
>T<T { va(z3,ys), T} ,vaxB(x3,Y3), T} ,vaxB(T2,Y2), T}

1-k

1—-k
=TT {VAxB (23,93), T} ,VaxB(T2,Y2), T}

=T

1—-k
T{vaxs(x3,y3), vaxs(®2,y2)}, 5 }

T

1—k 1—k
< S{NAXB xlayl) (‘T27y2)) * (Ig,y3)),/LA><B($3,y3)7 9 },MAxB($27y2), 2 }
— 1—k
=S{quB 0 0 ,quB(x3,y3) T}vﬂAxB(m:Zﬂ)»T}
1—-k 1—-k 1—-k
< S{S{,UAXB (z3,y3), T}’MAXB(l’Sny)vT}aMAXB(x%y?)v?}
—k 1-%
ZS{S{MAxB (%3,93), T}’MAXB(m’yQ)’T}
1-%
=859 S{paxs(zs,ys), paxs(z2,y2)}, 5
1—k
=5 paxs(@3,y3), paxs (@2, y2), —5—
1—k
(2). vaxs(@1,y1) > T vaxs((®1,y1) ($27y2))7VAXB(x25y2)772
1—k 1-k
T{VAXB (w1,91) * ($27y2))*(3337?43))7VA><B($3:ZJ3)772 }WAxB(érz,yz),iQ }
1-% 1-%
T{VAXB (0,0), vaxB(xs,ys), T}7VA><B(:E27112)772 }

1—-k
vaxB(zs,ys),vaxe(x2,y2), Ty

O

Definition 2.9. Let A = (ua,va) and B = (uB,vB) are intuitionistic fuzzy sets of X1 and X2 respectively. Define the
doubt intuitionistic level set for the A x B as (A X B)a,g = {(z,y) € X1 X Xo|paxs(z,y) < a,vaxs(z,y) > B}, where
B e (0,455, a € [+55,1).

Theorem 2.10. Let A and B be two (€, € Vqr)-doubt intuitionistic fuzzy subalgebras of X1 and X, respectively. Then the
direct product A x B is an (€, € Vqi)-doubt intuitionistic fuzzy subalgebra of X1 x X if and only if (A X B)a,g # ¢ is an
subalgebra of X1 x Xa.

Proof. Assume A X B is an (€,€ Vgi)-doubt intuitionistic fuzzy subalgebra of X; x Xa. To prove (A X B)a,g # ¢

is an subalgebra of X1 x Xo. where 8 € (0,25%],a € [35%,1). Let (z1,31), (z2,y2) € (A X B)a,s. Therefore we have
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waxe(@1,y1) < a,vaxs(z1,y1) > B} and paxs(r2,y2) > a,vaxs(z2,y2) < B}. Since A x B is an (€, € Vgi)-doubt intu-
itionistic fuzzy subalgebra of X1 x Xa. paxs((z1,y1) * (22,y2)) < S{paxs(x1,y1), paxs(®2,y2), 55} < S{o,a} = a and
vaxs((z1,91) * (2,y2)) > T{vaxs(@1, 1), vaxs (@2, 42), 58} > T{B, 8,155} =  which shows that (z1,y1) * (¢2,y2) €
(A X B)a,s. Hence (A X B)a,g # ¢ is an subalgebra of X7 x Xs.

Conversely, let(A x B)a,g # ¢ is an subalgebra of X; x Xa. Also let A x B is not (€,€ Vgi)-doubt intu-
itionistic fuzzy subalgebra of X; X X,. Then there exist (z1,y1), (z2,92) € (X1 X X3) such that paxs((z1,y1) *
(w2,y2)) > S{paxs(®1,y1), paxp(T2,y2)} and vaxp((@1,y1) * (22,92)) < T{vaxp(z1,41),vaxs(w2,y2)}. Now
let to = slpaxs((@1,y1) * (z2,42)) + S{paxs(@i,y1),paxs(z2,y2)} and so = I[vaxs((@1i,y1) * (w2,92)) +
T{vaxp(z1,y1),vaxp(r2,y2)}].  This implies paxp((z1,y1) * (v2,92)) > to > S{pwaxs(®1,y1), paxs(x2,y2)} and
vaxs((z1,y1)*(22,y2)) < s0 < T{vaxp(@1,51),vaxB (T2, y2)}.-And 50 (z1,91), (22, y2) & (AX B)ig,so But (z1,91), (x2,92) €
(A X B)t,,s,- That is a contradiction. This completes the proof. O

Theorem 2.11. Let A and B be two (€, € Vqi)-doubt intuitionistic fuzzy ideals of X1 and X2, respectively. Then the direct
product A X B is an (€, € Vqi)-doubt intuitionistic fuzzy ideal of X1 x Xo if and only if (A X B)a,s # ¢ is an ideal of
X1 X XQ.

Theorem 2.12. If A = (pa,va) and B = (uB,vB) be two (€, € Vqi)-doubt intuitionistic fuzzy subalgebras of BCK/BCI-

algebras X1 and Xarespectively with respect to triangular binorm. Then
(1). paxs(0,0) < S{paxs(z,y), 5%}
(2). vaxs(0,0) >T{1/AX5 z,y), k} Y (z,y) € X1 x Xo.

Proof. By definition, paxp(0,0) = paxs((z,y) * (,9)) < S{uaxe(,y), paxe(@,y), 155} = S{paxs(z,y), 55}
Therefore,piax5(0,0) < S{paxs(z,y), 55} for all (z,y) € X1 x Xa. Again, vaxps(0,0) = vaxs((z,y) * (z,y)) >
T{quB(x,y),VAxB(x,y),%} = T{yAxB(x,y),%}. Therefore, vaxp(0,0) > T{uaxs(z,y),* k} for all (z,y)

X1 x Xo.

O m

Lemma 2.13. Let A = (ua,va) and B = (uB,vB) be two (€, € Vqi)-doubt intuitionistic fuzzy subalgebras of BCK/BCI-

algebras X1 and X2 respectively. Then the following are true.
(1). pa(0) < pp(y) and pp(0) < pa(z), for alz € X1,y € Xo.
(2). va(0) > vp(y) and ve(0) > va(x), for all z € X1,y € Xo.

Proof. Assume that pa(0) > pp(y) and wpp(0) > pa(z), for some z € X,y € Xs. Then, paxs(z,y) =
S{pa(x), paly), 55} < S{pa(0), 1a(0), 5%} = paxs(0,0) That is a contradiction. Similarly, let v4(0) < vs(y) and
vp(0) < va(z), for some z € X1,y € Xa. Then, vaxs(z,y) = T{va(z),va(y), 55} > T{ra(0),r4(0), 155} = vax5(0,0)

That is a contradiction. Thus proving the result. O

Theorem 2.14. If A X B is a (€, € Vqi)-doubt intuitionistic fuzzy subalgebra of X1 X Xo , then either A is an (€,€ Vqyi)-

doubt intuitionistic fuzzy subalgebra of X1 or B is an (€, € Vqx)-doubt intuitionistic fuzzy subalgebra of Xo.

Proof. Since Ax Bisa (€, € Vgi)-doubt intuitionistic fuzzy subalgebra of X7 x X5 then for all (x1,y1), (z2,y2) € X1 x Xa,,

we have paxp((@1,y1) * (v2,92)) < S{paxp(@1,y1), paxs(@2,y2), 155}

[\
ot
524



Direct Product of General Doubt Intuitionistic Fuzzy Ideals of BCK/BC I-algebras with Respect to Triangular Binorm

By putting x1 = z2 = 0, we get,

1—-k
paxs((0,y1) * (0,y2)) < S{quB 0,91), hax5(0,y2), }
—k
= uaxs((0%0), (y1 xy2)) <SS us(y1), ue(y2), 2 using Lemma2.13
—k
= S{pa(0%0), us(y1 *y2)} pe(y), pe(y2), 2
—k
= pB(y1*y2) < S ), B yz), 7
Similar way we can prove, vp(y1 * y2) > T{ve(y1),vB(y2), 1;—’“} Hence B is an (€,€ Vqi)-doubt intuitionistic fuzzy
subalgebra of Xa. O
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