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1. Introduction

Mathematical models have become important tools to study and analyze the spread and control of infectious diseases.
Recentlyl Badshah and Kumar talk [3], established a primary result of mathematical modeling. Most of the proposed
mathematical models, those describe the transmission of infectious disease, have been derived from the classical susceptible
infective recover SIR model, which is suggested originally by Kermack and Mckendrick [9], who also gave the result on simple
mass action. In that model the susceptible individuals and then the infected individuals may recover and transfer to removal
individuals at a specific rate. Number of mathematical models was developed to study and analyzed the spread of infectious
diseases in order to prevent or minimize the transmission of them through quarantine and other measures. The incidence
in an epidemiological model is the rate at which the susceptible become infectious. Cappaso and Serio [4] introduced a
saturated incidence rate into epidemic model. Mena Lorca and Hethcote [13] also analyzed an SIRS model deterministic
with the same saturation incidence. Ruan and Wang [19] studied an epidemic model with a specific nonlinear incident rate,
Liu et al. [11, 12], Derrick and Ven den Driessche [5]; Hethcote and Ven Den Driessche [7] proposed a various epidemic
models with non-monotonic incidence rate. Further in 2007 Xiao and Raun discussed non-monotonic incidence rate. Several
different incidence rates have been proposed by many researchers see, for instance Anderson and May [1], Elteva and Matias
[6], Hethcote and Driesech [7], Ruan and Wang [19], Liu et al. [11, 12] Derrick and Ven den Driessche [5], Alexander and
Moghadas [2], Xiao and Raun. Recently Porwal, et al. [15-18] also presented their work in concerning field.

Mathematical epidemiology one of the oldest and richest areas in mathematical biology, has significantly enhanced our

understanding of how pathogens emerge, evolve, and spread. Classical epidemiological models, the standard for predicting
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and managing the spread of infectious disease, assume that contacts between susceptible and infectious individuals depend on
their relative frequency in the population. The behavioral factors that underpin contact rates are not generally addressed.
There is, however, an emerging a class of models that addresses the feedbacks between infectious disease dynamics and
the behavioral decisions driving host contact. Referred to as “Mathematical epidemiology,” the approach explores the
determinants of decisions about the number and type of contacts made by individuals, using insights and methods from
mathematics. We show how the approach has the potential both to improve predictions of the course of infectious disease,
and how to support mathematically model approaches to infectious disease.

In this paper, we investigate an Epidemic Model with Immigration and Non-Monotonic Incidence rate under Treatment,
and modify the model of Kar and Batabyal [8] by considering the immigration rate and disease induced death rate. We
present modified mathematical model, analyze the model and obtain disease free and endemic equilibrium point and also

analyze for stability analysis and simulation result. Further we also give an example for verification of our results.

2. The Mathematical Model
2.1. Basic Model

Kar and Batayal [8] proposed an epidemic model with non-monotonic incidence rate under the treatment function by

differential equations

as S

E—a*dS*m‘F/BR, (1)
dl AS

E—m—(dﬁ-m)I—T(I% (2)
%?:nﬂ—(d+mR+TUL 3)

Where

S (t) = Number of Susceptibles,

1(t) = Number of Infectives,

R(t) = Number of Recovered Individuals,

a = Requirement Rate of Population,

d = Natural Death Rate of Population,

A = Pr oportionality Constant,

m = Natural Recovery Rate of the Infective Individuals,

B = The Rate at which Recovered Individuals loss Individuals. Loss Immunity and Return to Susceptible Class,

«a = Parameter Measures of the Psychological or Inhibitory effect, and

T(I)=rl, f0<1<Io,

= Ky, if I > I.
2.2. Model for Treatment Function with Immigration

The model (2) with immigration and disease induced death is given by:

s AIS
@ T e AR ()
I MS

U 1tral® —(d+m)I -T), (5)
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dR
o = - d+ PR+ T(),
T(I)=rI, if0< 1< I,

:K1, if I > 1Io.

The parameters in (2) have same meanings as in the model (1).

Part I: SIR Model with 0 < I < Iy. In this case the system (4)-(6) reduce to

ds ALS

dl ALS

= A2 I
it~ Thar  drmEnL
dR

5 =(m+n)-(d+PR.

The system of equations (9) to (11) always has the DFE Ey ((“%:”“),0,0) for any set of parameter values. Therefore by

equation (10), we have

ALS
ol —(d+m+r)I=0,
AS
I — =
<1—|—od2 (d—‘,—m—l—r)) 0,

I1=0.

Now by equation (11)

Now finally equation (9)

a—dS — 1_?_[512 +BR+p=0,
S=up+ %
the endemic equilibrium is the solution of the system of equations. Thus
adef%JrﬂRJru:O
% —(d+m+r)I=0
and
(m+r)I—(d+B8)R=0
From equation (14)
(m+r)I—(d+B)R=0
(m+r)I

(d+8)

(14)
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Equation (13)

ALS
1_|_Wf(d+m+7“)l—0
(d+m+r)(1+al?)

S = Y

Now substituting R and S in the equation (12) we get

d 1+ al® d 1+ al®
W_g|dtmer)(+al) A | (dtmtr)(1+al’) LpmEn
A 14 al? A (d+p)
A BI (m+1)A
- 1+ al?) - 1+al?)+ 52422 =
aX—d(d+m+r)(1+al”) 1+a12(d+m+7’)( +al”) + 19 +pA =0,
ad(d+m+r)]2+/\1{(d+m+r)f%]+d(d+m+r)fa/\f,u)\:0. (15)
We define the basic reproduction number as
_ Muta)
Ro= Tasmsn; (16)

From the equation (15) we see that if Ry < 1 there is no positive solution as in that case coefficient of I?, I and constant
terms are all positive but ifRg > 1. Then by Descartes rule there exists a unique positive solution of (15) and consequently

there exists a unique equilibrium E* (S*,I*, R*) called endemic equilibrium. Here

o [(m+7) *_(d-i-m—l—r)(l—i—odz)
w- {5 )

with equation (15) give

B(m+r)

ad(d+m+r)]2+)\{(d+m+r)— G F)

}I+d(d+m+r)fa)\f/u\:0,

2
4{(d+m+r ng;”} \//\2{d+m+r (g;;)} —dad(d+m+r)[d(d+m+r)—X(u+a)]

= 2ad (d+m + 1)

B(m+r) VAT
e o

2
where A; = \? {(d +m+r) - Gt } —dad? (d+m+7)?[1 — Ro]

.. _ Ap+ta)
: RO - d(d«fm«kr)

A(p+a) = Rod (d+m + R)

Obviously A; > 0,when Ry > 1. To investigate the stability of the system, we prove that S (t) + I (t) + R(t) = 242 is

invariant manifold of system (9) to (11) which is attracting in the first octant. Let N(t) = S (t) + I (¢t) + R (¢), then

dN(t) () d d
dt —  dt +dt[()+dtR()
iN()—a—dS—d]—dR—i—u,
dN
I_N"_a_dN(t),
dN
= 4 dN(t )
T (t)y=p+a

410



Amit Kumar, Pardeep Porwal and V.H.Badshah

Integrating Factor (L.F.) = el 44t = ¢t Solution is given by

N(t)e™ = / (edt (n+ a)) dt + A,

_p+ta
T d

+ Are

where

N (to) = Aye” M0 +,uf:a’
N(to)— .U“Za — A —dt07
Al — [N(t()) _ M;—a} 6dt07

Putting this value in (18), we get

+a 1 +a
Nty =H =+ [N (to) — "T] etto

_pta _HFa) —ag—to)
= [V ) - B e :

(18)

Thus N(t) — 42 ast — co. So the limit set of system (9) and (11) is a plane S + I + R = “4%. Thus the reduced system

d

is

M (&2 _T—R S+ T+ R=412
%:—(d 7 )—(d+m+r)[:F1([,R), ¢
t 1+« SZ%-I—R
dR
E:(m—i—r)l—(d—i—ﬁ):Fg(I,R).
Now to test the local stability of the above system, we rescale the system by
A AR
T = , Y= , T'=(d+p)t,
@rg ' @rp TP
and obtain
v Al
(d+8)
do Al
dt  (d+8) dI’
A M (2452 — T —R) 1
= . —(d4+m+r)I| x ,
(d+ﬁ){ N e
Ap+a)
B Al .(7*1? —M—AR)_ Al (dman)
| d+B)(d+B) 1+al? (d+P)(d+p)
M [)\(,u+a)_ Al AR }x 1 M (dt+m+r)
(@d+p8) L @d+B) (@+B) @+p)] 1+al? (d+B) (d+5)
Hence

de  z[K —x—y]
dt 14 wva? e

(21)
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Now
dy A dR
dt — (d+p) dI’
_(m+r) M AR
S d+p) (d+B) (d+p)
Hence
d
Y —wa-y, (22)
where
_ om+r _M u_d+m+r v_a(d—i—/j’)Q
Cd+p) T dd+p) (a+p) " a7

Here Ey (0,0) is the DFE and unique equilibrium (z*, y*) of the system (21) to (22) is the endemic equilibrium E* of the

model (9) to (11), (a*,y*) exists if u — K < 0, and is given by

wz” —y* =0, (by Equation (22))

* *
Yy =wx .

Now by equation (21)

o (K —a" —y")

1oz —ux =0,

x* [K—x*—y*—u—uvx*ﬂ =0,

wz? + (1 +w)z" + (u—K)=0. - y" =wz"

Therefore
— (L w) + /(1 w)? — duw (u— K)
Tk = ,
2uv
and
y" = wz" (23)
K—-—u 0
The Jacobian matrix corresponding at Eo (0,0) is Mo = , (by differentiating equation (21) and (22) w.r.t..x
w —1

and y and putting x = 0, y = 0). Obviously, if
(1). K —u>0,(0,0) is an unstable saddle point.
(2). K =u,(0,0) is saddle node.

(3). (K —u)<0,(0,0) is a stable node.

Now when (K — u) > 0 i.e. Ro > 1, we discuss the stability of endemic equilibrium (z*,y*). Jacobian matrix corresponding

to (z*,y") is

z*(vz*2+2vwz*272K'uz*fl) _*
2)2 1+vx*2
M, = (14+va=2) * ,
w -1

(by differential equation (17) and (18) with respect to x and y). The sign of

z* {1+ w4+ 2Kve * —v (1 4+ w) zx*}
(1 + vax?)?

det (M1) =

412



Amit Kumar, Pardeep Porwal and V.H.Badshah

is determined by the sign o

Pr=—v(1+w)z™ +2Kvz" + (1 +w). (24)

Also we have

wz + (1 +w)z" 4+ (u—K)=0 (25)
Now multiplying (24) by (u) and (25) by (1 + w) and adding, we derive
uPy = {w (1 +w) —w (1 +w)}a™ + {2Kw + (1 +w)*} 2"+ u (1 +w) + (u — K) (1 +w)

uP1:{2Kuv—|—(1+w)2}x*+(1+w)—|—{u—|—u—K},

uP1:{2Ku11—|—(1+w)2}x*+(1+w)—|—{2u—K},

Now by (25)
o —(14+w)+ A
o 2uv ’
where
A = \/(1+w)2 — 4uv (u — K).
Therefore
ubPy = {2kuv+(1+w)2} {*(1+12U)+A1}+(1+w) (2u - K)
uv
—(1+w) (2Kuv + (1 + w)? A 2Kuv + (1 +w)?
_ O+ A+o)) | A Q49T L (1w @u—K)
2uv 2uv
—1 A {2Kuw + (1 4+ w)?
:M{(l—i—w)Q—i—QKuv—éluQv—&—quK}+ 1{ w + ( w) }
2uv 2uv
1
=5 [— (1 +w) AT + A {2Kuv+(1+w)2}] .
Hence
P = —& [(1+w) A1 — {2Kuv + (1 +w)?}]
2u2v
2Kuv )2 9
=q(1 AN
{arw+ el
LK 220>
=1+w)?’+ 71]‘1)2 — (1 +w)® +4u’v — 4wk,
(1+w)
AK 20202
= 711’1]2 + 4uv > 0.
(1+w)
Therefore P; > 0.
Py = —0*z™ 4+ (14 2w)va™® —2(1 + K)vz*™ — 2" — 1, (26)
WPy = —uPv 0?4+ (14 2w) vz uo — 2(1 + K) va™ o — 2" u’o — uPo,
Therefore
woPy = =P + (14 2w) uP0?2™ — 2 (1 + K) v®0’2™? — 2" uPv — o, (27)
Now since

wz + (1+w)e™ + (u—K) =0,
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Therefore,
wzr® = —(1+w)z* — (u—K).

Thus

22— —(1+w)z" — (u—K)

= ” .
Put this value in (27), we get
* _ _ 2 _ * . _
woPy = —u30® {_ (1 +w) xuv (u K)} + (14 2w) u’v® { (1+w) fw (u = K) x”

3

—(1+w)$*—(“_K)] — i — P

uv

72(1+K)u31}2[

L [(1+w)2m*2+(ufK)2 +2(1+w)a” (ufK)}
N (1+2w)u®v* [-(1 z;u)sﬁ*2 —(u—K)az"]

X{*(ler)m**(U*K)} 3 3.3

—uwvzrt —uv
uv

—2(1+ K)v*0®

= (1+w)? - 2uv — 2uvw + 2uvK + 2uvKw + (1 + 2w) (1 4+ w)?

— (u— K)u?v — (u—K)u2v-2w—|—2u2v+2u2vw+2u2va+u2va—uSU] x”
+(u—K)(1+w)? - (u—K)’uw + (1 +w) (1 +2w) (u— K)

+ 20”0 (u — K) + 2Ku’v (u — K) — v’

= [1+w)® + 2wk (1 +w) + (1 +2w) (1 +w)? - 2u’v — v’v + Ku’v — 20wu® + 2wu’vK

+ 2u%v 4 200K + 20*vKw —usv] '+ (u—K) (1—|—w2) —(u—K)*uv+ (14 w) (14 2w) (u— K)

+ 200 (u — K) + 2Ku’v (u — K) — u’v

=[a +w)? 4+ 2uvK (1 +w) + (14 2w) (1 + w)* + Ku?v + 20*vKw + 200K — 2u®v 4+ 20’ vKw
f2ung]m*+(u7K)(1+w)2fuv(ufK)2+(1+w)(1+2w)(u7K)+2u2v(u7K)(1+K)fu3v
=[1+w) {1 +w)? 4 2uvK + (1 + 2w) (1+w)} +u*vK (14 2w) + 2u’v (1 + w) (K —u)]z”

—[(K —w) {1 +w)’ + (1 +w) (1 +2w)u} + +uv(K —u)® + 2u (K —u) (1 + K) + 7]
Therefore uvPs = Pyx* — Py, where
Py =(14w) [(1+w)?+u(l+w)(l+2w) + 2uwK] + u*vK (1 + 2w) + 2u’v (1 + w) (K —u).
Thus

Py = (k—u) [(1+w)2+u(1+w)(1+2w)] + uv [(K—u)2+2u(K—u)(1+K)+u2] .
Hence Ps; and P, are positive for any set of parameters with K > u so when (z*,y") exists, the condition for the local
stability of (z*,y™) becomes z* < %‘3‘.
Theorem 2.1.

(1). When the basic reproduction number Ry < 1 there exist no positive equilibrium of system (21)-(22) and in that case the

only DFE (0,0) is stable node.

(2). When Ro > 1, there exists a unique positive equilibrium of system (21)-(22) and in that case (I (t), R (t)) — (0,0) is a
unstable saddle point. Also the condition for which the unique positive equilibrium will locally stable is x* < %.
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Global Stability: To investigate the global stability of the DFE it is sufficient to show that (I (¢),R(t)) — (0,0) from

here, it is clear that S (t) — § now from positivity of the solutions, I (t) and R (t) satisfy differential inequality given by

dI Aa dI

— < - = = —

g _{ 7 (d+m+r)}l e (28)
dR dr

— < — (d — =

o SmEnI—(d=p)R="7, (29)

Here i(t),r (t) are linear and i(t),r (t) — (0,0) as t — ocif A§ — (d+m+r) < 0ie Ro < 1. Since I(t) < i(t) and

R(t) <r(t),I(t),R(t) — (0,0) as t — oo by simple comparison arguments. Hence disease free equilibrium is globally

stable. Now to investigate whether system (19)-(20) admites limit cycle or not, we take Dulac Function D (I, R) = %
Then
0(DR)  O(DF) _ | [2a(d+m+r)], (d+B) (1+al?) =0
or oR A A '
Hence system (19)-(20) have no limit cycle in the positive quadrant. So we reach the Theorem 2.2.
Part II: SIR model with I > Ij.
3. Equilibrium States and Their Stability
In this case the model reduces to
ds ALS
dI AS
E_lJraI?_(d—’_m)I_Kl (31)
dR
Since S+ 1+ R = pu+ % is invariant manifold of the system (30)-(32), the model reduces to
dI M (p+9%—1-R)
== e —(d+m)I - K, (33)
dR
E:m[—(d—kB)R—FKL (34)
Substituting,
Al AR A
x = , Y= ,T=(d+p)t, v = ,
e M Y R N R
dz A
dr — (d+B)
_a @
T d+ dt = 4T’
A M(p+4%—-1-R) 1
= d I-K
d+ﬁ{ Ttal (dtm L= R g
a)\
_ M C i R ) __M(d+m) AKy
(d+5) 1tal?x(d+5)°\2 (d+pB)(d+p) (d+p)(d+P)
(d+8)2X2
Thus
de _z{l—ax—y} o (35)

ar 1+ Va2
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Again
AR
= M (d+8)t,
Y= (d+B)
_ 2 ar
Y= (d+p) dar
R {ml—(d+ﬁ)R+K1}
(d+5) (d+5) ’
_ M m AR+ n AK1
d+8) (d+B8) (@d+B)([d+8) (d+8)°
dy
ﬁ—wlx—y%—c, (36)
where
a(d+pB)? MK, (L+a)X m d+m
Vi=ov= C = L=K=WTdA ="M =
S N d@+p) T " T dv s
Adding (35) and (36) we get
x(L—az—y)—ulx(1+v1m2)—c(1+v1x2)+c=0.
Putting y = wix, we derive Or
wve® + (1+wi +ew)a’ + (c+u — K)z+c=0. (37)

If u1 + ¢ > K, (37), has no positive solution, but if u; + ¢ < K, it has either two positive roots or no positive root. By theory

of equation.

aoz® + 3a12% + 3asx + a3 = 0, (38)

has all of its roots real. If G +4H? < 0, and H < 0, where H = apaz — a?,
G = atas — 3apaias + 2a3,

Comparing equation (37) and (38), we have

(1+ w1+ cv) (u1 +c— K)
3 " 3

ap = u1v, a3 = , and az = ¢,

Here

H:aoag—af7
=wv{(u1 +c—K)/3} = {(1+ w1 +cv) /3}* <0, forui +c< K.
G? +4H? = (a(z)ag — 3apaiasz + 2a‘;’)2 +4 (aoag — a?)g,

= a% (a%a% — 6apaiazasz + 4a3ai’ + 4aoa% — 3(1%@%) R
Therefore, for G? + 4H3 < 0,
(agag + dasza’ + 4a0ag) < (Sa%ag + 6aoaiazas) . (39)

differentiate equations (35)-(36), with respect to z and y, the locally stability of the positive equilibrium (z,y) of the system

(30)-(31), we consider the Jacobian matix

(1+vz2)(Kfzfyfz)72vz(K171271y)7u1 oz
1+va:2 —u1
M (z,y) =

w1 -1
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Now
— (1—1—1}3:2) (K — 2z —y) + 2vz (Ka:—x2 —xy) + uq (1+vx2)2+w1x— (1+vx2)
det (M2) = 2 ’
(1 + vz?)
- (1+v2?) (K — 22 —wiz — ¢) + 2vz (Kz — 2° —wi2® — cz) + wy (1+vx2)2+w1x— (1+v2?)
B (1 + va?)? ’
(for y = w1z + ¢). Sign of det (M>) is determined by
Ps = uv’zt + (Kv —ve + 2uiv) 2° + (24 2w z + (e 4wy — K). (40)
Now subtracting vz time of (37) from (40), we have
Ps=—v(l+w +ev)a® +v 2K +up —2¢)z° + (24 2w1 —ve)z + (c+u — K) . (41)
Again by (1 4+ w1 + cv) x (37) + u1 x (41), we derive
urPs = &12” + &1 + &, (42)

where & = {ujv + (1 + w1 + e)? + 2u1v (K — ¢)} >0, for K > c. Therefore, the sufficient condition for which P5 > 0 is,

& — 466 <0. (43)

Now

{(Q+v2?) (K -2z —y)— 202> (K —z—y)} — (u1 + 1)

Trace (Mz) =

(1 +va?)? ’
{(1+vx2) (K — 22 —wiz —c) —2v2* (K — 2 —wiz —¢) — (u1 + 1) (1—1—1)332)2}
(1 +va2)? ’
So the sign of Trace (Mz) is determined by
Ps = — (u1 + 1) v’z + vwi2® + (ve — Kv — 2v0u1 — 20) 2 — 24wz + (K —c—uy — 1), (44)

Now making an appeal to (37) and (44) with same calculations, we have after some algebraic calculation using (32) and (38)

we get
uiPs = — (u1 + 1) uiv’z? + viowiz® + (ve — Kv — 2vu1 — 0) uiz® — 2+ wi)uiz + (K —c—up — 1) uf
and
wivz® + (14w +ev)z’ + (c+u — K)z 4+ ¢ =0,
i.e. or

5 — (4w +ev)z? —(ct+u —K)x—c

UuU1v
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Therefore

u%PS:f(ulJrl)u?vQ{ (14w +cv)z® —(c+ur — K)z C}x+u%vw1{ (14w +cv)z? —(c+u — K)z c}
u1v uU1v

+ (ve — Kv — 2vu1 — 2u)uiz® — (24 wi)uie + (K — ¢ —ug — 1) uf,
= (u1 + Duv (1 +wi +ev)2® + (w1 + 1) uiv (e +u — K) 2 — e (ug + 1) ugv
—uiwi (1 + w1 + cv) 22 — ujwn (c+ur — K)z — curwr + (u%vc— Kvu% — 2vu:1)’ — 2u§v)

2 2 2 2 2 3 2
z° - (2u1 +w1u1) z+ Kui — cui —uj — uj,

Therefore

) (14 w1+ ev) (vrwr +uiev +ur + w1 + cv + 1 4+ ugws)
uiPs = — €T

+urv {(K —¢) (14 2u1) + ui + u1 }

For K > w1 + ¢,

{u1 (cvur + cv — 2ur — wiur) — (u1 + ¢ — K) Quiwi + uicv +ur +wr +cv+ D}z

Fur (K—c—ui — 1) —cRuiwis +uicv + ur + w1 +cv+ 1) (45)

Thus
uiPs = ma” + nax + 03, (46)

where

(14 w1 + ev) Quiwt + urcv + ur + w1 +cv + 1) “0
m=—- )
tuo {(K —¢) (1+2u1) +ui +ur}

2 = u1 (cvur + cv — 2ur —wiur) — (ur + ¢ — K) Quiwi + wicv +ur + w1 +cv+ 1) and

m=u (K—c—u1—1)—cRuiwi + urcv +us + w1 +cv+1),
Therefore the sufficient condition for which Ps < 0 is,

n5 — 4mns <0 (47)

4. Numerical Simulations and Conclusion

Case 1: When the treatment rate is oo to the infective so that 8 < I < Iy we choose the parameters as follows a = 3,
d=0.1, A\ =0.4, m =0.01, »r = 0.2, u = 0.3. Hence the basic reproduction number Ry = 42.58 > 1 when a = 15, d = 2.5,
A=0.4, m=10,r = 0.5, u = 0.3 we have Ry = 0.1883 < 1. In this case disease dies out. Consider a =3, d = 0.1, 8 = 0.1,
A =03 m=0.01r =02 p=02 o=1 By rescaling the system we see that (u — K) < 0 and hence there exists
unique positive equilibrium point (z*,y+*), where * = 6.8855 and y* = 7.2298. For the parameters % = 13.485 and so the
sufficient condition for stability z* < % is satisfied. Hence the point is locally stable.

Case 2: When [ > Iy we have the parameters a = 2.6, d = 0.06, 5 = 0.16, A =04, m = 0.01, K = 0.7, a = 2.0, p = 0.3.

Here S+ 1+ R = “T'*'a = 48.33 is invariant manifold so the system is

dl 0.41

ar _ 48.33 — I — R) — 0.071 — 0.
= Toas (4833 R) — 0.071 — 0.7,
% — (0.01) I — (0.76) R + 0.7
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The rescaling system

dx
g7 = ©(87.88 —x —y) — 0.318z — 5.76
dy
= 0.045x — .
o; = 00452 — y +5.76

In this paper, we see that the basic reproduction number plays an important role to control the diseases, if Ry < 1 then
DFE is globally stable and if Ry > 1 then the endemic equilibrium is globally stable. Also with the help of immigration rate

the treatment function gave a better result.
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