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Abstract: For any graph G, let V(G) and E(G) denote the vertex set and edge set of G respectively. The Harmonic index H(G) of

a graph G is defined as the sum of the weights W of all edges uv of G and the Geometric-Arithmetic index GA(G)
2y/d(u)d(v)
d(u)+d(v)
function graph B(K,, INC, K4) of G is a graph with vertex set V(G) U E(G) and two vertices in B(K,, INC, K4) are
adjacent if and only if they correspond to two adjacent vertices of G, two nonadjacent vertices of G or to a vertex and an
edge incident to it in G, For brevity, this graph is denoted by B4(G). In this paper, lower and upper bounds of H(B4(G))
and GA(B4(G)) are obtained. These indices are found for some particular graphs.

of G is defined as the sum of the weights where d(u) denotes the degree of a vertex u in G. The Boolean
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1. Introduction

Let G = (V, E) be a graph with vertex set V(G) and edge set E(G). For any two vertices u,v € V(G), the distance between
u and v, denoted by dg(u,v), is defined as the number of edges in the shortest path connecting u and v. The eccentricity
of a vertex v, denoted by eq(v), is the largest distance of v and any other vertex u of G. The degree of a vertex v, denoted
by dc(v) (or simply d(u)) is the number of vertices adjacent with the vertex v. For a graph G, the harmonic index H(G) is

defined as H(G) = m. Favaron et al. [1] considered the relation between the harmonic index and the eigen

uwweE(G)
values of graphs.
In 2012, Zhong [9] reintroduced this index as harmonic index and found the minimum and maximum values of the harmonic
index for simple connected graphs and trees, and characterized the corresponding extremal graphs. Wu et al. [8] gave

the minimum value of the Harmonic index among the graphs with the minimum degree at least two. In [7], Vukicevic

et al. defined a new topological index geometric-arithmetic index of a graph G, denoted by GA(G) and is defined by

24/ d(u)d(v)
GAG)= > raw -
uwweE(G)

The geometric-arithmetic index has a number of interesting properties in [2]. The lower and upper bounds of the geometric-
arithmetic index of a connected graph and characterization of graphs for which these bounds are best possible are found in
[2]. Janakiraman et al., introduced the concepts of Boolean and Boolean function graphs [3-5]. The Boolean function graph
B(K,,INC, K,) of G is a graph with vertex set V(G) U E(G) and two vertices in B(K,, INC, K,) are adjacent if and only

if they correspond to two adjacent vertices of G, two nonadjacent vertices of G or to a vertex and an edge incident to it in
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G, For brevity, this graph is denoted by B4(G). In this work, lower and upper bounds of H(B4(G)) and GA(B4(G)) are

obtained. These indices are found for some particular graphs.

2. Prior Results

The following results are found in [3].

(1). K, is an induced subgraph of B4(G) and subgraph of B4(G) induced by q vertices is totally disconnected.
(2). Number of vertices in B4(G) is p + q, since B4(G) contains vertices of both G and the line graph L(G) of G.
(3). Number of edges in B4(G) is (%) + 2g.

(4). For every vertex v € V(G), dpac)(v) =p— 1+ da(v).

(a). If G is complete, then dpye)(v) = 2(p — 1).
(b). If G is totally disconnected, then dpsc)(v) =p — 1.

(c). If G has atleast one edge, then 2 < dp4(g)(v) < 2(p — 1) and dpyg)(v) = 1 if and only if G = 2K;.
(5). For an edge e € E(G), dpae)(e) = 2.
(6). B4(G) is always connected.
. 1s a graph with atleast three vertices, then each vertex of By ies on a triangle and hence girth of By 1s 2.
7). fGi h with atl h i h h f B4(G) li iangl d h irth of B4(G) is 2

(8). If G is a graph with atleast four vertices and atleast one edge, then B4(G) is bi-regular if and only if G is regular and

B4 (G) is regular if and only if G is totally disconnected.
(9). If G is a graph with atleast three vertices, then B4(G) has no cut vertices.
(10). If G has atleast one edge, then vertex connectivity of B4(G) =edge connectivity of B4(G) = 2.
(11). Let G be a (p, q) graph with atleast one edge. If p is odd, then B4(G) is Eulerian if and only ifG is Eulerian.
(12). If G is r-regular (r > 1 and is odd), then B4(G) is Eulerian.
(13). For any graph G, Ba(G) is geodetic if and only if G is either K> or nK1, n > 2.

(14). If G is a graph with atleast four vertices, then B4(G) is Py-free.

3. Harmonic and Geometric-Arithmetic Indices in By(G)

In this section, bounds of H(B4(G)) and GA(B4(G)) are obtained and these indices are found for some particular graphs.

Theorem 3.1. Let G be a (p, q) graph. Then ”ZT';&I < H(B4(G)) < %.

Proof. Let vi,ve,...,v, be the vertices and e;; = (v;,v;), i # j be the edges of G. Then vi,vs,...,vp, €; € V(Ba(Q)).
Let F = {(vi,ei;) : eij € E(G) isincident withv; € G,i=1,2,...,n,t# j}. Then F C E(B4(G)) and |F| = 2q.
E(B4(G)) = B(K,)UF. dpi(v) = p— 1+ dg(v) and dpa(e;;) = 2. Number of edges in B4(G) is 22 +2¢. H(B4(G)) is
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equal to the sum of , where the sum is taken over all the edges in B4(G). To compute H(B4(G)), the sum is

2
dp, (u)+dp, (v)

partitioned into two sums T} and T>. The sum 77 is taken over all edges (u,v) in E(Kp).

h= ZZdB4 +dB4( )

=1 j=1,
1<]

NN EEz =
z<]

722 2p—2+dc v;) + dg(v;)

=1 j=1,
7.<J
The sum 75 is taken over all the 2¢ edges in F.
2 2 2
n- ¥ > DD
(iryeF dBa(v;) +dpg,(e,;) (wioyer P 14+dg(v,)+2 (vi,eij)er+1+dG(vi)
Therefore,
H(B4s(G)=T1 +T>
2 2
= + e
;JZ; 2p—2+dg(v )+dG(Uj) (vi,;j)er+1+dG(vi)
1<j
But, 0 < da(v;) < p — 1. Therefore
P P 9 9
H(B > . R
(Ba(@)) —Zl_z 2p—2+p—1+p—-1 + Z p+1+4+p-—1
1=1j=1, (viseij)EF
1<J
_plp—1) 2 29 _ p*+8¢
2 4p-1) p
Also
2
<> Z =t 2 i
p+
=1 j=1, (vi,es5)€EF
1<j
_pp=1) 1 4q _plp+1)+8q
2 p—1 p+1 2(p+1)
Therefore, for any graph G,
2
1
T80 pi(pyy < MR D A8
4p 2(p+1)
Lower bound is attained, if G = K, and the upper bound is attained if G is totally disconnected. O

Remark 3.2.

(1). If G is a tree on p vertices, then 172%(;71) < H(B4(Q)) < %.

(2). If G is unicyclic on p vertices, then EX2 < H(B4(G)) < ggig

In the following, bounds of Geometric-Arithmetic index of B4(G) are found.

Theorem 3.3. Let G be any (p, q) graph with no isolated vertices. Then

% < GA(Bu(@)) < (p—1)* + 8avp—1

2
L
4 p+2
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Proof. Let v1,vs,...,v, be the vertices and e;; = (vi,v;), i # j be the edges of G. Then v1,vs,...,vp, €;; € V(Bi(Q)).
Let F = {(vi,eij) : e;;5 € E(G) isincident with v; € G,i=1,2,...,n,i# j}. Then F C E(B4(G)) and |F| =

. u v
E(B4(G)) = E(Kp)UF. dpa(v) = p—1+dc(v) and dpa(e;j) = 2. GA(B4(G)) is equal to the sum of dVBjJ(B’;)(th)iiizl(L) , where

the sum is taken over all the edges in B4(G).

p P 2 dB4(Ui)dB4(”j)
GABs(G) =Y V)il

dBa(v;) +dpy(v;)

2y/dBa(v;)dg,(e;;)

dpa(v,) + dB4(eij)

+

i=1j=1, (viseij)EF
1<
p v 2/(p—1+dg(v,)(p—1+dg(v))) > 22 =TT d ()
+ 7
= 1] 1, 71+dG( )+p71+d ( ) (’Ui,eij)GF p71+dG(/Ul)+2
z<]

But, 1 < dg(vi) <p—1.

GABA(G)) < p(p—1) (2(17*1)) WS —T gy, Bavp T

2 2p p+2 p+2
Also,
GABG)) 2 P(PQ— : (2p -2 +ﬁ1 +p— 1) 2 (%ﬁip) - IZTQ#L%
Therefore,
P; % < GA(Bu(@)) < @-1)%%. -

Remark 3.4.

(1). If G is totally disconnected, then GA(B4(Q)) = @.

. . . 2 f—
(2). If G is unicyclic, then 2-+2./2p < GA(B4(G)) < (p — 1)2—1—8‘7pvf2 L

In the following, Harmonic and Geometric-Arithmetic indices of Boolean function graphs of cycle, path, complete graph,

star and wheel are obtained.

Theorem 3.5. Harmonic index of B4(Ch) is given by, H(B4(Cr)) = %, n>3.

Proof. Let vi,va,...,u, be the vertices of C, and let €; ;41 = (vi,vig1), ¢ = 1,2,...,n — 1, en1 = (vn,v1) be the
edges of Cn. Then vi,v2,...,Vn,€ii11,6n1 € Ba(Cr). dpa(vi) = n+ 1 and dpa(esit1) = dpa(en,1) = 2. Let F =
{(vi, €i-1,i), (vis €i,41),% = 2,3,...,n}, where ep1 = en1 and €;i4+1 = en1. |F| = 2n. Number of edges in B4(Cy) =

2 4 92n and E(Ba(Ch)) = E((Ka)) U F.

2
HB(C) =YY ot Y s

i=1j=1, (viseij)EF
z<]

n(n —1) dn n(n®+10n +5)

- 2(n+1) Jrn—|—3 T 2(n+1)(n+3)

Remark 3.6. Geometric index of B4(Cy) is given by

no 2 24 /dBa(v)dp, (v;)
GA(By(Cn)) => >

dpa(v;) + dpy(v;)

2,/ dBa(v;)dp, (eij)

dpa(v;) +dg,(e;;)

+

i=1j=1, (vi,eij)EF
1<jJ

_n(n—1) . dn\/2(n+1)

N 2 n+3
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Theorem 3.7. Harmonic index of B4(P,) is given by,

1 1 n—3 5n + 2
n)) = - ) > 3.
HBi(Fn) =40 =2) | o3+ 3 sy o) Taer 2 28

Proof. Let v1, v2, . . ., vy be the vertices of P, with v1 and v, as pendant vertices, and let €; ;41 = (vi, vit1), 1 =1,2,...,n—1

be the edges of P,. Then vi,v2,...,0n,€ii41 € Ba(Py). dpa(v1) = dpa(vn) = n, dpa(vi) =n+1,i=2,3,...,n—1 and
n—1

dpa(eiit1) = 2. Number of edges in Bi(P,) = "% 4+ 2(n —1). Let Fi = {J {(v1,v:), (vn,vi)}, Fo = {(v1,0n)}, F3 =
i=2

n 5

{(v1,€12), (Vns en_1.0)}, Fis = L;J: g{w,vj)}, Fs = E{(%ei_l,i),(vi,ei,,-ﬂ)}. Then E(By(P) = U Fi. H(Bu(P) is

equal to the sum of where the summation is taken over all edges zy € E(B4(P,)). The sum T is taken over

2
a5, (g, (@)

all edges xy € F;.

n—1 n—1
2 2
T = +
' Zz:; dpa(vy) +dp,(v;) ; dpa(v,) +dg,(v;)
3 2 4(n-2)
=2 =505 T ot
2 2 1
= dpa(v,) +dg,(v;) 20
_ 2 N 2 4
i dpa(vy) +dgy(e,)  dpa(v,) + dB4(en—1,n) Cnt2

n—1
- 2 N 2 _4(n-2)

P dpa(v;) + dB4(ei—1,i) dpa(v;) + dB4(ei,i+1) n+3

n—1ln—1

2 (n—2)(n—-23)

Ty = -

P ; dpa(v;) + dp,(v;) 2(n+1)

i<j
5
1 1 n—3 5n + 2
H(B4(Pp)) = T, =4(n—2
(Ba(Fn)) ; (n )[2n+1+n+3+8(n+1)] +n(n—|—2)

Remark 3.8. Geometric Arithmetic index of GA(B4(P,)) is given by

GABa(Pa)) = 1+ 4(n— 2Vn T 1 Lﬁﬁng] *i@“n ~2)in-9

Theorem 3.9. Harmonic index of Bi(Ky) is given by, H(Bs(Ky)) = 222,

Proof. Let v1,va,...,v, be the vertices of K, and let e; ; = (vi,v;), 4,5 = 1,2,...,n, i < j be the edges of K,,. Then

V1,02, .. Un, €5 € Ba(Ky). dpa(vi) = 2n — 2, dpa(e;,;) = 2. Number of edges in B4(K,) = w Let F; = {(vi, ei5) :

j=1,2,...,n,i# j}and F = | F;; E(BA(K,)) = E(K,)UF. H(B4(Ky)) is equal to the sum of m, where
i=1 4 4
the summation is taken over all edges zy € E(B4(Ky)). The sum T; is taken over all edges zy € F;, i = 1,2.
H=YY
P dpa(v;) + dp,(v;)
i<j
n(n —1) 2 n
2 2(2n—2) 4
2
Ty = 1 = 1
e=nn =Dy 5 e =N
Therefore H(Bs(Ky,)) = 2 +n—1= 524 O

Remark 3.10. Geometric Arithmetic index of Ba(Ky) is given by GA(B4(Ky)) = 25+ [n+ 4v/n —1].



Harmonic and Geometric-Arithmetic Indices of Boolean Function Graph B(K,,INC, E)

Theorem 3.11. Harmonic index of B4(K1,n) s given by,

8(n+1) 1
H(By(K1n)) = — =+ |, n>3
(BalKin) = | e sy T2 "2
Proof. Let vi,va,...,vn41 be the vertices of K1, with v; as the central vertex. and let e1; = (v1,v;), i =2,3,...,n+1

be the edges of K1 . Then vi,va,...,Unt1,€1; € Ba(Ki,n). dpa(vi) = 2n, d34(vi) =n+1,i=2,3,...,n+1, dpa(e1,;) = 2.
n+1

Number of edges in Bi(Ki,,) = 2% Let Iy = U {(v1,v:)}; Fo = U U {(vi,v))}; Fs = U {(v1,e1,))} and Fy =
1=2

1=2 j=2
1<Jj

n+1 4
U {(vi,e1,0)}, F = U Fi, E(Ba(K1,n)) = F. H(Ba(K1,n)) is equal to the sum of , where the summation is
=2 =1

2
a5, (g, ()

taken over all edges zy € E(B4(K1,,)). The sum T; is taken over all edges zy € F;, 1 =1,2,3,4.

n+1 9 n+1 9 m
T = = =
' ; dpa(vy) +dg,(v;) ; 2n+n+1 3n+1

T % % 2 nin—1) 2 n(n —1)
2 = = =
i—2 j—2, dpa(v;) + dp,(v;) 2 2(n+1)  2(n+1)
i<y

T—Yil 2 _2n _ n
3__: dpa(v,) +dg,(e,;) 2n+2 n+1

T—nf:l 2 2
! _i dpa(v;) +dp,(ey;)  n+3

2n n(n —1) n 2n
H(Bs(Ki,n)) = T; =
(Ba(K1n)) Z 3n+1+2(n+1)+n+1+n+3

_ { 8(n+1) 1
"Bt Dn+3) 2

Remark 3.12. Geometric Arithmetic index of Ba(K1,) is given by

GA(B4(K1,R)):2nW+nn-1m ny/2@n) | 2ny/2(n 1 1)

3n+1 2(n+1) n+1 n+3
2ny/2n(n+1) nn—-1) 2nyn = 2ny/2(n+1)
= + + +
3n+1 2 n+1 n+3

Theorem 3.13. Harmonic index of Ba(Km.n); (m,n > 2) is given by,

m(m — 1) n(n —1)
2(m+2n—-1) 2(2m+n—1)

H(Bi(Kmn)) =

2 2
Lomn [ 3m + 3n + } mn

(m+2n+1)2m+n+1) +3m+3n72’

Proof. Let [A, B] be the bipartition of Ky, » and let A = {v1,v2,...,9m} and B = {u1,uz,...,un}. Let e;; = (vi,u;),

i=1,2,...,m;5=1,2,...,n be the edges of Ky n. Then vi,va,...,Um,U1,U2,...,Un,€;; € V(Ba(Km,n)) and

(60.0) = £ 0 U (Ut ) U (U (Ut )

i=1 \j=1 j=1

and E(Km4n) = E(Km) U E(Kn)U{(vi,u;),i=1,2,...,m and j=1,2,...,n}.

dpa(v;)=p—1+4+dgmn(vi)=m+n—1+n=m+2n—1
dpa(ui) =p—1+drgmn(us)=m+n—-1+m=2m+n-—1

dB4(6ij) =2
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Let F1 and F» be the set of edges in K,, and K, induced by the vertices vi,ve,...,vm and ui,usz,..., u, respectively.

Fs = {(vi,uj),t = 1,2,....m and j=1,2,...n}; Fu = U (U (vi, €ij) and F5 = |J | U (ui,ej:) |. Therefore
=1 \j=1 =1 \j=1

5
E(Kmn) = Zyl F;. H(B4(Km,mn)) is equal to the sum of m, where the summation is taken over all edges

z2y € E(Ba(Km,n)). The sum T; is taken over all edges zy € F;; i = 1,2, 3, 5.

T_m(m—l) 2 _m(m—1) 2 _ m(m—1)
YT 2 dpa(v) +dg(v;) 2 2m+2n—1)  2(m+2n—1)
T _n(n—-1) 2 _n(n—1) 2 _ n(n-1)
T2 dpa(u) +dg(uy) 2 2@m+n—1) 2@m+n-—1)
T, — 2mn _ 2mn

dpa(u;) +dB4(v.) T 3m+3n-2

2mn 2mn
Ty = = -
* szm +dB4( D 2m+n—1+2 m+2n+1

=1 j=1

2mn

Ty = —
;;dfﬂl( i)+dB4(6ij) 2m+n+1
Therefore,
5
H(By(Kmn)) =Y T
i=1
_ m(m—1) n(n —1) 2mn n 2mn n 2mn
T 2m+2n—-1)  22m+n—-1) 3m+3n—-2 m+2n+1 2m+n-+1
__m(m—1) n(n—1) omn 3m+3n+2 n 2mn
2(m+2n—1) 2(2m+n-—1) (m+2n+1)2m+n+1)| 3m+3n-—2 O
Remark 3.14.
(1). If m = n, then H(Bas(Kpnn)) = "Efnn 11)+3i”+1
(2). Geometric-Arithmetic index of Ba(Km,n) is given by
m(m—1) nn—-1)  2mny/(m+2n—1)2m+n—1)
A(Bs(Kmn)) =
GAB(Emn)) R 3m+3n — 2
N 2mn/2(m +2n — 1) n 2mn\/2(2m +n —1)
m+2n+1 2m+n+1
2,/ —
(3). If m = n, then Geometric-Arithmetic index of Ba(Kn,n) is given by GA(Ba(Kn,n)) = n(2n — 1)—&—%&"1).
Theorem 3.15. Harmonic index of Ba(Wy) is given by,
5 n—2 6
HBiW,)=(n—1)| >+ 2= 2 | ;>
P’I"OOf. Let v1,v2,...,v, be the vertices of W, with v1 as the central vertex. and let e1; = (v1,v:), ¢ = 2,3,...,n

€iit1 = (vi,vi41), © = 2,3,...,n — 1, en2 = (vn,v2) be the edges of W,. Then vi,vs,...,0n1,€1,i,€5i+1 € Ba(Wh),

dpa(vi) = 2(n — 1), dpa(vi) = n+ 2, ¢ = 2,3,...,n, dpa(e1,;) = dpa(€ii+1) = dpa(én,2) = 2. Number of edges in

By(Wy,) = n=llnt8) y et

= U{(Ul,vi)}, F

=2

U U {(vi,v5)}, F3 = U{(vheu)}, Fy= U{(Uiael,i)}

i=2, =2 =2
i<j

n—1
F5 = U {(vi, ei—1,), (vi, €i,i+1)}
i—3

Fs = {(U2a 6273)7 (U27 6n72), ('Un, en12)7 (vnv €n71,n)}
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H(B4(W,)) is equal to the sum of

m, where the summation is taken over all edges zy € E(B4(W,)). The sum
4 4

T; is taken over all edges xy € F;, i =1,2,...,6.

_ 2 _ 2 (n—1)(n—2) 2 _(n=1)(n-2)
TQ*;; dps(v,) +d (11)77‘_2%_22 dpa(v;) + dg,(v;) 2 n+24+n+2  2(n+2)
- 2 2 n—1

= Z dpa(v,) +dp,(€,;) B

2 2(n — 1)
Ty = =
* Z dB4(U¢) + dB4(eli) n+4

=2
n—1
2 2 2 4(n —3)
T5 = + =2(n—3 =
’ ; dpa(v;) +dp,(e;_1;)  dpa(v;) +dpyle; ;1) ( )”+2+2 n+4
2 2 2 2 8
Ts = + + + =

dpa(v2) + dpa(e2s)  dpa(ve) + dpa(en2)  dpa(vn) +dpa(én-1,n) da(vn)+dpa(en2) n+4
Therefore

n-1 m-1)(n-2) n—-1 2(n-1) 4(n-23) 8
+ + +
3n 2(n +2) n n+4 n+4 n+4

—(n—1) [%+2("n7122)+%+4]

6 2(
H(Bs(Wr)) = ZTz‘ =

Remark 3.16. Geometric Arithmetic index of Ba(W,,) is given by

GA(Bi(Wn)) = Q(TL_TDW [1+\/2(n + 2)] I G 1)2(n —2), 5 - 113+i(n *2 s,
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