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1. Introduction
Let A, denote the class of functions of the form
@) =2+ apiz’ ™ (p > 1), 1)
k=1

which are analytic and univalent in the unit disk A = {z : |z] < 1}. Al-Oboudi [1] had introduced a differential operator D}

for a function f(z) € A, as

forne N =1{1,2,3,...} and A > 0. It is easy to see that
Dif(z) =24 > [L+(p+k— DA apxz""", (p>1). (3)
k=1

With the help of differential operator DY, we define a subclass A, x(p, i, 3,7,0) for f(z) € A, such that

DY f(2)
DY f(z)
DY f(2)
M Dy + (1=

-4

< B, (z€A), (4)
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where 0 < 4 < 1,0< <1,0<~vy<1,0<6d6d<1,A>0andn > 0. In particular, the class A,1(1,u,8,7,1),
Ao1(1, 1, 8,7,1), Ao,1(1,1,5,0,1) and Ao,1(1,0,1,0,1) are studied by Aouf and et. [2] Lee and et. [4] Padmanadban [5]

and Singh [6] respectively. Let T}, denote the subclass of A, whose elements can be expressed in the form
—Z—Za w2 (apir >0, p>1). (5)

We denote A x(p,p,8,7,0) N T, = A, \(p,it,B8,7,0). Taking p = 1, 6 = 1, the class A} \(p,u,B,7,9) reduces to
Sy, B,7). Which was defined and studied by Hossen [3]. The object of this paper is to derive several properties of

the class A}, \(p,p, 8,7, 0) such as coefficients inequality, distortion theorem and closure theorems.

2. Coefficient Inequalities

Theorem 2.1. A function f(z) of the form (5) is in the class A;, (p, u, 8,7,90) if and only if
D {4+ (p+k— DA+ Bu) + B(1—7) = {1+ (p+k — DA} aprr < {B(1 — v +p) +1 -6} (6)
k=1

The result is sharp. The extremal function function is given by

f(Z): _ {5(1_7+M)+1_6} P+k (7)
[+ @+ k- DX +60) + 81— —o[{l+(p+h— DA

Proof.  First let f(z) € A}, x(p, i, 8,7, 9), then from (4) we have

DG (= S (14 k= DA™ apere™ ) =0z = S 1+ 0+ k=~ DA aper)
PSS =1 =1
_ <p
ntle, ) ) )
WD H (1) | e = S+ (4 b — DA agenzr) + (1= )z — 531+ (p+ k= DA appuzrt)
k=1 k=1

or

(1=8)z— S (L4 (4k—DA=d[L+ (p+k— DA apsrz?t*

= <p. (8)
(IT=v+mwz= 2 {1+ @+Ek-DA+ 171+ (p+ k- DA apyrzrtt
k=1
Since Re(z) < |z| for all z, we find from (8) that
St (k= DA =81+ (p+ k — DA apsrz® — (1 - 6)z
Re =1 - < B.
I=y+mwz= > {1+ +E-1DA+1 =91+ (p+k - 1A apezPt*

k=1

D" +1
Choosing values of z on the real axis so that W{z()) is real and letting z — 1~ through real values, we have
ST+ p+k—DA=0|[1+ (p+k— DN apix—(1—06) < BL—y+p)—»_ Blu{l+(p+k— 1A} +1—7][1+ (p+k— 1A ap ik,
k=1 k=1
or

STHI+(p+k—DAA+Bu) +B(1—7) = {1+ (p+k— DA} apsr < {B(L—v+p) +1—6}.
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Conversely let inequality (6) holds. Then

|DYT f(2) — DY f(2)| — B|uDY Y f(2) + (1 — ) DX f(2)| = 1—5Z—Z[1+ (p+k—1DX=6][1+ (p+k— DN apsrz""
k=1

oo

— Bl =y+mz =Y {1+ (p+k=DA +1=7][1+ (p+ k= DA aprz""
k=1

Mg

A+@+E—DA=6[1+@+k—1AN"apyr — (1 —9)

£
I
—

—BU=v+ )+ Bl +p+k—DA+1 =71+ (p+k— DN apsr
k=1

{1+ @+E-DNA+Bu)+B8(1—7) =1+ @+ k-1 "aprr — {BA — v+ p) +1 -6}

]

IA
o

by the hypothesis. Hence by the maximum modulus theorem, we have f(z) € A}, \(p, i, 8,7,0). O

Corollary 2.2. Let f(z) € Ty, be in the class A}, \(p, pt, 3,7,9). Then

a k {ﬂ(177+ﬂ)+175} (9)
PRS0+ (p+ k= 1AL+ Bp) + B —7) — {1+ (p+k—1)A}’

for (k > 1,p > 1). Equality in (9) holds for the function f(z) given by (7).
3. Distortion Theorem

Theorem 3.1. Let f(z) € Tp be in the class Aj, \(p, i, 8,7,0) with0 < p<1,0<F<1,0<y< 1,055 <1, >0 and

n>0,p > 1. Then for |z| =7 < 1,

_ {BA-—v+pw+1-10} 1 .
"IN+ BR) + B — ) — 81+ pA)" <|f()] (10)

< {80 —y+p)+1-14} ppl
[ +pNAFBu) + B =) = A +pN)

The result are sharp.

Proof.  From inequality (6), it follows that
D HI+ (k= DAML+ Bpr) + B(1 =) = {1+ (p+ k= DAY apin < {B(L =y +p) +1 -3},
k=1

This implies that

- {BL—v+p)+1-06}
2k < TN 1 B + B =) = A P ()

Consequently, for |z| = r < 1, we obtain
oo
I <r 4P api,
k=1
or

{BAQ—~v+p)+1-48} bl
@<+ o+ B+ BA = —aa T p07 " (12)

and

oo
IF@) =r =" api,

k=1
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or

{Bl—y+p)+1-6} 1
(14 pN) A+ Bu) + B(1 =) = ](1+pA)» '

From (12) and (13) inequality (10) follows. The bounds in (10) are attained for the function f(z) given by

lf() =r— (13)

{81 —~v+p)+1-46} Ptk

&) =2 = [N + B + B0 =) = 0+ )"~

4. Closure Theorems

Theorem 4.1. The class Aj, \(p, i, 8,7,0) is closed under convex linear combination.

Proof. Let each of the functions fi(z) and f2(z) given by
filz) =z~ iap+k,jz“’*’“(ap+k,j >0, j=1,2.p>1), (15)
k=1
be in the class A}, 5 (p, 1, 8,7,96). Then it is sufficient to show that the function F(z) defined by
F(z) =tfi(z) + (1 =-t)fa(2) (0<t < 1), (16)
is also in the class A}, ) (p, 1, B,7,6). Since for 0 <t <1,

F(z)=2z— Z[tapﬂc,l + (1= t)apyro)2” .
k=1

Then with the aid of Theorem 2.1, we have

gk

{1+ (+E-DXA+Bu)+ B0 =) =d{1+ (p+ k=D [taprrs + (1 —t)aprr2] < {801 —~v+p) +1 -6}

B
Il

1

Which implies that F'(z) € A}, \(p, 1, 5,7, 9). O

Theorem 4.2. Let

fo(z) =z, and

fk(z): {/6(1_7"'/‘)'*'1_6} p+k

T+ o+ k- DN 4B B —) — {1+ (p+k— 1A}

Then f(z) € A}, x(p, 1, 8,7, 9) if and only if it can be expressed in the form
flz)= Ztkfk (z), where )
k=0
th>0(k>1) and Y tp=1 (18)
k=0
Proof.  First let f(z) can be expressed in the form (17). Then

£@) =S tefi(z)
k=0

:Z_i {BA—v+p) +1-46} P
— {1+ (@+k—1)AA+Bp) + 81 —7) = {1+ (p+k—1)A}"

k

at
(=}
[N~}
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Then, it follows that

STHL+(p+k—DAHL+Bu) +B(1—7) = {1+ (p+ k— 1)A}"
k=1
{B(L —~+p)+1-275}
"+ @+k- DA HM) +B(1—v)—0{1+(+k— 1)/\}”

:{5(1_’Y+M)+1_5}Ztk2{5(1_’Y+M)+1_6}(1_t0)

k=1

<{BA—-v+p) +1-0}

Therefore, by Theorem 2.1, f(z) € A}, \(p, 1, 8,7, 9).

Conversely, let the function f(z) € T), is in the class A}, 5 (p, i, 8,7, 9), then we have

{Bl—~v+up)+1-46}
aptk < {1+ (p@+k—-1)AA+Bp) + 51— )_5]{1+(p+k_1))\}n,(k21,p21),

Setting

g (k= DAMA+Bu) + 501 =) ={1+(p+k=-DN"

* (B —v+p)+1-0} e

to=1-> tx

k=1
It follows that
2) =D tifu(2)
k=0

This complete the proof. O

5. Radius of Starlikeness

Theorem 5.1. If f(z) € A}, \(p, 1, B,7,9) then the function f(z) is starlike in the disk 0 < |z| < = 7, \(p, 1, 5,7,0),

where
{1+ (p+ k= DAYL+Bp) + B(L =) = S{1L+ (p+ k= DA} | 754

=t B+ )+ 18} +F) ’

(19)
fork>1, p>1.

Proof. Tt is enough to show that
zf'(2)
f(2)

71‘<1for |z] <1,

or

‘Zf,(z) _1‘ = ‘2211(p+k1)ap+kzp+k <1

= Y, it
or

oo o0
Z p+k—1apix2? pk—l -9 _ Zap+kzp+k_1,
k=1 k=1

or

Z P+ k)ap e TP < 1
k=1

It is easily to see that (19) holds if

PR < {[{1+(p+kf1)A}(1+ﬁu)+ﬂ(1f ) = {14+ @+ Ek-DA}"

{BA—~y+p)+1—-0}p+k)

This complete the proof. O

ot
(=]
3]
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6. Radius of Convexity
Theorem 6.1. If f(z) € A}, \(p,p, 5,7,9) then the function f(z) is convex in the disk 0 < |z| < r =1}, \(p, 1, 8,7,9), where

{1+ (p+ k= DAM1+8u) + 81 —7) — {1 + (p+ k — DA} | 7751
{BA-~v+p)+1-0}p+k)? ’

r = inf

(20)

fork>1,p>1.

Proof. Upon noting the fact that f(z) is convex if and only if zf/(z) is starlike, the Theorem 6.1 follows. O
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