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1. Introduction

Fixed point theory in CAT(0) spaces was first studied by Kirk [6]. He showed that every nonexpansive single-valued mapping
defined on a bounded closed convex subset of a complete CAT(0) space always has a fixed point. Since then the fixed point
theory for single-valued and multivalued mappings in CAT(0) spaces has been developed and a number of papers have
appeared. In 2008, Dhompongsa and Panyanak [3] obtained A-convergence theorems for the Mann and Ishikawa iterations
for nonexpansive single-valued mappings in CAT(0) spaces. On the other hand some authors introduced and studied Mann
and Ishikawa iterations for multivalued mappings in Hilbert spaces as well as in Banach spaces. The purpose of this
paper is to introduce some iterative processes for quasi-nonexpansive multivalued mappings and also for the multivalued
mappings satisfying the condition (E) and prove A-convergence and strong convergence theorems for such iterative processes
in CAT(0) spaces. The results obtained are analogs of the results of Dhompongsa and Panyanak [3] and Song and Wang
[9]. Let (X, d) be a geodesic metric space. We shall denote by CB(X) the collection of all nonempty closed bounded subsets
of X and K(X) the collection of all nonempty compact subsets of X. Let C be a nonempty convex subset of a CAT(0) space
X. A subset C is called proximinal if for each € X, there exists an element k € C such that d(z,k) = d(z,C) where
d(z,C) = inf{d(x,y) : y € C}. Let P(X) denote the collection of all nonempty proximinal bounded subsets of X. Let H(.,.)
be the Hausdorff distance on CB(X), that is H(A, B) = max{sup dist(a, B),sup dist(b, A)} for all A, B belonging to CB(X)
where dist(a, B) = inf{d(a,b) : b € B} is the distance from tl:eegoint a to thzesBet B. An element x € X is said to be a fixed
point of T if z € Tz. The set of all fixed points of T is denoted by F(T).

In this paper we define two new iterative processes to the CAT(0) space setting in the following manner.
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Let C be a nonempty convex subset of a CAT(0) space X and 7' : C — CB(X) be a given mapping. Then for z; € C and

{an}, {Bn}, {7n} are sequences of positive numbers in [0, 1], we have

Tn+1 = (1 - an)yn (5] AnWn,
Yn = (1 - ﬁn)zn ©® Bnun,

zn = (1 = Yn)Tn ® YT Tn (1)

where w, € Tyn, un € Tzy such that d(un, wn) < H(Txn, Tyn) + pn and d(tunt1,wn) < H(TZpt1, Tyn) + pin. We define
another iterative process as:
Let T : C — P(C) be a given mapping and Pr(z) = {y € Tz : ||z — y|| = dist(x,Tz)}. For fixed 1 € C and {an}, {Bn},

{¥n} are sequences of positive numbers in [0, 1], we have

Tn4+1 = (]- - an)yn (©) AnWn,
Yn = (1 = Bn)zn © Bniin,

where wn, € Pryn, un € Prz, such that d(un,wn) < H(TZn,TYn) + pn and d(vunt1,wn) < H(TZnt1,Tyn) + pn and
tn € (0,00) such that nan;o un = 0. Now we collect some elementary facts which are used in our main results:

Let (X,d) be a metric space. A geodesic path joining x € X to y € X (or, more briefly, a geodesic from x to y) is a map
c from a closed interval [0,!] C R to X such that ¢(0) = =z, ¢(I) = y and d(c(t),c(t')) = |t — /| for all t,t' € [0,1]. In
particular, ¢ is an isometry and d(z,y) = l. The image a of c is called a geodesic (or metric) segment joining x and y.
When it is unique this geodesic segment is denoted by [z,y]. The space (X, d) is said to be a geodesic space if every two
points of X are joined by a geodesic and X is said to be uniquely geodesic if there is exactly one geodesic joining x and y
for each z,y € X. A subset Y C X is said to be convex if Y includes every geodesic segment joining any two of its points.
A geodesic triangle A(z1,z2,23) in a geodesic metric space (X, d) consists of three points 1, x2,z3 in X (the vertices of
A) and a geodesic segment between each pair of vertices (the edges of A). A comparison triangle for the geodesic triangle
A(z1,z2,23) in (X, d) is a triangle A(z1, 22, 23) = A(Z1, T2, Z3) in the Buclidean plane E? such that dgz (%7, Z;) = d(z:, x;)
for 4,5 € {1,2,3}. A geodesic space is said to be a CAT(0) space if all geodesic triangles satisfy the following comparison
axiom: Let A be a geodesic triangle in X and let A be a comparison triangle for A. Then A is said to satisfy the CAT(0)

inequality if for all z,y € A and all comparison points Z,7 € A, d(z,y) < dg= (T, 7).

Definition 1.1 ([3]). Let {zn} be a bounded sequence in a CAT(0) space X. Forx € X, we set r(z,{zn}) = lim supd(z,z,).
The asymptotic radius r({zn}) of {xn} is given by r({zn}) = inf{r(z,{z.}) : © € X} and the asymptotic center A({z,}) of
{zn} is the set A({zn}) ={x € X :r(z,{zn}) =r({zn})}.

Remark 1.2. In a CAT(0) space, A({zn}) consists of exactly one point [5].

Definition 1.3 ([3]). A sequence {z,} in a CAT(0) space X is said to A-converge to x € X if x is the unique asymptotic

center of {un} for every subsequence {un} of {zn}. In this case we write A-limz,, = z and call z the A-limit of {x,}.

Notice that given {z,} C X such that {z,} is A-convergent to x and given y € X with z # y, lim supd(z,z,) <
n—o0

lim supd(y,xn). Thus every CAT(0) space X satisfies the Opial property.
n— oo

Definition 1.4. A multivalued mapping T : X — CB(X) is said to be

=
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1. Nonezpansive if H(Tz,Ty) < d(z,y) for all z,y € X.
2. Quasi-nonexpansie if F(T) # O and H(Txz,Tp) < d(z,p) for all x € X and for all p € F(T).
In 2011, A. Abkar and M. Eslamian [1] stated the condition (E) for multivalued mappings as follows:

Definition 1.5. A multivalued mapping T : X — CB(X) is said to satisfy condition (E,) provided that dist(x,Ty) <

wdist(z, Tx) + d(z,y) for allx,y € X. We say that T satisfies condition (E) whenever T satisfies (E,) for some p > 1.
Lemma 1.6 ([1]). Let T : X — CB(X) be a multivalued nonexpansive mapping then T satisfies the condition (E1).
Lemma 1.7 ([8]). Every bounded sequence in a complete CAT(0) space always has a A-convergent subsequence.

Lemma 1.8 ([4]). If C is a closed convex subset of a complete CAT(0) space and if {xn} is a bounded sequence in C then

the asymptotic center of {z,} is in C.

Lemma 1.9 ([3]). Let C be a closed convex subset of a complete CAT(0) space. Let {xn} be a bounded sequence in C with

A({zn}) = {z} and {un} is a subsequence of {xn} with A({un}) = {u} and the sequence {d(zn,u)} converges then x = u.

Lemma 1.10 ([3]). Let X be a CAT(0) space. Then d((1 —t)z & ty,z) = (1 — t)d(z, 2) + td(y, z) for all x,y,z € X and
tel0,1].

Lemma 1.11 ([3]). Let (X, d) be a CAT(0) space. Then d((1 —t)x @ ty, 2)? = (1 — t)d(z,2)* + td(y, 2)? — t(1 — t)d(z,y)?

for allt €10,1] and z,y,z € X.

2. Main Results

In this section we establish the convergence results for the iterative processes for the quasi-nonexpansive multivalued map-

pings and for the multivalued mappings satisfying condition (E).

Theorem 2.1. Let C be a nonempty closed convez subset of a complete CAT(0) space X and T : C — CB(X) be a quasi-
nonezpansive multivalued mapping such that F(T) # 0 and Tp = {p} for each p € F(T). Let {xn} be the iterative process
defined by (1) and {an}, {Bn}, {n} € [a,b] C (0,1). Assume that lim dist (zn,Txn) = 0 implies lim inf dist (zn, F(T)) =

0. Then {zn} converges strongly to a fized point of T.

Proof. Let p € F(T). Then using (1) and quasi-nonexpansiveness of T, we have

d(yn,p) = d((1 = Bn)zn @ Bnun,p)
< (1= Bn)d(zn,p) + Bnd(un,p)
= (1 — Bn)d(2n, p) + Brdist(un, Tp)
< (L= Bn)d(zn, p) + BnH (Tzn, Tp)
< (1= Bn)d(zn,p) + Bnd(zn, p)
= (1= Bn)d((1 = vn)zn ® YnTTn,p) + nd(n,p)
< (@ =Bu){(A = )d(zn,p) + Ynd(TTn, p)} + Brd(zn, p)

< (1= Bn)d(xn,p) + Bnd(zn, p) = d(zn,p)
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Also we have

A(Tnt1,p) = d((1 — an)yn D anwn, p)
< (1 = an)d(yn,p) + and(wn,p)
= (1 — an)d(yn,p) + an dist(wn,Tp)
< (1= an)d(yn,p) + anH (Tyn, Tp)
< (1 = an)d(yn,p) + and(yn, p)

= d(yn,p) < d(xn,p)

Thus, the sequence {d(zn,p)} is decreasing and bounded below. It now follows that lim d(x,,p) exists for any p € F(T).
n— oo

Now
A(@ni1,p)? = d((1 — an)yn © Antwn, p)°
< (1= an)d(yn, p)? + and(wn, p)* — an(l = an)d(yn, wn)?
< (1= an)d(yn,p)* + andist(wn, Tp)?
< (1= an)d(yn, p)° + anH (Tyn, Tp)*
< (1= an)d(¥n, p)? + and(yn, p)? = d(yn, p)?
= d((1 = Bn)zn ® Putin, )’
< (1= Ba)d(z0,p)* + Bud(un, p)* = Ba(1 — Bn)d(zn, un)*
< (1= Bn)d(2n,p)? + Budist(un, p)*
< (1= Ba)d(zn,p)* + BnH (T, Tp)*
< (1= Bn)d(zn,0)* + B(wn,p)*
= (1= Bn)d((1 = )0 ®VaTTn,p)* + Brd(zn,p)*
< (1= B){(1 = 1)d(@n, p)* + 10 d(T0,p)* = (1 = )d(zn, Txn)*} + Brd(wn, p)*
< (1= B){(1 = ya)d(@n, P)* + Ynd(@n, P)* = Yu (1 = Yn)d(2n, T2n)?} + Bud(2n, p)?
< (1= Ba)d(@n, p)* + Bud(@n, p)* = Yn (1 = 7n)(1 = Bn)d(@n, Tn)*
so that

0*(1 = b)d(@n, Tn)? < 3 (1 = %) (1 = Bu)d(@n, Tz)?

S d(l‘n7p)2 - d(x”ﬂ"rl?p)Q'

o0
This implies that > a?(1 — b)d(2n, Tx,)* < d(z1,p)* < oo and hence lim d(z,,T2,) = 0. Note that by our assumption
n=1 n— 00

lim dist(xn, F(T)) = 0. Therefore we can choose a sequence {zn,} of {z,} and a sequence p; in F(T') such that for
n— o0

L1

sz~ Hence

all k € N, d(zn,,pr) < 3% Since the sequence {d(xn,p)} is decreasing, we get d(zn,,,,pr) < d(Tn,,pr) <
d(pr+1, k) < d(Tnyyy s Pr1) +d(Tnyy ), Pr) < Qk% + 2%9 < Qk%l Consequently, we conclude that {p} is a Cauchy sequence
in C and hence converges to ¢ € C. Since dist(px,Tq) < H(Tpr,Tq) < d(pk,q) and pr — q as k — oco. It follows that
dist(q,Tq) = 0 and hence ¢ € F(T) and {xn, } converges strongly to q. Since nh_)rr;o d(xn,q) exists, it follows that {z,}

converges strongly to q. O
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Theorem 2.2. Let C be a nonempty closed convex subset of a complete CAT(0) space X. Suppose T : C — K(C') satisfies

the condition (E). If {zn} is a sequence in C such that lim dist (xn,Txyn) =0 and A-lim, x, =v. Thenv € C and v € Tv.
n—r oo

Proof. Let A-lim, z, = v. We note that by Lemma 1.8, v € C. For each n > 1, we choose 2, € Tw such that
d(xn, zn) = dist(xzn, Tv). By the compactness of Tv, there exists a subsequence {zn, } of {z,} such that lim z,, =w € Tv.
n—oo

Since T satisfies the condition (E), we have dist(xn, ,Tv) < pdist(xn, ,TTn, ) + d(zn, ,v) for some p > 1. Note that

d(@n,,, w) < d(Tn,, 2n, ) + d(zn,,, w)
< l"diSt(mnvamnk) + d(xnk y U) + d(znk y w)'

Thus lim supd(zn,,w) < lim supd(zn,,v). From the Opial property of CAT(0) space X, we have v =w € Tw. O

n—00 n—00

Using Theorems 2.1, 2.2, we can prove the following A-convergence result for the iterative process (1).

Theorem 2.3. Let C be a nonempty closed convex subset of a complete CAT(0) space X and T : C — K(C) be a quasi-
nonezpansive multivalued mapping satisfying condition (E) such that F(T) # @ and Tp = {p} for each p € F(T). Let {zn}
be the iterative process defined by (1) and {an}, {Bn}, {Wn} € [a,b] C (0,1). Then {xn} is A-convergent to a fized point of
T.

Proof. From Theorem 2.1, we have nhﬁrr;o dist(xn, Tzn) = 0. We now let wy(xn) = UA({un}) where the union is taken
over all subsequences {u,} of {z,}. We claim that wy(zn) C F(T). Let u € ww(xyn), then there exists a subsequence
{un} of {z,} such that A({un}) = {u}. By Lemmas 1.7 and 1.8, there exists a subsequence {v,} of {u,} such that A-
lim,, v, = v € C. Since nl;n;o dist(vn, Tv,) = 0. By Theorem 2.2 we have v € F(T) and limy,— o d(xn,v) exists. Hence
u=v € F(T) by Lemma 1.9. This shows that w.(z,) C F(T). Next we show that wy(zn) consists of exactly one point.
Let {un} be a subsequence of {z,} with A({u,}) = {u} and let A({z,}) = {z}. Since u € ww(zn) C F(T) and d(zn,v)

converges, by Lemma 1.9 we have x = u. O
Using Theorem 2.3 along with Lemma 1.6, we obtain the following corollary.

Corollary 2.4. Let C be a nonempty closed convex subset of a complete CAT(0) space X. Let T : C — K(C) be a multivalued
nonezpansive mapping such that F(T) # 0 and Tp = {p} for each p € F(T). Let {x,} be the iterative process defined by (1)

and {an}, {Bn}, {7} € [a,b] C (0,1). Then {z,} is A-convergent to a fized point of T.
Now we establish the convergence result for the mapping satisfying condition (E).

Theorem 2.5. Let C be a nonempty compact convex subset of a complete CAT(0) space X. Let T : C — CB(C) be a
quasi-nonezpansive multivalued mapping satisfying condition (E) such that F(T) # 0 and Tp = {p} for each p € F(T). Let
{zn} be the iterative process defined by (1) and {an}, {Bn}, {n} € [a,b] C (0,1). Then {xn} converges strongly to a fized
point of T.

Proof. From Theorem 2.1 we have lim dist (zn,Txn) = 0. Since C is compact, there exists a subsequence {zn, } of {zn}
n— oo

such that lim z,, = w for some w € C. Since T satisfies the condition (E), for some p > 1, we have

dist(w, Tw) < d(w, zyn,, ) + dist(zy,, Tw)

< pdist(xn,,, Tan, ) + 2d(w, zn, ) = 0 as k — oco.

This implies that w € F(T'). Since {zn, } converges strongly to a point w and lim d (z,,w) exists (as the proof of Theorem
n—oo

2.1 shows), it follows that {x,} converges strongly to w. O
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Next we prove the convergence result for the iterative process (2).

Theorem 2.6. Let C be a nonempty closed convex subset of a complete CAT(0) space X and T : C — P(C) be a multivalued

mapping with F(T) # O such that Pr is nonexpansive. Let {xn} be the iterative process defined by (2) and {an}, {Bn},

{7} € [a,b] C (0,1). Assume that lim dist(zn,Txn) = 0 implies lim inf dist (zn, F(T)) = 0. Then {z.} converges
n—oo n—oo

strongly to a fized point of T.

Proof. Let p € F(T). Then p € Prp = {p}. Hence using (2), we have

d(yn,p) = d((L = Bn)zn @ Briin,p)
< (1= Bn)d(zn, p) + Prd(un, p) = (1 = Bn)d(zn, p) + Bndist(un, Prp)
< (1= Bn)d(zn,p) + BnH(Pran, Prp)
< (1= Bn)d(zn, p) + Bnd(zn, p)
< (1= Bu){( = yn)d(zn,p) + Ynd(Pran,p)} + Bnd(zn, p)

Also we have

d(n+1,p) = d((1 — @n)yn © Anwn, p)
< (1= an)d(yn,p) + and(wn,p)
= (1 — an)d(yn,p) + andist(wn, Prp)
< (1 = an)d(yn,p) + anH(Pryn, Prp)
< (1= an)d(yn,p) + and(yn, p)
= d(yn,p)

S d(l’n, p)

Thus, the sequence {d(zn,p)} is decreasing and bounded below. It now follows that lim d(x,,p) exists for any p € F(T).
n— o0

Now

d(zn+1,p)* = d((1 = an)yn & anwn, p)°
< (1= an)d(yn,p)? + and(wn, p)* — an(1l = an)d(yn, wn)*
< (1= an)d(yn,p)* + andist(wn, Prp)®
< (1= an)d(yn, p)? + an H(Pryn, Prp)°
< (1= an)d(yn, p)’ + and(yn,p)* = d(yn,p)’
= d((1 = Bn)zn + Butin, p)*
< (1= Bn)d(2n,p)* + Bud(tn,p)* — Bu(l — Bn)d(2n, un)
< (1= Bn)d(2n,p)? + Budist(un, p)?
< (1= Ba)d(zn,p)* + B H (Pray, Prp)”
< (1= Bn)d(2n,p)* + Bn(xn,p)?

< (1= B){(1 = ¥n)d(@n, p)? + d(Pran,p)® — ¥n(1 — Yn)d(@n, Pren)} + Bod(zn, p)?

ot
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< (- ﬂn){(l - 'yn)d(xn,p)z + ’Ynd(xmp)Z — Y (1 = yn)d(zn, PTwn)Q} + ﬂnd(xnvp)2

< (1= Ba)d(@n, p)* + Bud(@n,p)” = ¥n(L = n)(1 = Bn)d(@n, Pran)®

As in the proof of Theorem 2.1, nh_)rrol0 dist(xyn, F(T)) = 0. Therefore we can choose a sequence {zn, } of {z,} and a sequence
pr in F(T) such that for all k € N, d(xn,,pr) < 2% Again {p} is a Cauchy sequence in C and hence converges to ¢ € C.
Since dist(pr, Tq) < dist(px, Prq) < H(Prpk, Prq) < d(pk,q) and pr — q as k — oo. It follows that dist(q,Tq) = 0 and
hence ¢ € F(T) and {z,,} converges strongly to q. Since nlgr;o d(zn, q) exists, it follows that {x,} converges strongly to

q. O

Remark 2.7. The A-convergence result for the iterative process (2) also holds, the proof is similar as given in Theorems

2.2 and 2.5.
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