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1. Introduction and Preliminaries

[7381)

Let H be a group and S its left transversal with identity “e”. The group extension G of H has been obtained by S through

c-left groupoid.

Definition 1.1. A quadruple (S, H, o, f) where S is a groupoid with binary operation “o” and identity e, H is a group which
acts on S from left through a given action 0, o is a map S to HY (the set of all maps from H to H) and f is a map from

S xS to H, is called c-left groupoid if it satisfies the following conditions
(CG1) [yoxr =y] = x =e.
(CG2) For each x € S 3z’ € S such that zox' = e.
(CG3) oc = I, the identity map on H, where o, denotes the image o(x) of x under the map o for each x € S.
(CG4) f(z,e) = f(e,x) =1, the identity of H.
(CG5) oz (hiha) = ohyez(h1)oz(h2).
(CG6) zo(yoz) = (xoy)o(f(x,y)0z).
(CG7) hO(zoy) = (hbzx)o(cx(h)by).
(CG8) f(x,y02)f(y, z) = f(woy, f(x,y)02)o=(f(z,y)).

(CGI) ozoy(h)f(x,y) = f(hOz,04(h)0y)oy(0x(h)), where x,y,z € S and h1,ha,hs € H.
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Example 1.2. Let G be a group and S its left transversal to a subgroup H. Letx,y € S and h € H. Then z-y = (zoy) f(z,y)
for some f(z,y) € H and (zoy) € S. Also h-x = hOxsz(h) for some o.(h) € H and hOx € S. This gives a map f : S x SOH
and a map o : SOH™ defined by f((z,y)) = f(z,y) and s(x)(h) = sz (k). Then (S, H, 0, f) is a c-left groupoid.

Solution. It is easy to verify CG1l, CG2, CG3, CG4. Let z € S and h1,hs € H. Then

(hlhz)Omsz(th) = (hth) -
= h1 (hz . IL‘)
= h1 (hzam’)am(hg)

= hle(hzox)ahzgz (hl)O'z (h2)

This shows that (hih2)0x = h16(h26z) i.e. 6 is a left action of H on S and o (h1h2) = 0hy6e(h1)oe(he) which proves CG5.

Next, let x,y,z € S. Then

(wo(yo2)) f(z,y0z)f (y, z) = = - (yoz) f(y, 2)
=z-(y-2)
=(z-y)z
= ((woy) f(z,y))z
= (zoy)(f(z,y)0z)0=(f(z,y))
= ((woy)o(f(x,y)02))f ((woy), f(z,y)0z)o=(f(z,y))

This shows that zo(yoz) = (zoy)o(f(z,y)0z) and f(x,yo0z)f(y,z) = f(zoy, f(z,y)0z)s.(f(x,y)) which proves CG6 and
CG8. Finally, let z,y € S and h € H. Then

ho(x0y)owoy(h) f(2,y) = h - (zoy) f(z,y)
=h-(z-y)
=(h-z)y
= (hbz)ox(h)y
= (hbz) (o, (h)0y)oy (o= (h))

= ((hBz)o(0x(h)0y)) f(hbz, 0. (h)Oy)oy(0x(h))
This shows that hf(zoy) = (hOz)o(oz(h)0y) which is CGT and oz0y(h)f(z,y) = f(hOz,0.(h)0y)oy(cz(h)) which is CG9.
Therefore (S, H, o, f) is a c-left groupoid. d
Lemma 1.3. Let S be a groupoid with identity e and H be a group which acts on S from left. Then
(i). 02(1) =1 and
(ii). hbe =e
where 1 is assumed as identity of H.

Proof. 1t is given that S be a groupoid with identity e and H be a group which acts on S from left then
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i). 0:(1) =0,(1-1)
= 0102(1)0<(1) (using CG5)
=0z(1)oz(1) (since 10z = x)

=o0.(1)=1

(ii).  hbeo = hé(eoe)
= (hbe)o(sc(h)oe) (using CGT)
= (hbe)o(hbe) (using CG3)

= hfe =¢

2. Main Result

Theorem 2.1. Given a c-left groupoid (S, H, o, f) there is a group extension G to H for which S is a left transversal to H

in G such that the corresponding c-left groupoid is (S, H, o, f).

Proof. Let SH denote the Cartesian product of S and H. Denote an order pair (z,a) by za. Define a binary operation

"."in G as follows

za - yb = (zoaby) f(x, aby)or, (a)b (1)

By definition it is closed under the operation of multiplication ‘-’. Now let us show the associativity of the binary operation

(za - yb) - zc = [(woaby) f(x, aby)oy (a)b] - zc
= [(woaby) o (f (x,aby) oy (a) b) 02] f (woaby, f (x,aby) oy (a) b0z) o= (f(x, aby)sy(a)b)c
= [(woaby) o (f (z,aby) oy (a) b) 02] f (zoaby, f (x, aby) oy (a) b0z) svo=(f(x, aby)sy(a))s-(b)c
= [(woaby) o (f (z,aby) oy (a) b) 02] f (zoaly, f (z,aby) oy (a) b0z) 0o, eve=(f(x,aly))ove:(oy(a))s:(b)c
= (z0(aby)o  (x, aby)0o, (a)0b0= f (woaly, f (z,aly)00, (a)0b02)0u, . avo= (f (x, aBy))owss (0, (a))o- (b)e
= 2o (aby) o (0, (a) 0b) 0=f (woaby, f (x, aby) 05, (a) Ob02) 0, . ove=(f (. aBy))ove= (0 (@))o (B)c
= zo (abfy) o (oy (a) 0b) 0z f (z, (aby) 0 (o (a) 6b) 0z) [ (aby, oy (a) 0 (b02)) Tbe-(0y(a))o=(b)c
= (woal(yobbz)) f(x, ab(yobbz)) f (aby, (o (a)0(b0z))ove=(0y (a))o=(b)c
= (z0af(yob02z)) f (z, a(yobhz))yove- () f (y, b2) - (b)c
= za - [(yobz) f (y, b02)o- (b)c]

=za- (yb- zc)
el is the right identity of G. For, if za € G, then

za - el = (zoabe) f(z, abe)oe(a)l
— (w0) (2, ¢)a
=z-la

=xa

(S
(=}
w
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Next, since

za - ailé?x'awl(afl)(f(x,m'))_l = woa@(ailﬁx/)f(x,a@ailﬁw')aaﬂoz/(a)ax/(afl)(f(x,a:'))_l (= is right inverse of = in S)
= zo(102') f (2,102 )0, (1) (f (2, 2")) "
= (wox") f(x,2")1 (f(x,2")) "

=el

This shows that a '0z'c,/ (a~ ') (f(z,z'))”" is the right inverse of za. The map i : H — G defined by i(h) = eh is an
injective homomorphism. The map j : S — G defined by j (z) = 21 is also an injective map. Identifying H and S with their
images in G, G becomes a group extension of H for which S is a left transversal to H in G such that the c-left groupoid

determined by S is the same as (S, H, o, f). O
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