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1. Introduction

Banach Contraction Principle in Metric spaces is one of the most important results in fixed point theory. Banach contraction
Principle is considered to be the initial result of the fixed point theory in metric spaces. Later on many generalizations of
metric spaces were obtained by several authors. Banach Contraction Principle was extended to such spaces. In 2006, Z.
Mustafa and B.I. Sims [15] introduced the concept of G-metric space which is a generalization of metric space and proved
some fixed point theorems in G-metric spaces. Subsequently many authors proved fixed point theorems in G-metric spaces
[5, 8, 14-17]. In 2007, S. Sedghi, N. Shobe introduced D-metric space [9]. In 2012 Sedghi, Shobe and Aliouche [10] introduced
the notion of S-metric space as a generalisation of G-Metric space and proved some fixed point Theorems for a self mapping
on a complete S-metric space. Later several authors [1, 3, 6, 10-12] continued to study fixed point theory in S-metric spaces.
In this paper, we define ¥-contraction map and prove some unique fixed point theorems for 1-contraction maps on complete
S-metric spaces. We also introduce a new class of S-metric spaces, called KKS-metric spaces and prove fixed point theorems

for v-contractions on a complete KKS-metric space. An open problem is also given at the end of the paper.

2. Preliminaries

In this section we present the necessary definitions and results which are used either tacitly or explicitly in the next section.

Mustafa and B. Sims [15, 16] introduced the notion of G-metric spaces as a generalization of metric spaces.

* E-mail: pkrishnakumari0409@gmail.com
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Definition 2.1 ([16]). Let X be a non-empty set and G : X x X x X — [0,00) be a function satisfying the following

conditions: for all z,y,z,a € X

(G1) G (z,y,2) =0ifzr=y==z2

(G2) 0 < G (z,z,y) for all z,y € X withz #y

(G3) G (z,z,y) < G(x,y,z) for all x,y,z € X withx #y

(G4) G (z,y,2z) = G (p(z,2,y)) where p is a permutation in {z,y, z}

(G5) G (x,y,2) <G (z,a,a) + G (a,y,z) for all x,y,z,a € X (rectangle inequality).

Definition 2.2 ([9]). Let X be a non-empty set. A generalized metric (or D* metric) on X is a function D* : X* — RT

that satisfies the following conditions for each x,y,z,a € X

(1). D* (z,y,2) >0

(2). D* (z,y,2) =0 if and only if x =y = 2

(3). D* (z,y,2z) = D" (p{x,y,2}) (symmetry) where p is a permutation function

(4). D* (z,y,z) < D* (z,y,a) + D* (a, 2, 2).

The pair (X, D*) is called generalized metric space.

Example 2.3.

(1). Let (X,d) be a metric space. Define D* : X* = RT as D* (z,vy,2) = max {d (z,),d (y,2),d (z,2)}.

(2). D* (z,y,2) =d(z,y) + d (y,2) + d (z,x) where (X,d) is a metric space.

(3). If X = R", then we define D* (z,y,z) = ||z +y — 22| + ||z + 2 — 2y|| + |ly+ z —2z| where |.|| is a norm on X.

0, ife=y==z2
(4). If X = R, then we define D* (z,y,z) = f Y

max {z,y,z}, otherwise

Remark 2.4. [t is easy to see that every G-Metric is a D*-Metric, but in general the converse does not hold.

Example 2.5. If X = R, we define D* (z,y,2) = |t +y — 22| + |z + z — 2y| + |y + z — 2z|, then (R, D") is a D*-Metric

space, but it is not a G-Metric space. Set x =5, y= —5 and z =0, then G3 does not hold.
S. Sedghi et al. [10] introduced the notion of S-Metric spaces as follows.

Definition 2.6 ([10]). Let X be a non-empty set. An S-Metric on X is a function S : X — [0,00) that satisfies the

following conditions for each x,y, z,a € X.

(1). S(z,y,2) =0 if and only if c =y =z

(2). S(z,y,2) < S(z,z,a)+ S(y,y,a) + S(z,z,a).

The function S is called as S-Metric on X and the pair (X, S) is called an S-Metric Space.

Remark 2.7. The notion of S-Metric space is a generalization of a G-Metric space and a D*-Metric space.

Example 2.8 ([10]).
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(1). Let X = R"™, ||.|| a norm on X. Define S (z,y,2) = |ly + 2z — 2z|| + ||y — z ||, then (X, S) is an S-Metric space.

(2). Let X = R"™, ||.|| a norm in X. Define S by S (z,y,z) = ||z — 2| + |ly — 2|, then (X, S) is an S-Metric space.

(3). Let (X,d) be a Metric space. Define S(z,y,z) = d(z,z) + d(y, z) for all x,y,z,a € X, then S is an S-Metric on X.
Observations 2.9 ([10]). Let (X, S) be an S-Metric space. Then

(1). Sz, z,y) = S(y,y, )

(2). S(z,z,2) <25(z,z,y) + S(z,2,y) and

(3). S(z,y,y) < S(z,z,y).

Definition 2.10 ([10]). Let (X,S) be an S-Metric space. Let {xn} be a sequence in X and x € X. We say that {z,}

converges to © if S (Tn,Tn,z) — 0 as n — co. In this case we write T, — x. We observe that if tn — x and zn, — y, then

T =1y.

Definition 2.11 ([10]). A sequence {zn} C X is called a Cauchy sequence, if S (Tn,Tn,Tm) — 0 as n,m — co. That is for

each € > 0,there exists no € N such that for all n,m > ng, we have S (Tn, Tn,Tm) < €.

Definition 2.12 ([10]). An S-Metric space (X,S) is said to be complete if every Cauchy sequence in X is a convergent

sequence.

3. Main Results

In this section, we introduce a class of functions ¥, define a -contraction on an S-Metric space and prove fixed point
theorems for ¢-contractions. Let ¥ = {¢|¢ : [0,00) — [0, 00) where v is continuous, increasing, ¢ (t) = 0 if ¢ = 0 and

Y (t) < tift>0}.

Definition 3.1. Let (X, S) be an S-Metric space, T be a self map on X and 1p € ¥. Suppose

S(Tz,Ty,Tz) < ¢ (max{S (z,y,2),S (z,Tz,Tx),S (y, Ty, Ty),S (2, T2,T2)}) Va,y,z € X.

Then T is called a ¥-contraction on X.
Now we prove the following fixed point theorem for a -contraction on a complete S-Metric space.

Theorem 3.2. Let (X,S) be a complete S-Metric space and ¢ € ¥. Suppose T : X — X is a v-contraction. That is

S(Tx, Ty, Tz) < ¢ (max{S (z,y,2),5 (z,Tz,Tx), 5 (y, Ty, Ty), S (2,T2,T2)}) Va,y,2 € X. (1)

Then T has a unique fixed point.

Proof. Let o € X. Write xp41 = Tz, for n =0,1,2,.... If 2, = 25,11 for some n, then z, is a fixed point of T. Hence

we may suppose that 2, # zny1 for n =0,1,2,.... Then from (1) we get

S(Tnt1, Tnt1, Tny2) = S(TTn, Ty, TTrni1)

S (Tn, Tn, Tn S (Tn, Ty, Txy),
<o | max ( +1),5( )
S (wW«?Tx’ﬂ?Txn) ) S(l’n+1,T$n+1, T.’L‘n+1)



Fixed Point Theorems for ¢-contractions in S-metric Spaces and KKS-metric Spaces

S(xn,xn,mn+1) 5 S(xn,xn+1,$n+1),

S (Tnt1, T2, Tnt2)

S Tny Tn, Tn ,S TnyTn, Tn 3
< | maz ( ), 5( +1) (From Observation 2.9 (3))

S (wn-&-lv Tn+1, -Tn+2)

< ¢ (max {S (m'ﬂv Tn, xn+l) S (mn+17 Tn+1, xn+2)})

If S (Znt1, Tnt1, Tnt2) is maximum, then

S (Tnt1, Tnt1, Tnt2) < U (S (Tnt1, Tnt1, Tny2))
< S (Tnt1, Tnt1, Tnt2) (. Tn # Tnt1), a contradiction
S (Tnt1, Tnt1, Tnt2) <P (S (@, Tn, Tnt1))

< S(:I"na xn7 xn+1) (2)

Therefore {S (Tn, Tn,Tns1)} | strictly. Let {S (zn, Zn, Zn+1)} | @, say. On letting n — oo in (2), we get o < ¢(«v), therefore

a = 0. Therefore

{S (wn,xn,xn+1)} 40 (3)

Now S (Zn, Tnt1, Tnt1) < S (Tn, Tn, Tnt1) (from Observation 2.9 (3)) — 0 (by (3))

S (Tn, Tnt1,Tnt1) = 0asn — oo (4)

Now we show that{x,} is Cauchy. Suppose {x,} is not Cauchy. Then there exists € > 0 and subsequences {ms} and
{nk} such that ny > my > k and

S (xmk7'rmk ’ x”k) 2 € (5)
and
S(‘rmk7:rmk’xnk_1) <e€ (6)

Now

€< S(mmkvwmkvx"k) =S (x"k7mnk’xmk) (by (1))
<25 (Tngs Tng, Tng—1) + 5 (Tmy, Tmy,, Tni—1) (by Observation 2.9 (2))

< 25 (@ny, Tog, Ty —1) + € (by (6))

On letting k — oo, we get

kli_{gos (Timgs Tmy s Tny) = € (7)

Consider
S(irmk—hﬂ:mk—l,irnk—l) <28 (xmk—17$mk—l7$mk) +S (xnk—lyirnk—hxmk)
< 28 (xmkflgxmkflvxmk) + 28 (xnkfhxnkfl,mnk) +S (xmk7xmk7xnk)
kll}rr;o SUp S (Tmy—1; Tmp—1,Tnj—1) < kli_H;loS (Tmps Ty, Tny) = € (8)
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Consider

S(xmkyxmkvxnk) S 28 (mmkyxmk7$mk—1) + S(xnk7xnk7xmk—l)

=25 (wmk7mmkaxmkfl) + 25 (xnk,xnk7mnk71) + S (xmk717xmk*11xnk71)

On letting k — oo, we get

€< lim inf S (Tmy—1,Tmp—1; Tng—1) 9)
k—o0
From (8) and (9), we get
klggos(xmk*hxmkflaxnkfl) =€ (10)

Now from (5)

€ S S(mmkwr'mkyxnk) = S(Txmkthwmkfl»Tmnkfl)

S(mmkflymmkflymnkfl) 5 S(xmkflmimkfquwmkfl)y
<Y | max

S(a)mk—hT.ka_hTiEmk_l),S(Jjnk_l,TiEnk_hTil’nk_l)

=1 (max {S (T -1, ‘T'mk*hw"k*l) 7S(xmk*17xmkvmmk) ) S(mnkflvmnmxnk)})

On letting k — oo, using (3) and (4) we get € < ¢(€) (" ¢ continuous), a contradiction. Therefore {z,} is Cauchy.

We show that T has a fixed point. Suppose ., — [ (" X is complete). Now

S(TLTl xmy1) = S(TL T, Taem)
<y max{S{,L,xm),S{TLTL),S,TLTL),S(xm,Tem,TTm)})

= w (max {S (l7 la ZCm) ) S (lv Tl: Tl) ’ S(xmy Tm+1, ZCm+1)})
Letting m — oo, we get

S(T1,T1,1) < o (max {S (1,1,1), S (1, TL, Tl), S(,1,1)})
= (S (I, T1,TI))
<4 (S(TI,T1,1)) (by Observation 2.9 (3))
S(TL,TL1) < (S (T1,TL 1))
S(TL,TL,1) =0

Tl=1
Therefore [ is a fixed point of T'. Suppose x and y are fixed points of 7. Then Tx = z, Ty = y. Then from (1), we have

S (x,z,y) = 8 (Tz, Tz, Ty)
<4 (max{S (z,2,y), S (z,Tx,Tx), S (v, Tz, Tx), S(y, Ty, Ty)})
= ¢ (max {S (z,2,9), 5 (z,2,2), 5 (2,2, 2), S(y,y,9)})
=9 (S (z,7,9))

S (x,2,y) <9 (S (2,2,9))

S(z,z,y) =0

Therefore £ = y. Thus T has unique fixed point. O
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Lemma 3.3. Let (X,S) be a complete S-Metric space, € U and let T : X — X be such that

S(z,y,2),S (z, Tz, Tx),
mazx )
S(y,Ty,Ty),S (2, Tz Tz)
S(Tx, Ty, Tz) < | max YV z,y,ze X. (11)
1 S(:'C7 Ty’ Ty) 7S(x’ TZ7 TZ) 7S(y7 T:C’ Tm) 7
smazx

3
S(vazaTZ) ,S(Z,TJZ',TJ‘),S(Z,T:U,T:U)

Then S(Tz, Tz, T(Tx)) < S(z,z,Tx) if v # Tx.

Proof. For any z € X, with Tz # x, we have from (11)

S(z,z,Tz),S (x,Tz,Tx),
max
S(z,Tz,Tx),S (Tz,T (Tz),T (Tx))
S(Tz, Tz, T (Tx)) < | max
L S(z,Tz,Tx),S (2, T (Tz),T (Tx)),S (z, Tz, Tx),
3 max

S(z,T(Tz),T (Tx)),S (Tz, Tz, Tx),S (Tx, Tz, Tx)

max{S (z,z,Tx),S (z,Tz,Tz),S (Tz, T (Tz),T (Tz))},
3{8(,T(T2), T (Tx))}

< ¢ | max

max{S (z,z,Tx),S (x,z,Tx),S (Tx, T (Tx), T (Tx))},
<1 | max {5 )8 ( ). 81 (T2), T (T))} (from Observation 2.9 (3))

% {S (z,2,T (Tx))}

<o | max max {S (z,z,Txz),S (Tz, T (Tz),T (Tx))}, (12)
128 (z,2,Tx) + S (Tx, Tz, T (Tx)))

S(Tz, Tz, T (Tz)) < ¢ ({max S(z,z,Tx),S(Tz, Tz, T (Tz))})
S(Tz, Tz, T (Tx)) < ¢ (S(z,z,Tx)) since z # Tx
< S(z,z,Tx)

STz, Tz, T(Tz)) < S(z,z,Tx) (13)

Theorem 3.4. Let (X, S) be a complete S-Metric space, ) € ¥ and let T : X — X be such that

S (xﬂ y7 Z) ) S (‘T7 Tm? Tx) b
max y
Sy, Ty,Ty), S (2,Tz,Tz)
STz, Ty, Tz) <1 | max Y x,y,z € X. (14)

L S(z, Ty, Ty),S (z,T2,Tz),S (y,Tz,Tx),

3 max
S (y’ TZ7 TZ) b S (Z7 TJ:? Tx) 7 S (Z7 Ty7 Ty)
Then T has a unique fixed point.
Proof. Let zo € X, and define inductively xn+1 = Txn, n =0,1,2,.... If z,41 = z,, for some n, then z,, is a fixed point
of T. Hence we may suppose that xn41 # x, for n =0,1,2,.... Then from Lemma 3.3, since xp4+1 # xn forn =0,1,2,...,

we get

S (l‘n+1, Tn+1, :L‘n+2) S 1/) (S (l’n, T, mn+1))

< S (Tn, T, Tnt1) (15)
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Hence {S (zn,Zn,Zn+1)} is a strictly decreasing sequence. Suppose {S (zn,Zn,Zn+1)} J a. On letting n — oo in (15) we

get
lim S (Zn, ZTn,Tnt+1) = a < P(a) (16)
n—o0

Hence o = 0. Therefore
S (Zn, Tn,Tnt1) = 0 as n — oo 17

Further S (n, Zn,Zn-1) = S (Tn-1,Zn-1,2n) — 0 (from Observation 2.9 (1)) so that

S (Zn, Tn,Tn-1) >0 asn — oo (18)

Now we show that {z,} is Cauchy. Suppose {z,} is not Cauchy. Then there exists ¢ > 0 and subsequences {my} and {ns}
such that nx > mi > k and

S (Tmy, Tmy,, Tny,) > € (19)
and

S(l‘mk7xmk7$nk71) <€ (20)

Now from (18)

€ < S (Tmy: Tmy,>Tny,) =S (Tny, Tnyy Tm,,) (from Observation 2.9 (1))
<25 (Tny, Tng, Tng—1) + S (Tmy, Tmy,, Tny—1) (from Observation 2.9 (2))

<28 (xnk7xnk?x"k—1) + ¢ (by (20))

On letting k — oo, from (17), we get

Hm S (Tmy, Tmy,, Tny,) = € (21)
k—oc0

Consider
S (xmk—laxmk—17xnk—1) S 28 (zmk—lyxmk—lyxmk) + S (xnk—17xnk—17 xnk)
< 28 (‘ka_l,xmk_17xmk) +28 (mnk_17xnk_17 xmk) + S(:L,mk7:rmk7xnk)
leII;o SUP S (Tmp—1, Tmp—1, Tngp—1) < len;OS(xmk,xmk,mnk) =€ (22)
Consider

S (@mys Tmys Tny,) < 28 (Tmy, Ty Tmy—1) + 5 (Tng, Tny, Tmy—1)

=25 (Tmy,, Tmgs Tmp—1) + 25 (Tny, Tng, Tng—1) + 5 (Tmp—1, Tmp—1,Tnp—1)

On letting & — oo, we get

e < klggoinfs(xmkflvak*lvxnlrl) (23)
from (21) and (22), we get
kli_yn;os(mmkflvxmkflaxnkfl) =€ (24)
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Now

€ < S (Tmy, Tmy s Tny,) =S (TTmp -1, TTmy—1,TTny—1)

S (m’mkflv xmkflvmnkfl) s S (xmkflyTxmkfl,Twmkfl) ;
max )
S (mmkfl,Txmk,hTmmk,l) s S (l’nkth{Enkfh T{Enkfl)

< ¢ | max S (@mp—1,TTmy—1, TTmp 1), S (@Tmp—1,TTn—1,TTny—1),

1
3 Mmax S (xmkfh Tmmk,h Tmm,rl) R S (‘kafh Tmnkfl, Tl‘nkfl) s

S($nk71,TiEmk71,Tin’mk71) ,S(itnkfl,Tl'mkfl,Takafl)

S(-kafhxmkfhxnkfl) ) S(xmkflyxmk7xmk)7

max )
S(Zl’n —1,Tn 71"7%)7
— ¢ | max k k k
1 S (@Tmp—1, Tmys Tmg ) + S (Tmp—1, Ty s Tny, )
gmaX
S(m"k—lvxmkvzmk)v
On letting k — oo, we get
€< (ma { %m X{o,e,e}}) (from (22) and (24))
_ 1
= ' 3€
= (e)

Therefore € < 1 (€), a contradiction. Therefore {z,} is Cauchy. Suppose xm — p.
We show that p is a fixed point of T.

Consider

S(Tp7 Tp7 xm+1) = S(Tp7 Tp: T'Tm)

S (p,p,zm),S (p, Tp, Tp) ,

max ,
S(p7 Tp? Tp) ,S(Iﬂm,TIEm,T'Tm)
<1 | max
S(p,Tp,Tp),S (p, Txm,Txm),S (p,Tp,Tp),

S (p7 T$m7 Tl'm) ’ S ((L'm,Tp, Tp) ) S (xﬂ’h Tp7 Tp)

1
3 max

On letting m — oo

max

S (p,p,p),S (p, Tp, Tp),
S (p,Tp,Tp),S (p,p,p

S(Tp,Tp,p) < | max

1

. S (p,Tp,Tp),S (p,p,p),S (p, Tp,Tp),S (p,p, )
3
)

S (p,Tp,Tp),S (p,Tp, Tp
=1 (max (max {0,S (p, Tp,Tp)}, % max {S (p, Tp, Tp) ,0}))
(S (p,Tp, Tp))

v
¥ (S (p,p, Tp))
P

(S (Tp,Tp,p))

IN
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Therefore S (T'p, Tp,p) < ¢ (S (Tp,Tp,p)) < S(Tp,Tp,p) if p # T (p), a contradiction. Therefore T'p = p. Therefore p is a
fixed point of T'.
We show that fixed point of T is unique

Let p and ¢ be fixed points of T. Then Tp = p and T'q = q. Consider

S (p,p,q) = S (Tp,Tp,Tq)

S(p,p,q),S (p,Tp,Tp),
max ,
S(p,Tp,Tp),S (q,Tq,Tq)
=1 | max
S(p,Tp,Tp),S (p,Tq,Tq),S (p,Tp,Tp),
5 max
S(p,Tq,Tq),S (¢, Tp,Tp),S (q,Tp, Tp),
S(p,p,q),S (p,p,p),
S(p,p,p),S(q,9,9)
=1 | max
S(p,p,p),S(p,q,q0),S (p,p,p),
§ max
S(p,q,9),5(q,p,p), 5 (q,p,D),
1
— (max{S(p,p,q)}, e (5 (5.0, (7.
1
< (maX{S(pm, Q)}@max{s(p,p, ,S(q,q,p })
< ¢ | max{S (p,p,q)}, zl)) max {S (p,p,q),S (p,p, q }) (by Observation 2.9 (3))

=4 (5(pp.9)

Therefore S (p,p,q) < ¥ (S (p,p,q)) < S (p,p,q) if p # q, a contradiction. Therefore p = gq. Therefore Fixed point of T is

unique. O

Note: It may be observed that Theorem 3.2 follows from Theorem 3.4 since (1) => (14). Now we obtain Banach Contraction

Principle in S-Metric spaces, as a corollary.

Theorem 3.5. Let (X, S) be a complete S-Metric space, T : X — X, and 0 < A < 1. Suppose

STz, Ty, Tz) < AS(z,y,2) Vaz,y,z €X. (25)

Then T has a unique fixed point.
Proof. Define ¥(t) = Mt for t > 0. Then ¢ € ¥ and from (25) we have
STz, Ty,Tz) < AS (z,y,2) = ¢ (S (2,9, 2))
< Y(max{S(z,y,2),S(x,Tx, Tx), 5 (y, Ty,Ty) S (2,Tz,T2)})
Now the result follows from Theorem 3.2 O

Now we introduce a new class of S-Metric spaces called KKS-Metric spaces and obtain a fixed point theorem for such spaces.

Definition 3.6 (KKS-Metric space). Let X be a non empty set and S : X* — [0,00) be a function that satisfies the following

conditions for each x,y,z,a € X
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(1). S(z,y,2) =0 ifand only if c =y ==z

(2). S(z,y,2) < S(z,z,a)+ S (y,y,a) + S (z,2,a)

(8). S(z,z,y) < 2max{S (z,z,a),S (a,a,y)}

Then (X, S) is called a KKS-Metric space.

We observe that every KKS-Metric space is a S-Metric space. Now we prove a fixed point theorem for a self map on a

KKS-Metric space.

Theorem 3.7. Let (X,S) be a complete KKS-Metric space, ¥ € U and let T : X — X be such that

S(z,y,2),S (z, Tz, Tx),
max

S(y, Ty, Ty),S (2,Tz,Tz)

STz, Ty, Tz) <1 | max YV x,y,z € X. (26)

L S(z, Ty, Ty),S (¢, T2,Tz),S (y, Tz, Tx),
5 max

S (y7 TZ7 TZ) ) S (Z7 Tm? Ta:) ) S (Z7 Ty7 Ty)

Then T has a unique fixed point in X.

Proof. Suppose x € X. Then from (26), we have

STz, Tz, T (Tz)) < | max

<1 | max

<1 | max

< | max

S(z,z,Tz),S (z, Tz, Tx),
max ,

S(z,Tz,Tx),S (Tz, T (Tz),T (Tx))

L S(z, Tz, Tx),S (z, T (Tz),T (Tx)),S (z,Tz,Tx),
§maX

S(z, T(Tz),T (Tx)),S (Tx,Tz,Tz),S (Tx, Tz, Tx)

max {S (z,z,Tx),S (z,z,Tz),S (Tz, T (Tz), T (Tx))},
imaz {S (z,z,Tz),S (z,T (Tz),T (Tz))}

(by Observation 2.9 (3))

max {S (z,z,Tx),S (Tz,T (Tz), T (Tx))},
1{S (2, T (Tz),T (Tx))}

max {S (z,z,Tx),S (Tz,T (Tz),T
3 {5 (2,2, T (Tx))}

< <max{S(x,a:,T:c),S(Tx,Ta:,T(T:v)) 3 (z,2,7T( Tﬂc))

(2max {S (z,z,Tx),S (Tz, Tz, T (Tz))

1
2

S(z,z,Tz),S Tz, Tx, T (Tx)) )

= (max {S (z,z,Tx),S (Tz, Tz, T (Tx))})

If Tx # T(Tx). then

STz, Tz, T(Tz) < P(S(z,z,Tx))

< S(z,z,Tx) (27)
Let 2o € X and 41 =Tz, for n =0,1,2,.... Take x = z,, in (27), we get (assuming , # Tnt+1 V 1)
S(Txn, Ten, T (Txy)) = S (Tnt1, Tnt1,Tnt2) 4 strictly (28)

628



K.P.R. Sastry, K.K.M. Sarma, P. Krishna Kumari and Sunitha Choudari

< S (xTM T,y $n+1) \L a (Say) (29)

Now on letting n — oo from (28), we get a < 1) (a) (" ¢ is continuous). Therefore a = 0. Therefore

S (mna Tn, ‘rnJrl) *l/ 0 (30)

Hence S (Zn,ZTn+1,Znt1) < S (Tn,Tn,ZTnt1) — 0. Therefore

S (Zn, Tn, Tny1) = 0 (31)

Now we show that {x,} is Cauchy. Suppose {z,} is not Cauchy. Then there exists € > 0 and subsequences {my} and
{nr} such that ny > mg > k and

S (Imk7xmk7x"k) > € (32)

and

S(xmk7$mk>wnk71) <e€ (33)

Now

€ < S (Tmy, Ty, Tny,) =S (Tngs Tny, Tm,,) (from Observation 2.9 (1))
<25 (Tny, @Tny, Tnp—1) + S (T, Tmy,, Tny—1)  (by Observation 2.9 (2))

< 28(Tny s Tny,, Tny—1) +€

On letting k — oo, from (31), we get

klggos (xmk:xmk»mnk) =€ (34)

Consider
S (@Tmp—1,Tmp—1,Tn—1) < 25 (Tmy—1, Tmp—1,Tmy, ) + S (Tng—1,Tn,—1,Tm,) (From Observation 2.9 (2))
< 28 (xmk_17xmk_17xmk) +25 (xnk_17xnk_17xnk) + S(xmk7xmk7xnk)
Hm S (Tmg—15Tmp—1,Tnp—1) < Hm S (Tmy, Tmy, Tny) = € (35)
k— o0 k— o0
Consider

S (Tmps Tmys Ty ) < 25 (T, Ty, Tmg—1) + S (Tny, Tny s Trmy—1)

=25 (@Tmy,, Tmy,, Tmp—1) + 25 (Tng, Trg, Trgg—1) + 5 (Tmy—1, Tmy—1, Tny—1)

On letting k — oo, we get

e < kll»H;o inf S (Tmy—1,Tmp—1, Tnj—1) (36)
From (?7?) and (36), we get
kli}n;os(mmk*17'rmk*1’mnk*1) - (37)
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Now

€ < S (Tmy,, Tmy s Tny,)

=S (T.’I}mk—h T:cmk_l, Txnk_l)

S(mmk—lyfrmk—hTmnk—l) 5 S(zmk—hT:rmk—l,T-ka—l)y
max

S (l'mkfl, T:L'mkfl, T:Emk71) 5 S (Z‘nkfl, T:Enkfl, Txnk71)

Sw max S(xmk—thmk—laTxmk—l)»S(xmk—laTxnk—lsznk—l),

1
2 max S (xmk—h Tmmk—la T:ka—l) 5 S (mmk—la Txnk—ly T:an—l) 5

S(l‘nkfl,Tl‘mk—l,Txmk—l) ,S(l'nkfl,T«fmk—l,Txmkfl)

S (wmkfl, xmkthxnkfl) 3 S (xmkthxmkflmimkfl) 3
max
o | ma S(TxnkflvT(Txnkfl)7T(Tmnk*1))7
= X
S (xmkflmink717Tmnkfl) s S (l'mkfl,Tmmkfl,Tl‘mkfl) s

1
3 max

S (Tmnkfb Txmkfly T-kafl) )

On letting k — oo we get

S(Tm,—1, Txn, -1, TTn, -1
e <9 | max{S (my—1, Tmy—1,T Tn,—1)}, = max (@mi—, mie=ty T =),

2 S(TZng—1,TTmp—1,TTmy—1

1
< | max {S (Tmy,—1,Tmp—1,TTny—1)}, 5 max

)
S(xmkflyxmkflvankfl)’
S (Tl'nk—lminkthI’mk*l)

max {S (Tmy—1, Tmy—1, Tny—1)} ,

<@ 25 (Tmp -1, Tmp—1, TTny,) + S (TTny—1, TTny -1, TTn,.) s
L max

28 (Txny—1,Txny—1,Tan,) + S (TTmy—1, TTm;—1,TTn,,)

o)

= (e

Therefore € < 1 (€),a contradiction. Therefore {z,} is Cauchy. Suppose z,, — p. We show that p is a fixed point of 7.

Consider

S (Tp, Tp, $m+1) =S (Tp7 Tp, T:Cm)

S (p,p,xm),S (p, Tp, Tp),

max )

S(p7 TP, Tp) ,S(iUm,T.Tm,T.Z‘m)
< 1 | max

. S (p,Tp,Tp),S (p, Txm, Txm),S (p,Tp,Tp),
§max

S (p» Txm, Txm) ) S (xmv Tp, Tp) ) S (xm: Tp, Tp)

On letting m — oo

S (p,p,p),S (p,Tp,Tp),
S (p,Tp,Tp),S (p,p,p)
S (p,Tp,Tp),S (p,p,p),S (p,Tp,Tp),S (p,p,p)

S (p,Tp,Tp),,S (p,Tp,Tp)

max
S(Tp, Tp,p) < | max

1
3 max
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= (max <max {0,S (p, Tp, Tp)}, % max {S (p, Tp, Tp), 0}))

= (S (p, Tp, Tp))
< (S(p,p,Tp))

=9 (S (Tp,Tp,p))

Therefore S (Tp, Tp,p) < ¥ (S (Tp,Tp,p)) < S (Tp, Tp,p) if # T (p), a contradiction. Therefore Tp = p. Therefore p is a
fixed point of T'. We show that fixed point of T" is unique. Let p and ¢ be fixed points of T. Then Tp = p and Tq = q.

Consider

S(p,p,q) =S (Tp, Tp, Tq)
S(p,p,q),S (p,Tp,Tp),
S(p,Tp,Tp),S (¢,Tq,Tq)
p,Tp,Tp),S (p,Tq,Tq),S (p,Tp,Tp),

p,Tq,Tq),S (q,Tp,Tp),S (¢,Tp,Tp),

S(
S(
S(p,p;q),S (p:p:p),
S.p.p).S@aq) |
S(
S (p,

max
=1 | max

b max

=1 | max
,p,p),S (P q,9),S (p,p:D)

§ max

)
,q),S(¢,p,p),5(q,p, D),

=1 (maX{S(p,p, 9}, ; max {S (p,q,9),5 (¢,p,p)}

IA

IN

)
Y (maX{S(p P:q )}émax{s(p p.q),S(¢:¢:p })
) (by Observation 2.9 (3))

1
¢ maX{S p,p, )}7§ma'x{s (p7p7 7 p7p7 }

=4 (5(pp:.q)

Therefore S (p,p,q) < ¥ (S (p,p,q)) < S(p,p,q) if # ¢, a contradiction. Therefore p = ¢q. Therefore Fixed point of T is

unique. O

Open Problem

Is every KKS- Metric space a S-Metric space?
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