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1. Introduction

In this research work we consider only finite, connected, undirected and simple graph G = (V(G), E(G)). We denote
|V (G)| = total number of vertices of graph G and |E(G)| = total number of edges of graph G respectively. A graph labeling
is an assignment of numbers to the vertices or edges or both subject to certain condition(s). To understand more about

graph labeling as well as bibliographic references we refer Gallian [1].
1.1. Preliminaries

Definition 1.1. Let < A, * > be any Abelian group. A graph G = (V(G), E(G)) is satd to be A-cordial if there is a mapping

f:V(G) — A which satisfies the following two conditions when the edge e = uv is labeled as f(u) * f(v)
(i). lvs(a) —vp(b)| < 1; for all a,b € A,
(i1). les(a) —es(b)] < 1; for all a,b € A.

Where

vy(a)=the number of vertices with label a;
vy (b)=the number of vertices with label b;
ef(a)=the number of edges with label a;
e (b)=the number of edges with label b.

We note that if A =< Zi,+1 >, that is additive group of modulo k then the labeling is known as k-cordial labeling.
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The concept of A-cordial labeling was introduced by Hovey [2] and proved the following results:
e All the Connected graphs are 3-cordial.
o All the Trees are 3-cordial and 4-cordial.
e Cycles are k-cordial for all odd k.
Youssef [3] proved the following results:
e The Complete Graph K, is 4-cordial <= n < 6.
e The Complete Bipartite Graph K, » is 4-cordial <= m or n # 2(mod 4).
Modha and Kanani [4] proved the following result:
e The Fan f, is k-cordial for all k.
Modha and Kanani [5] proved the following results:
e The Bistar B,,» is k-cordial for all k.
e The Restricted Square Graph B%’n of bistar is k-cordial for odd k.
e The One Point Union of cycle Cs with star graph K, is k-cordial for all k.
e The Comb Graph P, () K is k-cordial for all k.
Modha and Kanani [6] proved the following results:
e The Wheel W,, is k-cordial for all odd k and for all n = mk +j, m > 0,1 < j <k —1 except for j = %
e The Total Graph T'(P,) of path P, is k-cordial for all k.
e The Square Graph C? of cycle C,, is k-cordial for all odd k and n > k.
e The Path Union of n Copies of cycle Cf is k-cordial graph for odd k.
Rathod and Kanani [7] proved the following results:
e The Square Graph P2 of path P, is k-cordial.
e The Pan Graph C;! is k-cordial for all even k and n =k +j,0<j <k — 1.
e The Pan Graph C! is k-cordial for all even k and n = 2tk + j, where t €¢ NU {0} and 0 < j <k — 1.
e The Pan Graph C;! is k-cordial for all even k and n = 2tk + k + j, where t € N and 0 < j < k — 1.
Rathod and Kanani [8] proved the following results:
e The Triangular Book B(3,n) with n-pages is k-cordial.
e The Triangular Book with Book Mark T'B,, (u, v)(v,w) is k-cordial.
e The Jewel Graph J, is k-cordial.

We consider the following useful definitions to understand the results of this research paper.
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Definition 1.2. Let L,=P, X P> (n > 2) be the ladder graph with vertex set u; and v;, i = 1,2, ...,n. The Triangular Belt

is obtained from the ladder by adding the edges u;viy1 for all 1 <i <mn — 1. This graph is denoted by TB(n)(l").

Definition 1.3. Let L,=P, x P> (n > 2) be the ladder graph with vertex set u; and v;, © = 1,2,...,n. The Alternate
Triangular Belt is obtained from the ladder by adding the edges ugit+1v2i+2 for alli =0,1,2,....;.n — 1 and vo;uzit+1 for all

t=1,2,....,n— 1. This graph is denoted by ATB(n)(ITd1 ...).

Definition 1.4. The Braid Graph B(n) is obtained from a pair of paths P, and P,". Let v1, V2, ..., Un be the vertices of
path P, and ui,us, ..., un are the vertices of path P,". To obtain braid graph B(n) join i*" vertex of path P, with (i4+ 1)t

vertex of path P, and i vertex of path P, with (i + 2)*" vertex of path P, with the new edges for all1 <i<n—2.

Definition 1.5. The graph Z-P, is obtained from a pair of paths Pn, and Pn//. Let v1,va2, ..., v, be the vertices of path Pn/
and ui,uz2, ..., un are the vertices of path Pn”. To obtain Z-P, join it" vertezx of path Pn/ with (i + 1)“” vertex of path Pn”

foralll1<i<n-—1.

Here, all terminologies are considered from Gross and Yellen [9].

2. Main Results

Theorem 2.1. The Triangular Belt TB(n)({") is k-cordial for all n.

Proof. Let G = TB(n) be the triangular belt. Let L,=P, x P> (n > 2) be the ladder graph with vertex set u; and
vi, + = 1,2,...;n. The triangular belt is obtained from the ladder by adding the edges u;v;41 for all 1 < i < n — 1. Let
n = mk + j, where m > 0 and 1 < 57 < k — 1. We divide n vertices into two blocks of mk and j, which are denoted by
UL, U2, .., Umk a0 UY, U, ..., u) alSO V1, V2, ..., Umk and v, vy, ..., vj. We note that [V (G)| = 2n and |E(G)| = 4n — 3.

To define k-cordial labeling f : V(G) — Zj we consider the following cases.

Case 1: m >0 and 57 =0.

The labeling pattern of mk vertices is defined as follows:

Subcase 1: k = 0(mod 2), 1 <1 < mk.

f(ui) =2p;i — 1 i=pi(mod k); 1<i<k,

flvs) =2p; — 2 t=pi(mod k); 1<1i<k,

Subcase 2: k = 1(mod 2), 1 <1 < mk.

flu)=2p; — 1; i = pi(mod k); 1§2‘§%,
wi) = 2p; 7 = p;(mo +1); —4+1<:<
fui) =2p; ; ) =pi(mod k+1); 551 +1<i<k,
flv) =2pi—2; i = pi(mod k); 1<i<Eli
vi) =2pi — 1 1 = p;(mo +1); == +2<1<k,
flv)=2p; —1 i =pi(mod k+1); 1 +2<i<k

Case 22 m>0and 1 <j<k-—1.

Subcase 1: k = 0(mod 2).

The labeling pattern of first block of mk vertices is defined as follows:
fui) =2pi —1; i=pi(mod k); 1<i<Ek,

f(v) =2pi — 2 ; i=pi(mod k); 1<i<k,

The labeling pattern of second block of j vertices is defined as follows:
Fluh) =25 -1; 1<j<k—1,

ff)=2j—2; 1<yj<k-1
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Subcase 2: k = 1(mod 2).

The labeling pattern of first block of mk vertices is defined as follows:

f(ui) =2pi — 15 i = pi(mod k); 1<i< it
f(ui) =2pi 5 i=pimod k+1); 14 1<i<k,
f(vi) =2pi — 2 i = pi(mod k); 1<i<hloyn,
f(vi) =2pi —1; i=pi(mod k+1); 1 +2<i<k,
The labeling pattern of second block of j vertices is defined as follows:
fluj)=2j-1; 1<j <k

fuy) =235 Bl 1<j<k—1,

fj)=2j—2; 1<j< 541,

fj)=2j-1; bl o<j<k—1.

In each possibility the graph under consideration satisfies the vertex conditions and edge conditions for k-cordial labeling.

Hence, triangular belt TB(n)({") is k-cordial for all n. O
Example 2.2.

1. The Triangular Belt TB(9)({°) and its 8-cordial labeling is shown in Figure 1.

NRRRNRRR

Figure 1. 8-cordial labeling of Triangular Belt T'B(9)({")

2. The Triangular Belt TB(10)(1'°) and its 7-cordial labeling is shown in Figure 2.

Uu: u: u; U+
n—Qr—Q—0)

0—2—49D—©
Vi V: Vs V4

Figure 2. 7-cordial labeling of Triangular Belt TB(10)({'°)

Theorem 2.3. The Alternate Triangular Belt AT B(n)({141 ...) is k-cordial for all n.

Proof. Let G = ATB(n) be the alternate triangular belt. Let L,=P, x P> (n > 2) be the ladder graph with vertex
set u; and v;, @ = 1,2,...,n. The alternate triangular belt is obtained from the ladder by adding the edges u2;+1v2i42 for
alli = 0,1,2,...,n — 1 and wvou2i41 for all ¢ = 1,2,....n — 1. Let n = mk + j, where m > 0and 1 < j < k—1. We
divide n vertices into two blocks of mk and j, which are denoted by u1,us, ..., Ums and uf, ub, ..., u} also v1,v2, ..., Umk and
v1, V3, ..., v5. We note that |V(G)| = 2n and |E(G)| = 4n — 3.

To define k-cordial labeling f : V(G) — Z we consider the following cases.
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Case 1: m >0 and j = 0.

The labeling pattern of mk vertices is defined as follows:
Subcase 1: k= 0(mod 2), 1 <1 < mk.

flus)) =2p; — 1 i=pi(mod k); 1<i<k
f(vi) =2pi —2; i=pi(mod k); 1<i<k,

Subcase 2: k= 1(mod 2), 1 <1i < mk.

flus) =2p; —1; 1 = p;i(mod k); 1<i< %,

flus) = 2p;i ; 1 = pi(mod k + 1); %+1§zgk,
flv))=2pi —2; i = pi(mod k); 1<i<ELl4,
fv) =2pi —1; i=pi(mod k+1); L 42<i<Kk,

Case2:m>0and 1 <j<k-—1.

Subcase 1: k = 0(mod 2).

The labeling pattern of first block of mk vertices is defined as follows:
flu)) =2p; — 1 i =pi(mod k); 1<i<k,

flvs) =2p; — 2 t=pi(mod k); 1<4i<k,

The labeling pattern of second block of j vertices is defined as follows:
fluy) =2j-1; 1<j<k-—1,

Fop) =2j—2; 1<j<k-1

Subcase 2: k = 1(mod 2).

The labeling pattern of first block of mk vertices is defined as follows:

fui) =2pi —1; i = p;(mod k); 1<i< kL
f(ui) =2pi ; i=pi(mod k+1); AL 4+1<i<k,
f(vi) =2p; — 2; i = pi(mod k); 1§i§%+1,
fvi) =2p; — 1; i = pi(mod k + 1); %+2§z‘§k,
The labeling pattern of second block of j vertices is defined as follows:
Juj) =2j =15 1<j <55,

fui) =25 ; Br+1<i<k-1,

F5) =2j-2; 1<j<i+1,

f))=2j-1; Ely2<j<k-1.

In each possibility the graph under consideration satisfies the vertex conditions and edge conditions for k-cordial labeling.

Hence, alternate triangular belt AT B(n)( 11 ...) is k-cordial for all n.

Example 2.4.

O

1. The Alternate Triangular Belt AT B(6) and its 8-cordial labeling is shown in Figure 3.

u; u: u; U u.

D—3—0——D

0 25—@{6—0
Vi Va4 Py

Figure 3. 8-cordial labeling of Alternate Triangular Belt AT B(6)
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2. The Alternate Triangular Belt AT B(8) and its 7-cordial labeling is shown in Figure 4.

U Uu: us U4 Us Us u i’
Ji Q—E—O

D
0

0O—2—3
Vi V: Vs Va Vs Vs \ 44 v

Figure 4. 7-cordial labeling of Alternate Triangular Belt AT B(8)

Theorem 2.5. The Braid graph B(n) is k-cordial for all n.

Proof. Let G = B(n) be the braid graph. The braid graph is obtained from a pair of paths Pn/ and Pn”. Let w1, uz, ..., un
be the vertices of path Pn/ and vy, ve, ..., v, are the vertices of path Pn//. To find braid graph join it" vertex of path Pn/
with (i + 1)"" vertex of path P,  and i*" vertex of path P,  with (i + 2)"" vertex of path P, with the new edges for all
1<i<n-—2 Letn=mk+j, where m > 0and 1 < j < k—1. We divide n vertices into two blocks of mk and j,
which are denoted by w1, u2, ..., Umk and ui, us, ..., u; also v1, vz, ..., Ume and v1,vs,...,v5. We note that |[V(G)| = 2n and
|E(G)| = 4n — 5.

To define k-cordial labeling f : V(G) — Z we consider the following cases.

Case 1: m >0 and j =0.

The labeling pattern of mk vertices is defined as follows:
Subcase 1: k = 0(mod 2), 1 <i < mk.

flu)) =2p; — 1 i=pi(mod k); 1<i<k
fvi) =2p;i — 2 i=pi(mod k); 1<i<k,

Subcase 2: k = 1(mod 2), 1 <1 < mk.

flu) =2p; — 1; i = pi(mod k); 1§2‘§%,

flus) = 2p; ; i=pi(mod k+1); *141<i<k,
fvi) =2p;i —2; i = pi(mod k); 1<i<Eliq
flvi) =2pi —1; i=pi(mod k+1); %1 42<i<k,

Case2:m>0and 1 <j<k-—1.

Subcase 1: k = 0(mod 2).

The labeling pattern of first block of mk vertices is defined as follows:
f(ui) =2p;i — 1 i=pi(mod k); 1<i<k,

fvi) =2p; — 2 i=pi(mod k); 1<i<k,

The labeling pattern of second block of j vertices is defined as follows:
fluj) =2j =15 1<j<k-1,

Fj) =25 =25 1<j<k-1

Subcase 2: k = 1(mod 2).

The labeling pattern of first block of mk vertices is defined as follows:

flu)=2p; — 1; i = pi(mod k); 1§2‘§%,

flus) = 2p; ; i=pi(mod k+1); AL 41<i<k,
fv) =2p;i —2; i = pi(mod k); 1<i<Eliq
flvi) =2pi —1; i=pi(mod k+1); %1 42<i<k,
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The labeling pattern of second block of j vertices is defined as follows:

fluf)=2j—1; 1<j <55,

flui) =25 ; Bt+1<i<k-1,

f) =2-2; 1<j< 55+,

FWf) =2 —1; Elio< <kl

In each possibility the graph under consideration satisfies the vertex conditions and edge conditions for k-cordial labeling.
Hence, the braid graph B(n) is k-cordial for all n. O
Example 2.6.

1. The Braid graph B(9) and its 10-cordial labeling is shown in Figure 5.

U u: Us U Us u. u: u:; U 4

Figure 5. 10-cordial labeling of Braid graph B(9)

2. The Braid graph B(10) and its 9-cordial labeling is shown in Figure 6.

Figure 6. 9-cordial labeling of Braid graph B(10)

Theorem 2.7. The graph Z-P,, is k-cordial for all odd k and for all n.

Proof. Let G=Z-P, be the graph obtained from a pair of paths P, and P, Let v1, V2, ..., Un, be the vertices of path P,
and w1, ug, ..., U, are the vertices of path Pn//. To find Z-P, join it vertex of path Pn/ with (i + 1)th vertex of path P,L“
forall1 <i<n-—1. Let n=mk+j, where m > 0and 1 < j <k — 1. We divide n vertices into two blocks of mk and

J, which are denoted by w1, u2, ..., umk and uy, uj, ..., uj also v1,va, ..., Umk and v1,v3, ..., v;. We note that |V (G)| = 2n and

|[E(G)| = 3n — 3.

The labeling pattern of first block of mk vertices is defined as follows.
flui) =2pi —1; i = pi(mod k); 1<i< kst
flus) =2p; ; i=pi(mod k+1); *141<i<k,
fvi) =2p; — 2 i = pi(mod k); 1<i<hEli
fvi) =2pi —1; i=pi(mod k+1); %1 42<i<k,

The labeling pattern of second block of j vertices is defined as follows:
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fuf)=2j-1; 1<j< Bt

fuy) =25 Ely1<j<k-1,
fy) =25 —2; 1<j<iLl41,
fh) =251, bl 42<j<k-1.

In each possibility the graph under consideration satisfies the vertex conditions and edge conditions for k-cordial labeling.

Hence, the graph Z-P, is k-cordial for all odd k and for all n. O

Example 2.8. The graph Z-Pio and its 5-cordial labeling is shown in Figure 7.

U u: Uus u,
O—Q)—0)—2

» =

0O)—2—4
Vi V2 Vs V4 Vs Vs \ & Vs | ) Vio

Figure 7. 5-cordial labeling of Z-Pig

3. Concluding Remarks

Graph labeling technique is a wide area of research. To investigate more graph families which admit k-cordial labeling for

even and odd k is an open area of research.
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