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1. Introduction

Let C be the complex plane and D = {z € C : |z| < 1} be the open unit disk in C. Let dA denote Lebesgue area measure
on D, normalized so that the measure of D is 1. In polar coordinate, dA = L:f‘g. L?(D, dA) is the Hilbert space consisting

of all Lebesgue square integrable functions on DD with the inner product

(frg) = / F()g()dA(2).

The Bergman space L2 is the closed subspace consisting of the analytic functions in L?*(ID,dA). Let P be the orthogonal

projection from L2 (D, dA) onto L2, then P can be expressed by

1
P =(f,K.)= ——dA(w),
(PHE) = (1) = [ 1) =z dAw)
where K. (w) = m is the Bergman reproducing kernel. The harmonic Bergman space, denoted by L?, is the closed

subspace of L*(ID,dA) consisting of the harmonic functions on D. Tt is well known that L} is also a Hilbert space and the
set {vn+ 12"}52, U {y/n + 12"}52, is the orthonormal basis of L. We will write Q for the orthogonal projection from
L?(D,dA) onto L7. It is easy to verify that each point evaluation is a bounded linear functional on L3 . It follows that, for

each z € I, there exists a unique function R, (called the harmonic Bergman kernel) in L} such that

f(z) = (f, R.) for every f € Lj.
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It is easy to get that R, = K, + K, — 1, then
Qf =Pf+Pf—Pf(0).
For a function ¢ € L°°(D, dA), we define the Toeplitz operator Ty : L7 — L} with symbol ¢ by

Ts(f) = Q(S)-

Let U : L*(D,dA) — L*(D,dA) be the unitary operator defined by U f(z) = f(;) = f(%), where f belongs to L*(D,dA). Let
g be in L>°(D, dA), and let My be a multiplication linear operator on L?(DD, dA) by defined My(f) = gf, then we can define

the small Hankel operator hy : L? - L% by

hy(f) = QUM f,

and big Hankel operator Hy : L — L7 by

Hy(f) = QMU

Let ¢ € L'(D,dA) be a radial function, ie., ¢(z) = ¢(|z]),z € D. A function f is said to be quasihomogeneous of degree
keZif

fre’) =™ o(r),

where ¢ is a radial function. In this case, T¢(or hy, or Hy) is also called quasihomogeneous Toeplitz(or small Hankel, or

big Hankel) operator of degree k.

For product problem, on the Hardy space, Brown and Halmos [1] showed that if f and g are bounded functions on the unit
circle, then T;Ty is another Toeplitz operator if and only if either f or g is homomorphic. From this, it is easy to deduced
that if f,g € L®(T) such that TyT, = 0, then one of the symbols must be the zero function. In the setting of the Bergman
space, the condition either f or g is homomorphic is still sufficient, but it is no longer necessary. Ahern and Cuckovié [2]
showed that a Brown-Halmos type result holds for Toeplitz operators with harmonic symbols on L2.

In 2003, Cuckovié [3] proved that if f € L>°(D, dA) such that T¢T,; - = 0, where j,1 are both positive integers, then f = 0.

N .
Later in [4], Louhichi, Rao and Yousef considered the zero product problem for f,g € L>°(D,dA) with g = Y e™*%g,,
k=—oc0

where gi is a bounded radial function and N is a positive integer. Recently, Le [5] studied the finite rank product problem

J—z

for f,g € L*(D,dA), where g is of the form JZV: e**?g,.. On the harmonic Bergman space, Dong and Zhou [6] characterized
when the product of quasihomogeneous Tok;ii?:z operators is a Toeplitz operator. In paper [7], Guan and Lu solved the
product problem of quasihomogeneous Toeplitz operator and quasihomogeneous small Hankel operator. In 2016, Yang, Lu
and Wang [8] investigated the finite rank product problem of several quasihomogeneous Toeplitz operators. Motivated by

recent results on the unit disk in [6, 7] and [8], in this paper, on the pluriharmonic space of the unit disk, we characterize

the product of Toeplitz operators, small Hankel and big Hankel operators with quasihomogeneous symbols.

2. Preliminaries

In order to get our main results, we shall often use Lemma 2.1 in [6] and Lemma 2.3 in [7], which can be stated as follows:
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Lemma 2.1. Let p € Z and ¢ be a bounded radial function. Then for each k € N,

. 2k +p+ 1)p(2k + p+ 2)2" P ifk>—p
Tyinoy(2") = -
22—k —p+1)o(—p+2)z "7 ifk < —p;
20k —p+1)p(2k —p+2)z°77 ifk>p
—k
Teip9¢(z )= N
2(p—k+ g(p+2)2 " if k <p.

Lemma 2.2. Let p € Z and ¢ be a bounded radial function. Then for each k € N,

. 2k +p+ 1)p(2k + p+2)z" 1P ifk>—p
heivo y(27) = R
2=k —p+1)p(—p+2)z 77 if k< —p;
2k —p+ 1)p(2k — p+2)2" P ifk>p
—k
heip9¢(2 ) = N
20p—k+1)p(p+2)z"F if k < p.

Using the definition of big Hankel operator, we get the following lemma by direct calculation.

Lemma 2.3. Let p € Z and ¢ be a bounded radial function. Then for each k € N,

20k —p+ 1)p(2k —p+2)z" P ifk>p
k
H.ipoy(27) = R
2(p—k+ 1)d(p+2)2" " if k<p;
. 2k +p—+ 1)(2k +p+2)2"P if k> —p
ng‘ped)(f ) = N
2Az—p—k+1)p(—p+2)z P F if k < —p.

Remark 2.4.

(1). For f € L*=(D,dA) and k € N, Lemmas 2.1 and 2.2 imply that UTy(2") = hy(2*) and UT;(Z") = hy(z"), Lemmas 2.1
and 2.3 imply that Ty (2") = Hp(Z") and Ty (Z") = H(25).

(2). For k,p € Z, Lemmas 2.1-2.3 imply that the image of r*e*® by o quasihomogeneous Toeplitz (or small Hankel, or

big Hankel) operator of degree p is Ay prPT*lei TR0 (o 5 plPTRle=iHRI0 - o o plP=klgi(P=RIO ) for some constant

Ap,is (0T Op.kes OTVp k)

3. Main Results

In this section, we will study the product problems of Toeplitz operators, small Hankel and big Hankel operators with
quasihomogeneous symbols on the harmonic Bergman space of the unit disk. We can deduce the following result immediately

by Theorem 1.1 in [6] and Remark 2.4.

Theorem 3.1. Let k € Z and f be a bounded function on D. Then the following assertions are equivalent:
(a). For eachn € N, there exists A, € C such that Hy(r"e™’) = \,rlF=nleik=m)0

(b). f is a quasithomogeneous function of degree k.

Using Theorem 3.1, Theorem 1.1 in [6] and Theorem 3.1 in [7], we obtain that
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Theorem 3.2. Let ¢ and ¥ be two bounded radial functions on D and p,q € Z. If there exists a bounded function m

satisfying one of the following conditions:

Teipequeiqew - Hrr“ (1)
Reino g Tyiaoy = hom, ()
Heil”e¢heiqe¢ = Tmy (3)

then m is a quasithomogeneous function of degree p + q.

Proof.  Assume (1) holds. For any p,q, s,k € Z, it follows from Remark 2.4 that
Teip%(rmeike) _ )\k,pr‘k”lei(ﬁp)e

and

s| _isOy __ q—s| _i(q—s)0
Heiqezﬁ(r‘ ‘6 )—’Ys,q'r" ‘6( ) )

where Aip, and ds 4 are two constants depending on k, s. Then one can easily to show that
Te'ip6¢He7iq9w('r‘s‘€i59) = Teiped,(és,qr‘p_s‘ei@_s)g) = Ag_spOs gr 7o HPlgilamstp)E

for some constants Ag—sp, ds,q- Hence, if T,ipo yH,iq0, = Him, by Theorem 3.1, we obtain that m is a quasihomogeneous

function of degree p + ¢. Similarly, using Remark 2.4, we get that

is0 +q+p_—i(s+q+p)0
Baivo o Toian (11°1€7°%) = §us g phs qr TP 5T 0HP)

for some constants dsq,p, As,q and

156 +a+p i(s+a+p)0
Heip9¢heiq0w(r‘s‘€ls ):fy_<s+q)7p5s,q’r‘s 7Peilstate)

for some constants Y_(s4q),p, 0s,q- It follows that if (2) or (3) holds, m is a quasihomogeneous function of degree p+ ¢. This
completes the proof. O
Using the similar discussion, we get the following results.

Theorem 3.3. Let ¢ and ¢ be two bounded radial functions on D and p,q € Z. If there exists a bounded function m

satisfying one of the following conditions:

T.ivo gy Heiaoy = hm,
heiped,Tequw = Hp,

heive p Heigoyy = Tim,

then m is a quasihomogeneous function of degree —(p + q).
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Theorem 3.4. Let ¢ and ¥ be two bounded radial functions on D and p,q € Z. If there exists a bounded function m

satisfying one of the following conditions:

H_,ipo ¢Teiq9w = H,,

T.ipo yheiaoy, = Hm,

then m is a quasihomogeneous function of degree p — q.

Theorem 3.5. Let ¢ and ¥ be two bounded radial functions on D and p,q € Z. If there exists a bounded function m

satisfying one of the following conditions:

H_ ipo ¢Teiq9w = hm,

Teip0¢heiq6w = hm,

then m is a quasihomogeneous function of degree q — p.
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