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1. Introduction

Stochastic orders have been proven to be very useful in applied probability, statistics, reliability, operation research, economics
and other fields. Various types of stochastic orders and associate properties have been developed rapidly over the years. A
lot of research works have done on,hazard rate and reversed hazard rate orders due to their properties and applications in
the various sciences, for example hazard rate order is a wellknown and useful tool in reliability theory and reversed hazard
rate order is defined via stochastic comparison of inactivity time. We can refer reader to the papers such as, Chandra and
Roy [5], Gupta and Nanda (2001), Nanda and Shaked (2001), Kochar et al. (2002), Kayid and Ahmad (2004), Ahmad et
al. (2005) and Shaked and Shanthikumar (2007). Ramos-Romero and Sordo-Diaz (2001) introduced a new stochastic order
between two absolutely continuous random variables and called it proportional Hazard Rate order (PHR) order, which is
closely related to the usual Hazard Rate order. The proportional Hazard Rate order can be used to characterize random
variables whose logarithms have log-concave (log-convex) densities. Many income random variables satisfy this property
and they are said to have the increasing proportional Hazard Rate order (IPHR) and decreasing proportional Hazard Rate
Order (DPHR) properties. As an application, they showed that the IPHR and DPHR properties are sufficient conditions
for the Lorenz ordering of truncated distributions.

Jarrahiferiz et al. (2010) studied some other properties of the proportional Hazard Rate Order, then extended hazard rate
and reversed hazard rate orders to proportional state similar to proportional Hazard Rate order called them proportional
(reversed) hazard rate orders, and studied their properties and relations.

Shifted stochastic orders that are useful tools for establishing interesting inequalities that have been introduced and studied.
Also, they have been touched upon in Belzunce et al. (2001). Lillo et al. (2001) have been studied in detail four shifted

stochastic orders, namely the up likelihood ratio order, the down likelihood ratio order, the up hazard rate order and the
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down hazard rate order. They have compared them and obtained some basic and closure properties of them and have shown
how those can be used for stochastic comparisons of order statistics. Recently, Aboukalam and Kayid (2007) obtained some
new results about shifted hazard and shifted likelihood ratio orders.

In this paper we recall the proportional state of stochastic orders and the shifted version of them and so obtained some

applications of proportional Hazard Rate order.

2. Preliminaries
Definition 2.1. Let X be a universal set. Then a fuzzy set A = {(z,pua (z))/x € X} of X is defined by its membership
function pz : X — [0,1].
Definition 2.2. For each 0 < o < 1, the a-cut of a set of A is denoted by its, Ao = {x € X : pa (x) > a}.
Definition 2.3. A fuzzy number is a fuzzy set of R such that the following conditions are satisfies:
(1). A is normal if there exists x € X such that ju; (r) = 1.
(2). A is called convex if pz (Az1 + (1 — Az2)) > min{puz (x1), s (x2)}.

(3). A is called upper semi continuous with compact support: that is for every € > 0, there ezists d > 0; lz —y| < d =
pi (@) <pily) +e
(4). The a-cut of fuzzy number is closed interval denoted by Ao = [AL, AY], where AL = inf{z € R;u;(z) > a} and

AY =sup{z € Rypuz (z) > a}.

(5). If A is closed and bounded fuzzy number with AL, AY and its membership function is strictly increasing on [Af, AT

then A is called canonical fuzzy number.

Definition 2.4. A fuzzy random variable is a fuzzy set consisting of a membership function and a basic set of underlying

variables. A fuzzy random variable X is a map X : O — F(R) satisfying the following conditions

(1). For each o € (0,1] both X~ and XY defined as Xt (w) (z) = inf{z € R: X (w) (z) < o} and XT (w) (z) = sup{z €
R: X (w) (z) < a} are finite real valued random variables defined on such (O, A, P) that the mathematical expectations

EXLE and EXY eist.
(2). For each w € O and o € (0,1], X£ (w) (z) > a and XY (w) (z) > a.

Definition 2.5. A fuzzy valued mapping X : O — F*(R) = F*(R) X - -- X F*(R) represented by X (w) = (z(1,w) X - -+ X

x(m,w) is called the fuzzy random vectors if for each k, 1 < k < m, x(k,w) is a fuzzy random variable.

Definition 2.6. X (w) is a fuzzy random variable if and only if , X (w) = [ XX (w), XY (w)], where X2 (w) and XY (w) are

both random variables for each o € (0,1] and X (w) = U aXa(w).
a€e(0,1]

Definition 2.7. The a- cut of distribution function F of fuzzy random variable X is defined by

D, = {min{ min F (iﬁ) , min F (ig)} .max{ max F (i:é), max F (ig) H
a<p<1 a<B<1 a<p<1 a<pB<1

Definition 2.8. The membership function of the probability distribution function of T, denoted as F’(i) It is defined as

HE () (r)= sup a1Da(r).
a€e(0,1]
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Definition 2.9. The a-cut of probability density functions f(z), where x € [X%, XY] is given by

Ao = i { i, 7 (55) i, 1 (35) b { a1 (35) o, 1 (32) }

Definition 2.10. The membership function of the probability distribution function of &, denoted as f(i) is given by

Kiay (r) = sup  a1da(r)
ac(0,1]NQ

Definition 2.11 (Fuzzy Hazard Rate Order). Let X and Y are two non negative fuzzy random variables with continuous
distribution functions and with Hazard rate functions 7(Z) and q(Z) respectively, then X is smaller than Y in Hazard rate
order. Denoted as X <pur Y. If

min{ min_f (#5), min f(ifa’)}

a<p<1 a<p<1

min{ min F(i{;), min F(ig)}
a<p<1 a<p<1l

win{ pin, o 0%) i, 0 )}

. . - ~L . -~ ~U
win {_min, @ (5%) . win & (3%) }

Y

and

max{ max f (Zf), max f(fg)}

Jnax, Jnax, max{ max g (gﬁ) , max g (gjg)}

a<p<1 a<p<1
P () e (57) G (%) 25,0 ()
mes{ e, P 55) s P ()} o { 13 0 (08). 123, % (5

For each o, 8 € (0,11 N Q, where F, f are the survival and density functions of X respectively and G, g are the survival and

\Y]

density functions of Y respectively.

Definition 2.12 (Reversed Fuzzy Hazard Rate Order). Let X and Y are two non negative fuzzy random wvariables with
continuous distribution functions and with Reversed Hazard rate functions (&) and q(Z) respectively, then X is smaller than
Y in Reversed Hazard rate order. Denoted as X >rrur Y. If

min{ min f (&), min f(jg)}

a<pB<1 a<p<1

min{ min F (i’é) , min F (ig)}
a<p<1 a<p<1

min {aggglg (#5), min g (;;g)}

min{ min G (i’é) , min G (i’g)}
a<p<1 a<p<1

IN

and

max{ max f(ié), max f(ig)} max{ max g(féé)7 max g(fig)}
<

a<p<1 a<p<1 a<h<l1 a<h<l
max{ max F(i’é), max F(fng)} max{ max @(i‘f“), max @(i‘g)}
a<p<Ll a<p<1 a<p<1 a<p<1

For each o, B € (0,11 N Q, where F, f are the survival and density functions of X respectively and G, g are the survival and

density functions of Y respectively.

3. Shifted Proportional Fuzzy Hazard Rate Order

Definition 3.1 (Up Proportional Fuzzy Hazard Rate Order). Let X and Y are two non negative fuzzy random variables
with continuous distribution functions and with Up proportional Hazard rate functions 7(&) and q(&) respectively, then X is
smaller than Y in Hazard rate order. Denoted as X <upsnr Y. If

min{ win (7L~ 0/3k > 0, win (G - 0/8 20 ) win{_min o (s5). min o)}

L
B8
min { min @ (35) .z, @ () |

min{ min [F(zL —t)/zL > ¢], ain[iril [FEY —t)/zY > t]}
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and
max{ wax (J@E — /2% > 1), wax (7@ - 0/a] >t1} g maX{argngélg(ﬂﬁ),argngiélg(ﬂ)
max{aggél[F( —t)/zk > t], ré]ax [FY —t)/aY zt]} - max{ag;;ﬁla(gé‘),argngiéla(ﬂﬁu)}

For each a, B € (0,1]NQ, where F, f are the survival and density functions of X respectively and G, g are the survival and

density functions of Y respectively.

Definition 3.2 (Down Proportional Fuzzy Hazard Rate Order). Let X and Y are two non negative fuzzy random variables
with continuous distribution functions and with Up proportional Hazard rate functions 7(Z) and q(Z) respectively, then X is

smaller than Y in Hazard rate order. Denoted as X <apfnr Y. If

~U . . ~L _ aL > : ~U _ U >
5>} mm{agﬂégl[g(ya )00 > t],agnénﬂ l9(Ig —V)/0a = t]}

win {_min (@0t~ 0/5k > 1), win (Y - 0/7 24}

and

<p<1 a<pB<1

max{arj)a)i f (ié) ,ammélf (~g>} § maz{amax [g(f/{; 7t)/g(£’ > t], max [g(Fg 7t)/gjg > t]}
(

a'cg)} B max{agggl[éwg —0/ik > 4, mas GGY - 0/3Y > t]}

max {aglgglf (a’cé‘) s aggglf
For each o, B € (0,11NQ, where F, f are the survival and density functions of X respectively and G, g are the survival and

density functions of Y respectively.

Definition 3.3 (Shifted Fuzzy Hazard Rate Order). Let X and Y are two non negative fuzzy random variables with contin-
uous distribution functions and with Shifted fuzzy Hazard rate functions 7(Z) and q(Z) respectively, then X is smaller than

Y in Hazard rate order. Denoted as X <srurt Y. If

v

and

man{ max (a4 5k) o (a8)  mox £ (e ) 0@} max{ max o (v a8) £ (38)  max 0 (o 2t) 1D |
L g o3
(at)

max{ max F (a+zL)

<B<1

,arélgﬁlF a+z )G(zL)} 7max{ max G(oz+;vU)F( ), max G(a«kié’)?(i‘g)}

<B<1 a<p<1
for each a, 8 € (0,1] N Q, where F, f are the survival and density functions of X respectively and G, g are the survival and

density functions of Y respectively.

Definition 3.4 (Shifted Proportional Fuzzy Hazard Rate Order). Let X and Y are two non negative fuzzy random variables
with continuous distribution functions and with Shifted fuzzy Hazard rate functions 7(Z) and q(Z) respectively, then X is

smaller than Y in Hazard rate order. Denoted as X <prurt Y. If,

min{ g7 («+28)o () i, 7 (o4 38) oD} min{_min o (o +28) 7 (58) iy o (o 2E) 000 )
Zi Zi § oh
) ) ) ) ) }

E(}T;:a)} min{ar<nén<10(a zU f()dg ,ugngnglé(a-!—i

and

max {arsngx f (a + ié) g (:\‘;cg) ,aggglf (a + a'cg

%

max{ zngﬁlF(a-‘-zL)G(/\zU)’ mg)élF( +jU)§(/\ié)

for each o, 3 € (0,1] N Q, where F, f are the survival and density functions of X respectively and G, g are the survival and

density functions of Y respectively.
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Definition 3.5 (Increasing Fuzzy Proportional Hazard Rate Order). Let X has the increasing fuzzy proportional Hazard

rate order property, Xerrpur if,

vV

and
mos { max 7 (55) ompr, S (39) ) o {oman /8 umn 7 (B))
mec{zp T ) pe T E0)) e {7 (08) o, T () )

Definition 3.6 (Up Increasing Fuzzy Proportional Hazard Rate Order). A continuous non negative fuzzy random variables

X admits Up increasing fuzzy proportional Hazard rate order property denoted by Xevrpuro if,

Y

rrlin{aéngréllf(iﬁ —o/ak >0, min 11GY - n/el > t]} min {a%nﬁmglf (%) min s (azg)}

min {aygnéngl [F(zL —t)/zL > t], min [F(&{ —t)/z0 > t]}

and

~L ~L =U U ~L =U
max{aggél [f(@y —t)/25 > t],argngél [f(&8g —t) /&g > t]} max{argng)élf (:1:[3) ,argng)élf (xﬁ)}

max{agg)él [F(zL —t)/zL > 1], ma)i [F@y —t)/zd > t]} max{argng)élf(ié‘) ,argng)élf<ig)}

Theorem 3.7. Let X and Y be two absolutely continuous non negative fuzzy random variables then,

(1). X <uvprurY

S @G - 0/ak > a0, win [FG] - 0/a > t]} min{ min o (v

4

L
B
[F@EY —t)/zU > t]} min{axgnéréla('gg) , mi%lé(gg)}

min{ min [F(zL —t)/zL > ¢],
and

m“"{az‘g’;l @l —n/al =1, max r@y —t)/35 > t]}

\

L
B
max{ Taf [F(zL —t)/zL > 1], Ta)i [FY —t)/zU Zt]} B max{ :na)i G(gé) s mz})éla('gg>}

)g(i‘ll’ } . rnin{agngnglg (a+ig) f (iﬁ) ,arsnﬁi?rélg(a+ié’) f(ig)}
)T (a) |

( og
B
f(a+ig)a(i5)} - min{airlirl 6(&4—13{ f(ig s mingla(a-&-ié‘)f(ig)

and
max{arilgglf(a+w§)0(ig)’ag‘gélf(a+ig) 9@k } N maX{ max g a+xg)f(i§)aaggélg(a+#) f@y }
max{amg)élf(a+iL)6("g),aggélf(a+ig)a(ié’)} - max{ gg,él*(awg)f(g),agggla(amlg)ﬂig)}
implies
mox { max 1 (55) mpe, S (39) ) moe{mn o (98) om0 (98) }
e L GO e ) S R OB A CO):
and
woc{ g s (6) g s () e Lm0 (08) om0 (8

max { max T (25), max F(s4)} max{ max @ (35) . max @ ()}
(3). X <srur Y iff there exist non negative fuzzy random wvariables Z such that with log concave density such that

X <srur Z <srur Y, where Z is arbitrary random variable between £ and §Z.
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Theorem 3.8. Let X and Y be two absolutely continuous non negative fuzzy random variables then,

(1). X <uprurY, if

asp<l

min{ mm [f()\z —t)/)\iézt], min [f()\i —t)//\z >t]} min{amin g(ﬂ ), min g(@)}

\%

L
B
>
min{alsnérél[f(%aft)/ﬂi_t],ag[isrél[F(/\igft)/)r\;gZt]} min{ min é('gé‘), min E(gg)}

and
max{ max [fOGL —0/38k > 0, max (Ol — 0)/7aY >t1} . max{ max o (75) , max q<y>}
max{argng)él [Fl — t)/3zL > 1], max [FORY - /5= > t]} " max {a’gn?’éla %) ,arénﬁa)éla<ﬂg)}
For allt > 0.

(2). X <pprurY, if

~L . U . . ~L _ oL > . ~U _ U >
mm{&r_m<1f (zg) ’@“A‘Llf( 5)} § mm{agﬂéngl[g(ya t)/0q 2 t],algnéngllg(ya t)/0a = t]}
T (sL in T (zU - in (Gl _ L in [G(GU — ) /aU
mm{ainuélF(acﬁ)7ar§nén§1F(w5)} mln{ainérlgl[G(y t) /9% Zt],a;néngl[G(ya t)/95 Zt]}
and
maX{arggﬁélf (iﬁ) 7ar§g§1f (#{)} max {amﬁaﬁél lo(gk —t)/9k > t],aglg}él oy — /38 > t]}
<8< <B< < <8< <8<
T (L (U G(oLl — gL > G(oU — gU >
ma"{ag“sgf (£) ’ag“gglF(%)} max{arsnggl[cwa 0/ik >, max GGY - 0/3Y > t]}
For allt > 0.

Theorem 3.9. Let X and Y be two absolutely continuous non negative fuzzy random variables then,

(1). X <uprurY, if

min{amérélf( +ii’)g(kig),agﬁinglf(a+ g()\zL)} N yr\in{a;ngnglg(a-ﬁ—ig)f()\ii),a%n[i;n<1 (a+x )f()\f)i' }
) )

?)
1?((14—5%)6()’\;5)} a min{ min G(a+zU)F(>\za), mlé] G(a+z )f()xig)}

i in F 5L) G (AzU -
mm{argnérél (a+za (za , mi o

and
—U - . ~ ~ ~
max{arfgélf(aﬁ-;cl‘)q(kxa),amg)élf(a-&-:cg) q()\ggL)} y max{ari)azlq a+acg)f<kmé’),ur§ng:élq(a+x§> f(A;cU)}
max{ama}élf(a+ié’)6()\zg),argng)élf(a+ig)a(/\ig)} max{amg)éla(oL«Fig)F()\ié),a?gélG(awLié)f()\ig)}

U
x € [XoLtfa,nga]U[Y—"L,Y%] for alla > 0.

(2). X <pprurY, if

min {a?ﬁiilél g (a + Aa’cg) f (

U
min{amén< G(a+)\zU)F( ),argnﬁingla(a-‘—)\ig ?(ig)}

2
o
N—
°
IA
o
NP
L
Q@
—~
R
+
>
&
S
SN—
=
=
D)
ey
=
—

and

max {argnguél g (a + /\a"cg) f (

U
B
max{ r<ngx G(a+)\zU)F( ),ar%lg)éla(a-‘—)\i‘g F(ig)}

2
°
S—
8
o
%
@
~~
Q
+
>
&
S
~ S—
=
=
D)
-
—

Is increasing in x > 0 for all a > 0.

(3). X <uprurY and X <pprurY,

min {pin £ (o +28) 0 (38) o min, £ (e +38) oo} min{_min o (2 +28) 1 (3%
min{amérilF(aJﬁzL) ( ) argnénglf a+ig)5(i5)} min{ami ( ) (
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and
maX{arilaglf (a -Hvﬁ) g (ig) ,agxg:élf (a-!—a'cg) a(z5 } N maX{ max, 9 (a +xg) f (iﬁ) B9 (a+w§) @y }
max{ag}gﬁlf(a + 55)6("}{) ,aggélf(a +ig) 5(%5)} max {amg)éla(a + ig)f(”é') ,argng)éla(a +ié’) F(ig)}
and then
win{ min 7 (a+5b)o (s). min s (a+3Y)oGh < win{ _min o (a+28) s (sk). min o (atat) e
min {ugﬂinglf(a +35)T(3Y), min T (a+2y) 6(@{;)} min {ainaingla (a+38) F (k). min @ (a+3h) f@g)}
and
mdx{amg<lf a +i£¥’) g (ig) ,algg)élf <a+ig) g(ifx’)} § max{alzidglg « +ig) f <i£) ,aglg)élg (a+a’:é‘) f(ig)}
max {(Yrilg)élf(a +35)T(3Y) max T (a+2Y) 6(5:(5)} max {amggla(a +3Y)F (2k) max @ (a+ak) f(scg)}
respectively.

Theorem 3.10. Let X and Y be two absolutely continuous non negative fuzzy random variables then,

(]). X <srurY and X €1rpur,

%

and

a<p<1

max{argg)élg (a+ig) f ()\ié), max g(a+i§) f()\ig)}

@
Q
—— |~
\%

max{agxg:élf(aJrig 6(/\455), ma. max{ rgna:i 6(a+a’:g)f()\iéf ,aglax 6(a+i§)?(>\ig)}

(2). If X <prur Y and f is log concave then,

. . ~L ~U . ~U
min{_min 7 (a4 ak) s (3a8). min s (ot

A%

. L= SL\ (AU = ~
mln{agnérélF(aera)G(Axa),aénénSlF(a+x

and

max{argngnélf (a + :"cg) g (X\a/cg) ,argmﬂnélf (a + ig) g()\a"cé’)

%

max {a?gélf (a + ig)a ()d;U) ) argng)élﬁ (a + ig) a(/\ig)}

(3) X <pgrY and X €urrpuR then

v

and
max{aglg:élf (a + iﬁ) g ()r\\;g) ,aglguélf (a + ig) g(z\ié’)} y max {ar_ngglg (04 + ig) f ()«Ei‘) ,arsng)élg (a +i‘11’) f()\ig)
max{argngélf(a + ié)a()\ig) ,maxagﬁglf(a + i}{)é(ué)} - max {ama)él (a + ig)f()\ié') ,argngéla (a + ié‘)f(z\ig)}
XL yL XY 74 yL .
Proof. When X <pugr Y, then X2 <Yl and Xg < YﬁU. So, 5> > —¢~ and Tﬁ > % If XBL —a < ==, the proof is

complete.

ise. if Yo U _ Yo xU _
Otherwise, if == < X5 — a, then for each t € (=2, X5 — a) we get,

min{argnlianglf(a-ﬁ-ig)g(ka"cg),argnénglf(a-&-ig g(/\a"cé’)} . min{a;nénglg(a-&-ig)f()\ié),a;nénglg(a-&-fcé’

~— | ~—

=

~

)

8

g

-
——

min{ min F(a«kié)é(/\ig), min f(a«%i%

oI o2 6(/\2 )} min{argnlianglé(aﬁ»ig)F()\ié), min G a+ié‘

o a<p<1
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and
max{&le;)élf a+ifx‘)g()\ig) ,aglgglf(a+ig) g(/\i‘ll’ } N max{alzig)élg a+ig)f<)\ié‘),a%13)élg(a+ié) f()\zU)}
F L) G (AU 7 AV CTov T AN G G U F (AzL el L) F(aaU
max{amgle(a+xQ)G(A$Q) ,argng)élF (a+:cﬁ) G()\xa)} max{amgglG(aﬁ—xQ) F(Aaca) ,QggélG (a+x5) F(/\aca)}

and

max {amax f ((1 +ié’) g (Aig) max f ((1 + ig) g()\ig)} . max{argnax g (a + ig) g (/\'Zé

~L =U
B<1 a<p<1 B<1 )’max"‘gﬁglg(a+z")g()‘1°‘)}
max{(yrﬁng)élf(a+ié)a()@‘g) ,arsng)élf(a#»ig)a()\ié)} max{a?gélé(a+ig)a(k~g) ,ag]g)élé(aﬁ»ié)a()\ig)

‘Which is multiplied to

<B<1

%

min{a1<nin f(a«l»ié’)g()\ig«ka),agnéllslf(aﬁ» ) (Aa: +a)} min{agnéglf(a+>\ifl‘)g(ig+a),agnérélf(aJr)\ g)g(z Jra,)}
U
B

min{ min F(a+rL)6()\:tU+a) mmlf(a-&-ig)a(ié-&-a)} min{amin (a+)\a‘L)G(zU+a) r<n1n<1F( o+ AT

<B<1 <B< <B<1

and

max {aiﬂg)élf (a +i£¥’) g ()\a':g + a) ,ar<ng)élf (a + ig) g()uié‘ + a)} max

max{ mg)élF(a+mL)6(Aa'¢g+a) mg)élF( +:’cg)6(ié+a)} max{ rgnax f(a—&-)\fcé)a(ig-&-a), ma:élf(a-ﬁ-kfcg)a(ié-&-a)}

v

L L U
Which both fractions are increasing inte (YT",Xg — a). Note that = € {YT” —a, Tj —al, then g(x + a) > 0. Since,

XL _q < < Xy 5 —a < then by using the previous theorem, proof is complete. O

Theorem 3.11. Let X and Y be two absolutely continuous nmon negative fuzzy random variables. If X <yprur Y then

there exist a random variable Z,

min [f(ZL —t)/Zk

A%

min{ mén [F(ZL —t)/ZL > 1], min [F(ZV -1t)/ZV > t]}

and
max {_max | 11(ZE — 0/2E 2 1), max 112 - /28 > 0} . max {_max 7 (25). max s (25)}
max{amgél[F(Zé —t)/ZL > I max [F(ZY —4)/2U > t]} B max{argng)élf(zlg‘) ’Jg"?’élf(zg)}
such that
min{min 7 (58) 0 (028) i 7 () s0ao}  min{ iy 0 (32) 1 (338)  min, o (38) s03D) |
mln{af}%lf(%)a(x vy, %né%lf(ig)a(ug)} - mm{arﬁné%lé(ig)f(mg),Qg&lé(ig)ﬂu@}
and
s o cren £ (3£ (058) . mpe, £ (68) 00580} om0 ()5 () .m0 () 10380}
max{aggglf(ig)é(ug) max T (2 g)amw} max{ max @ (24) F (xek) maxa<5<1G(a‘:é‘)7(>\ig)}

where z is the arbitrary random variable between L and g% .
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Proof. For XL <Y}! take z as an arbitrary random variable with UTPFHR. property taking values on XZ, Y&L}. Suppose

f(z+a)a and k‘ _ g(z+a)

~L
that % < %, Set k, = o) 9

< which are transformation of x and y respectively. We know that,

min{aménglf( +ié)g()\ig),ar<nli3n§1f(a+zg)g(/\ié’)} N min{argnliarilg(a+ig)f()\i{;),argnénglg(a—kié f()\ig)}

. . SLY T (A i = U\ =L o = SUN T ()~ .= - -

mm{&rsnérélF(a+z(ll’)G(/\zg) ,algnén<1F (a+zg) G(/\za)} mm{agnéngl (a+zg)F(Amé’),alsnérélG<a+a:é‘) F()m:g)}
and

max{agllz;)élf a+i§)g(kig),a2§§1f(a+ig) g(z\ié’)} . max{a?gSIg a+ig)f<)\ié‘),a1%13)élg(a+ié) f()\ig)}

max{argngzlf(a+§3g)a()\5cg),argng)élf(a-&-ig)a()\ié)} max{amggla(a-!—ig)f(z\ié),Qgg;la(a-&-ié‘)f(z\ig)}

U

« —

Implies k. (z + a) < ky(\z), for all > 0, t € (§5, %

a). Tmplies k;(z + @) < Mk, (\x), for all g5 <a < a < gY.

Example 3.12. Let X and Y be two non negative independent fuzzy random variables, if

. ~L ~U U ~L . . ~U L . ~L U
min{ min, 1 (o +38) 0 (038) min, 7 (2 +35) s0ab ) min{ min o (o +28) 5 (308) . min, o (2 +28) s03D) )
i in F L)@ (\zU in s0YaowEy L mi in @ U)F (AzL in G L) F(a\zU
mm{agnérélF(aera)G(Axa),aénénSlF(a+xB)G(/\xa)} mm{agérélG(aJraca)F()\ra ,a%nénglG a+a:B F(Axu)}
and
max{ <Li<1 (a ) ( ) f (a+a’cg) g(Aa’cé’)} N max{amg;élg (a +5cg) f (Aiﬁ) s r<nax g (a+ )f()\a'cg)}
max{ r<nax F(a+i ) ( ) r<ng)élF (a-&-i‘g)a()\ié)} max{ama)éla(QJ—ig)f()\ié’) mg)é G (a-&-ié’)f()\ig)}

there exist a random variables,

. . SL 5L U _ U . . 5L . SU
mm{a;néngl[f(za t)/Z5 > t], énm [f(Z t)/Z >t]} § mm{a;nénglf(Zﬁ),aénérélf( B)}
i in [B(ZL —)/2L > ; U _ /53U > B : oL o F(zU
mln{aygnéngl[F(Za t)/Zk 7t],ar§nén [F(Z t)/ 2y 7t]} mm{ainénglF(Zﬁ ’a%nérélF(Zﬂ)}
and
L L U _ U SL SU
max{argngxl[f(Z —t)/Zy >t], max [f(Z5 —t)/Z >t]} N max{amg)élf(zﬁ),agng<lf(2ﬁ)}
5L _ L> SU SU > B F(zL F(zU
max{aggél[F(Za t)/ ZL t],ar<ng>él[F(Za t)/Z _t]} max{argng)élF(Zﬁ) ’a'£§§1F(Z5>}

(yav‘ra) By Lillo et al

(2001)

-1
is density function on [jE, Y] Which admits,

L L ; U _ SU > ; . ZL . U
mm{ mm [f(Z —t)/Zg = ],ar§nén<l[f(zcx t)/Zq _t]} y mm{algnéan(zg),algnénglf(zﬁ)}
min{ 1r§nénSl [f(Zg — t)/Zé‘ > t],a;nfign< [F(ZU —-t)/Z g > ]} min{urgnlianglf(zlg) ,axgnﬁmglf(zg)}
and
ZL _ 7L U _ U 5L SU
maX{argng’éllf(Za t)/Zy > tlyargnggl[f(ZQ t)/Zg 2 t]} § maX{aTgélf (Zﬁ) ,argngélf (Zﬁ)}
(7L _ 7L T (zU _ 77U N T (7L T (77U
max{algngél[F(Za t)/zZk Zt],aré]g)él[F(Za t)/ 2y Zt]} max{arélg)élF(ZB),alélgélF(Zﬁ>}
Hence kq(a) < Mkj(Xa), ¥V a € (XE, VL), thus
. : ~L -U . ~U ~L : . ~U ~L : ~L ~U
min{ min 1 (28) s (528)  mpp 7 () o030} win{_min, 0 (a8) 7 (358)  min, o (38) 1050}
min {argnénglp (L)@ (A&Y) ,agérélf(-g)aug)} min {a;nézlé(ig)f(ug) . min G (ig)fmg)}

and
mos{ max 7 (3) 0 (028)  myz 7 (38) s0at ) mon{ mar 0 () 1 (328)» mz o (38) s }
max{amaﬁlf(ig)a()\ig) ,algg}élf(ig) é(kié)} max{argng)éla(ig)F(/\ié ,argg)éla(ié‘)f()\ig)}
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Where Z is a arbitrary random variable between XY and Y.L

min{argnérélf (a+ﬁ1§) g (ﬁ/g) ,argnénglf (a+1ﬁg) g(zﬁ{;)}

A%

min {aénénSIF(a +ﬁ5)6(ﬁg) ,QISI%ILSIF (a + ﬁg) 5(@15)} min {amin G (a+ ﬁg)f(ﬁg) s

and
maX{a%ﬂgélf (a + ﬁé) g (5&73) ,aggélf (a + ﬁg) g(zﬁﬁ)} N max {ag'gélg (a +§5£{) f (ﬁé) L 2a% .9 (a +§5é) f(ﬁg)}
max {_max (04 750 G 75Y) . max F (o4 72y ) O@Eh p  mox{ max @ (o+73Y) F(755) . wax @ (a4 75) Pl |
References

[1] F.Aboukalam and M.Kayid, Some new results about shifted hazard and shifted likelihood ratio orders, International
Mathematical forum, 31(2007), 1525-2536.
[2] .A.Ahmad, M.Kayid and X.Li, The NBUT class of the life distributions, IEEE transaction on Reliability, (2005),
396-401.
[3] J.Bartoszawicz and M.Skolimowska, Stochastic ordering of weighted distributions, University of Wroclaw, (2004).
[4] J.Bartoszewicz, On a represervation of weighted distributions, Statistics and Probability Letters, 79(2009), 1690-1694.
[5] N.K.Chandra and D.Roy, Some results on reserved hazard rate, Probability in the Engineering and Information Science,
15(2001), 95-102.
[6] H.Kwakernaak, Fuzzy random variables-I, Definitions and theorems, Iformation Sciences, 15(1978), 1-29.
[7] R.E.Lillo, A.K.Nandha and M.Shaked, Preservation of some likelihood ratio stochastic orders by order statistics, Statis-
tics and Probability Letters, 51(2002), 111-119.
[8] M.L.Puri and D.A.Ralescu, Fuzzy Random variables, Journal of Mathematical Analysis and Applications, 114(1986),
409-422.
[9] M.Saked and J.G.Shanthikumar, Stochastic Orders, Academic Press, New York, (2007).
[10] J.G.Shanthikumar and D.D.Yao, The preservation of likelihood ratio ordering under convolution, Stochastic Processes
and their Applications, 23(1986), 259-267.
[11] H.M.Ramos-Romero and M.A.Sordo-Diaz, The proportional likelihood ratio and applications, Questiio, 25(2001), 211-
223.
[12] M.Shaked and J.G.Shanthikumar, Stochastic Orders, Academic Press, New York, (2007).
[13] Y.Yu, Stochastic ordering of exponential distributions and their mixtures, Journal of Applied Probability, 46(2010),
244-254.

684



	Introduction
	Preliminaries
	Shifted Proportional Fuzzy Hazard Rate Order
	References

