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1. Introduction

In this paper, we are concerned only with simple graphs, i.e., a finite, having no loops, no multiple and directed edges. Let
G = (V, E) be such a graph with vertex set V(@) and edges set E(G). As usual, we denote by n = |V| and m = |E| to the
number of vertices and edges in a graph G, respectively. The degree of a vertex v in a graphG, denoted by d(v), is the number
of vertices adjacent to v. For any vertex v of a graph G, the open neighborhood of v is the set N (v) ={u €V :wv € E(G).
For a subset S C V(G) the degree of a vertex v € V(G) with respect to a subset S is ds (v) = {N(v) N S}. Let G be a
simple graph with vertex set V = {v1,v2,vs,...,v,} and edge set E(G). A sub set C of V is called a covering set of G
if every edge of G is incident to at least one vertex of C'. Any covering set with minimum cardinality is called a minimum
covering set of G. For graph theoretic terminology we refer to Harray Book [7]. A set D C V(G) is called a dominating set
of a graph G if every vertex v € V (G) — D adjacent to some vertex in D.

The minimum cardinality of such set is called the domination number of G and denoted by v(G). A dominating set of
cardinality v(QG) is called a -set for G. A thorough treatment of domination in graphs can be found in the book by Haynes
at el. [8]. The domatic number d(G) of a graph G is the maximum positive integer k such that V(G) can partitioned into
k pair wise disjoint dominating sets. A partition V into pair wise disjoint dominating sets is called a domatic partition.
The concept of a domatic number was introduced by E.J.Cockayne at el. [4]. Let PZ = {D1 Ds,..., Dy} be the domatic
partition sets of V(G). Then, in present paper, we consider that v(G) = |Di| < |D2| < -+ < |Dg|, where |D;| is the
cardinality of domatic partite set D; for i = 1,2,...,k of a graph G.

The concept energy of a graph introduced by I. Gutman [5] in the year 1978. Let G be a graph with n vertices and m

edges and let A(G) = (ai;) be the adjacency matrix of G. The eigen values A1, Az,..., A, of a matrix A(G), assumed in
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non increasing order, are the eigen values of the graph G. Let A1, \2,..., A\t for ¢ < n be the distinct eigen values of G with
multiplicity m1,ma,...,m, respectively, the multiset of eigen values of A(G) is called the spectrum of G and denoted by
D VEED VR W
Spec (G) =
mip Mo - Mg

As A is real symmetric, the eigen values of G are real with sum equal to zero. The energy E(G) of G is defined to be the

sum of the absolute values of the eigenvalues of G, i.e, E (G) = Y |\i|. For more details on the Mathematical aspects of
i=1

the theory of graph energy we refer to [2, 6, 10]. The minimum covering energy, Ec(G) of a graph, which depends on its

particular minimum cover set C, introduced by C. Adiga et al. [1] in (2012). Where the minimum covering matrix of G is

the n X n matrix, denoted Ac (G) = (as;), where

1, if viv; € E;
ai; =4 1, if i =j and v; € C

0, otherwise.

Recently, the partition energy of a graph was introduced by E.Sampathkumar et al. [11] in (2015). Let G be a graph
and P, = {V4,V2,...,Vi} be a partition of its vertex set V(G), the partition matrix of G is the n X n matrix, denoted
Ap (G) = (aij), where

2, if v; and v; are adjacent where v;,v; € V3
—1 if v; and v; are non-adjacent where v;,v; € V;;
Aij =
1, if v; and v; are adjacent between the sets v, and V; for r # s, where v; € V. and where v; € Vs

0, otherwise.

Motivated by these papers, we introduce domatic energy of a graph, denoted by FE4(G). The domatic energies of some
standard graphs are computed. Some properties of the domatic energy and also Upper and lower bounds for E4(G) are
established. It is possible that the minimum monopoly energy that we are considering in this paper may be having some

applications in chemistry as well as in other areas. The following results appear in paper [4].
Proposition 1.1.

(a). For any graph G, d(G) < d+ 1.

(b). d(G) > 2, if and only if G has no isolated vertices.

(¢). For any tree T with n > 2 vertices, d (T') = 2.

Lemma 1.2. Let G be a graph with n vertices and let P} = {D1 Da,..., Dy} be the domatic partition sets of V(G). If

IDi| = |Da| = ... |Di| = 4(G), then d(G) = &

Proposition 1.3. Let G be a graph with n vertices and let PE = {D1, Da, ..., Dy} be the domatic partition sets of V(G).
d(G)
Then Y. |Di|* > ﬁ;) the bound attains on the complete graphs K,, n > 2 and on the cycle C,, for n =0 mod 3.

i=1

Corollary 1.4. Let G be a graph with n vertices and let P§ = {D1,Da,..., Dy} be the domatic partition sets of V(G).

d(Q)
Then |Di\2 > d"—jl the bound attains on the complete graphs K,, n > 2 and on the cycle C,, for n =0 mod 3.
i=1
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2. The Domatic Energy of Graphs

Let G be a graph with n vertices and let P¢ = {D;, Da,..., Dy} be the domatic partition sets of V(G), such that v (G) =

|D1| < |D2| < --- < |Dg|. Then a domatic matrix of G is the n X n matrix, denoted Aq4 (G) = (d;;), where

1, if v,v; € E;
dij =4 |D;|, ifi=j and v; € Dy;

0, otherwise.

The Characteristic polynomial of A4 (G), denoted by f, (G, ), is defined as f,, (G, A) = det (A\] — A4 (G)). The domatic

eigenvalues of G are the eigenvalues of A4 (G). Since Ag (G) is real and symmetric, its eigenvalues are real numbers and

n

we label them in non-increasing order A1 > A2 > ... \,. The domatic energy of G is defined as Eq (G) = > |\i|. We first
i=1
compute the domatic energy of a graph G in Figure 1

L L]
(- G

1, Oy

3

Figure 1. Graph G

Example 2.1. Let G be a graph in Figure 1, with vertices vi,va,vs,va. Then the domatic partition PE of G is equal to

{v2},{va},{v1,v3} and hence the domatic matriz of G is

2101
1111
0121
1111

The Characteristic polynomial Ag (G) isfn (G, ) = A* — 6X +8)\2. Then the domatic eigenvalues of G are A\1 = 4, Ao = 2

and A3 = Ay = 0. Therefore, the domatic energy of G is Eq (G) = 6.

3. Some Properties of Domatic Energy of Graphs

In this section, we introduce some properties of Characteristic polynomials of domatic matrix and some properties of domatic

eigenvalues of a graph G.

Theorem 3.1. Let G be a graph with n vertices, m edges and domatic number d(G) and let f, (G,\) = coA™ + c1 A" ! +

c2A""2 4+ ... 4 ¢, be the Characteristic polynomial of the domatic matriz of G . Then
(1) Co = 1.

a(G) 5
(2) Cl = — ; |D,| .
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(8). 2= > |Dil|Dj| —m.
1<i<j<d(G)

Proof.

(1). From the definition of the Characteristic polynomial f, (G, \).

(2). Since the sum of the determinants of all 1 x 1 principal sub-matrices of Aq (G) is the trace of A4 (G), which evidently
is equal to > 4 = 1™ |D;|, where D; is a domatic partite set which contain a corresponding vertex v; in G for every
i =1,2,...,n. Hence, if D;, for every i = 1,2,...,d(G) contains k vertices, i.e., |D;| = k, then > i =1"|D;| =
d(@)
i =14Dk|D;| = i = 1"|Dy|?. Thus, (=1)'c: = 3 |Dif*
i=1

(3). (=1)%¢z is equal to the sum of determinants of all 2 x 2 principal sub-matrices of Aq (G), that is

Qi Qi

=) = > (auaj; — aiag)
1<i<j<n | Qji Qjj 1<i<j<n
_ 2
= @il — aij
1<i<i<n 1<i<j<n
= D |Di| |D;| = m.
1<i<j<d(G)

Theorem 3.2. Let A1, A2, ..., \n be the eigenvalues of Aq (G). Then

n d(G) 5
(1) XX = % D
d(G)

(2). A% = X |Dil* +2m.

i=1

Proof.

(1). Since the sum of the eigenvalues of A4 (G) is the trace of A4 (G), which evidently equal to Y. i = 1"|D;|, where D;
is a domatic partite set which contain a corresponding vertex v; in G for everyi = 1,2,...,n. Hence, if D;, for every

1=1,2,...,d(G) contains k vertices, i.e., |D;| = k, then

Si=1"Di] = i =1"Dk|D;| = i = 17Dy,

n n a(G)
Therefore, S A\ = S au = Y. |Dil>.

=1 =1 =1

(2). Similarly the sum of squares of the eigenvalues of Ag (G) is the trace of (Aq (G))*. Then

d(G)

S =3 e = Yt Sasa =D 4230 = 30 ¢ am
i i=1 j=1 i=1 ] jioooi=l i<j i=1

O

Theorem 3.3. Let G be a graph with n vertices and m edges and let A\1(G) be the largest eigenvalues of Aq(G). Then

Al(G)Zﬁ—i—QTm.

=
(=}
[N~}
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Proof. Let G be a graph with n vertices and let A; be the largest eigenvalues of A4 (G). Then from [2] we have A1 =

1
1

1)1(12)0( {%}, where X is any nonzero vector and X'is its transpose and A is a matrix. If we take X = J = ]I
1

PHG) = {D1,Da,...,Dy}, then we have

n n n
;CLM“F Z'aija S Di? + 2m
1= =7 ji i=1 n 2m

t
L T Aa(G)T _ N L m

A
! JtJ n n —d+1 n

O

Theorem 3.4. Let G be a graph with n vertices. If the domatic energy Eq (G) of G is a rational number, then Eq4(G) =
aa)

S |Ds|? mod 2.

i=1

Proof. Let A1, A2, ..., A be domatic eigenvalues of G. If A1, g, ..., \, are positive and the rest are non-positive, then

STNl=u+de 4+ A) =14+ X)) =2+ o+ +A) = (M + Ao+ + M)

aG)
Hence by Theorem 3.2, we have F4 (G) =2 (M + X2 +---+ X\) — 3 |Di|?. Since A1, Az, ..., A are algebraic integers, so is
=1

their sum. Therefore, (A1 + A2 + -+ + Ar) must be integer if Ea (G) is rational. Hence, the Theorem holds. O

4. The Domatic Energies of Some standard Graphs

In this section, we compute the exact values of the minimum monopoly energy of some standard graphs.
Theorem 4.1. For the complete graph K, , for n > 2, the minimum monopoly energy is Eq (K,) = n.

Proof. Let K, be the complete graph with vertex set V = {v1,vy,...,v,}. Since every vertex v of K, is a dominating

set of K,,. Hence, P (G) = {{v1},{v2},...,{va}}. Then,

11 - 1
Ap (Kn) =
11- 1
nxn
The respective characteristic polynomial is
A—1 -1 —1
—1 A=1 - -1 )
frn (Kn, M) = . . ) ) =A""V (A =n).
~1 -1 - A-1
nxn
The domatic spectrum of K,, will be written as
0 n
D Spec (Kn) =
n—11
Hence, the domatic energy of a complete graph is Eq (K,) = n. O

~
S
b
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Theorem 4.2. For the complete bipartite graph K, forr < 2 with n = 2r vertices, the domatic energy is Eq (Ky,r) = 3n—4.

Proof.  For the complete bipartite graph K, ., for r < 2 with vertex set

V ={vi,v2,...,0r,u1,U2,...,Ur}.

The domatic partition is PZ (K,.,.) = {{vi,u:} : for every 1 <4 < r}. Then

20 0 11 1
0 2 0 11 1
00 2 11 1
Ad (K'r,'r) =
11 1 20 0
11 1 02 0
11 1 00 2
2rX2r
The Characteristic polynomial of A4 (K, ) is
A—2 0 0 11 1
0 A—2 0 11 1
0 0 A—2 11 1
fn (Kr,m A) =
1 1 1 20 0
1 1 1 0 2 0
1 1 -1 00 -+ A—2
2rXx2r
=A+(r—2)A—(r+2)(A-2)?
2 r4+2 —(r-2)
and D Spec (K,,) = . Hence, Eq (Krr)=202r —2)4+r+2+r—2=6r—4=3n—4. O
2r—2 1 1
Theorem 4.3. For a star graph K1, n > 2 the domatic energy Aq (K1) =n? + 1.
Proof. Let Ki, be a star graph with vertex set V = {vo,v1,v2,...,vs}, where v is the center vertex. The domatic

partition of K1 is P (K1,n) = {{vo},{v,,v2,...,vn}}. Then

1n0---0
Ad(Kl,n): 10n -

o

(n+1)x(n+1)
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The Characteristic polynomial of Aq (K1) is

A—-1 -1 -1 -1

-1 A—-n O 0
fn(Kin),A\) = —1 0 A—n --- 0

-1 0 0 - A—n

(n+1)x(n+1)

and

D Spec(K1,n) =
Therefore, the domatic energy of a star graph is
Ei(Kin)=m+1)+nn—-1)=n’+1.

O

Definition 4.4. The double star graph Sp ., is the graph constructed from union Ki, and Ki . by join whose cen-
ters vo with uo. Then V (Spm) = V(Kin) UV (K1m) = {vo,v1,...,0n, U0, UL, ... Um} and edge set E (Spm) =

{vouo, vovi, uou; /1 <i<n,1 <j<m}.

Figure 2. Double Star Graph

Theorem 4.5. For the double star graph Sy with t > 1, the domatic energy is Eq (St,t) = 4% + 2t + 4.

Proof.  For the Double star graph S;; with V' = {vo,v1, ..., v¢, uo, u1, ..., us } the minimum dominating set is M = {vo,uo}.
Then the domatic partition of S is P (St,t) = {{uo,vo}, {ur,uz, ..., us,va,...,v¢}. Hence
2 1 1 11 00 0
12t 0 .00 00 0
100 ...200 00 .0
Aa(Se)=] 100 ... 02 11 ... 1
000 ...01 200 _ o
000 01 o o0 2

2t X2t

~
S
&
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The Characteristic polynomial of Aas (St,¢) is

A-2 -1 -1 -1 ~1 0 0 0
-1 A—=2t 0 0 0 0 0 0
-1 0 0 ... A—2t 0 0 0 ... 0
fn (Set),\) =| —1 0 0o ... 0 A—2 -1 -1 ... -
0 0 0 [ A—2t 0 0
0 0 0 0 -1 0 0 ... N—2t
2t X2t

= (A = (2t +3)A+5) (A — (2t + D) A +1) (A —20) 2

Then the domatic spectrum of S is

op  (ZEB)TVAZ B9 (2043) /4128149 (204 1)4\/42 1 (2041) 444211
2

2 2 2

D Spec(Sit) =

2t —2 1 1 1 1
Hence, the domatic energy of S+ is Eq (Stt) = 4% + 2t + 4. O
Definition 4.6. The crown graph S5 for an integer n > 3 is the graph with vertex set {u1,usz, ..., Un,v1,V2,...,0n} and

edge set {uv; : 1 <, j <m, i#j}. Therefore SO coincides with the complete bipartite graph K, ,, with the horizontal edges

removed.
Theorem 4.7. For n > 3, the domatic energy of the crown graph SO is Eq (52) =4n.

Proof.  For the crown graph SO with vertex set V = {u1, u2,...,Un,v1,v2,...,vn}, the subset D = {u;v; : 1 <i<n}isa

minimum dominating set of S3. Then P¢ (S9) = {{us,v;} : 1 <4 < n}. Hence,

210 0. 00

120 0 00

002 1. 00

001 2. 00
Aa (Sn) =

000 O 21

000 O 12

2nx2n
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The Characteristic polynomial of A s (52) is

A—2 -1 0 0 0 0
-1 A—2 0 0 0 0
0 0 -2 -1 0 0
o 0 0 -1 A—2 0 0
In (Sn) 7)‘) =
0 0 0 0 .o A=2 -1
0 0 0 0 e -1 Ax-2
2nXx2n
=A"TA=2)" (A —2n).
0 2 2n
Then, the domatic spectrum of S° is D Spec (Sg) = . Therefore, the domatic energy of SO is Eq4 (52) =
n—1mn 1
4n. (I

5. Bounds on Domatic Energy of Graphs

In this section we shall investigate with some bounds for minimum monopoly energy of graphs.

Theorem 5.1. Let G be a connected graph with n vertices, m edges and domatic number d (G). Then

d(@) (@)
2m+ Y |Di* < Ea(G) < |n|2m+ > |Dif?
i=1 =1

Proof. Let G be a connected graph with n vertices, m edges and let P = {D1, Da,..., Dy} be the domatic partition sets

of V(G), such that A (G) = |D1| <|D2| < --- < |Dg|. Consider the Cauchy-Schwartiz inequality

(Bem) = (5) ()

By choose a; =1 and b; = |A;| and by Theorem 3.2, we get

n 2 n n d(G)
(Eq(G))* = <Z|/\,-|> < <Z 1) (Z /\1-2) <n|2m+ Y |Di?

i=1 i= i=1

n

2 n
Therefore, the upper bound holds. Now, since (Z |)\Z|> > S A2, it follows by Theorem 3.2, that
i=1

=1
d(G)
(Ea(G)* = 2m+ > |Dif*.

=1

Therefore, the lower bound holds. O

Theorem 5.2. For a connected graph G with n vertices, m edges and domatic number d (G). Enx (G) > \/Qm +d(G)A(G)?.

~
(=}
~
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Proof. Let G be a connected graph with n vertices and m edges and let P = {D1,D>,...,Di} be the domatic partition

sets of V (@), such that A (G) = |D1| < |D2| < ...|Dk|. By Theorem 5.1, we have

d(G) d(G)

Eq4(G) 2m+ Y |Di* >\ [2m+ > A(G)?
i=1 i=1

v

= \2m+d(@) A (G
0

Similar to Koolen and Moulton’s [9] upper bound for energy of a graph, upper bound for Ea (G) is given in the following

theorem.

Theorem 5.3. Let G be a graph of order n and size m. Then

d(G) 2
2m n 3 2m n
<=+ - > IDiP - (==
Ed(G)_(n +d—|—1)+ (n—1) [2m+ | D;| (n +d+1)

=1

Proof. Consider the Cauchy-Schwartiz inequality

(Ben) = (5) (£)

n 2 n n
By choose a; =1 and b; = |A;], we have (Z |)\,|) < ( 1) (Z )\i2) . Hence, by Theorem 3.2, we have
=2 i=2

=2

(3

a(G)
(B (G) = M)> < (n—1) | 2m + Z IDif* — Ai2
=1

Therefore,

d(@)
Ea(G) <M+ |(n=1)|2m+ > [Dif* = A2
=1

a(G)
From Theorem 3.3, we have A, > 2% 4 241 Since f(z) =z + ,|(n—1) (Qm + z:l |Di|?* — x2> is a decreasing function,

1=

we have f (A1) < f (2’” + #) Thus, By (G) < f (M) < f (2m + #) Therefore,

n n

d(G) 2
2m n 3 2m n
< | — [ — i = — [
E; (G) (n er 1)+ (n—1) [2m + E | D;| (n +d 1)

=1

Theorem 5.4. Let G be a connected graph with n vertices and m edges. If D = det(Aq (G), then

d(G)
Eq(G) > y|2m+ 3" [Dif* +n(n—1)D%.

i=1
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Proof. Since (E4(G))* = (Z |/\1\> = (Z |/\Z\> (Z |)\2|) = > |Xi| +2> |Ail |Aj]- Using the inequality between the
i=1 i=1 i=1 i=1 i<j

1= 1<J
arithmetic and geometric means, we get

1/[n(n=1)]

1
— il |Aj] 2 il | A
LSS (T

i#] i#]
Hence, by this and Theorem 3.2 we get

n 9 1/[n(n—1)]

(Ba(@)* =Y Nl +nn—1)| TTININ
i=1 i£j

>2(n—1)1/[n(n1)]

n 2
> Nl +nn—1) (H Al
i=1 i=j

n 2 2/n
=> Ml +nm-D|[[N
i=1 i=j
d4(G)
=2m+ > [Dif* +n(n—1)D"
=1 0
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