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Abstract: Let G be a non-trivial connected graph on which is defined a colouring ¢ : E(G) — {1,2,3,...,k}, k € N of edges of G,
where adjacent edges may be coloured the same. A path P in G is a rainbow path if no two edges of P are coloured the
same. G is rainbow-connected if it contains a rainbow u — v path for every two vertices v and v of G. The minimum k
for which there exists such a k-edge colouring is called rainbow connection number of G, denoted by r.(G). In this paper
we determine r(G) for some brick product graphs C(2n,m,r) associated with even cycles for m = 2.
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1. Introduction

Let G be a nontrivial connected graph with an edge coloring ¢ : E(G) — {1,2,3,...,k}, k € N where adjacent edges may be
colored the same. A path in G is called a rainbow path if no two edges of it are colored the same. An edge colored graph G is
said to be rainbow connected if for any two vertices in G, there is a rainbow path in G connecting them. Clearly, if a graph
is rainbow connected, then it must be connected. Conversely, any connected graph has a trivial edge coloring that makes it
rainbow connected, i.e., a coloring such that each edge has a distinct color. The minimum k for which there exists a rainbow
k-coloring of G is called the rainbow connection number of G, denoted by r¢(G). If u and v are any two vertices in G, a
rainbow u — v geodesic in G is a rainbow u — v path of length d(u,v). G is termed strongly rainbow connected if G contains
a rainbow u — v geodesic for every pair of vertices v and v in it. The concept of rainbow connection number was introduced
by Chartrand et.al. [2] in 2008. The rainbow connection number of line graphs and some upper bounds for the same were
studied by Li and Sun in [3] and [4]. The rainbow connection number of the fan graph, sun graph, gear graph, book graph
and cycle-chain graph was obtained by Syafrizal et.al. in [5] and [6]. Various results on the rainbow connection number can
be found in [7—10]. An overview about the rainbow connection number can be found in a book in Li and Sun in [11]. In [1],
Alspach et.al. have proved that brick product graphs associated with even cycles C2,, are Hamiltonian laceable, in the sense
that any two vertices at an odd distance apart have a Hamiltonian path. Brick product graphs of even cycles, introduced
by Alspach et.al., are a class of three regular graphs that exhibit interesting graph properties. Some results on the rainbow
connection number of brick product graphs and modified brick product graphs have been determined by Srinivasa Rao and

Murali in [12-14]. We begin with the formal definition of the brick product graph [1] associated with an even cycle.

Definition 1.1. Let m, n and r be a positive integers. Let Cay, = vo,V1,...,V2n—1,V2n = Vo denote a cycle of order 2n. The

(m,r) brick product of Carn, denoted by C(2n,m,r) is defined in two cases as follows:
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1. For m = 1, we require that r be odd and greater than 1. Then C(2n,m,r) is obtained from Can by adding chords

vok, (Vok4r), kK =1,2,...,n, where the computation is performed modulo 2n.

. For m > 1, we require that m + r be even. Then C(2n,m,r) is obtained by first taking the disjoint union of m copies

of Can, namely C2n(1),C2n(2),...,Con(m) where for each i = 1,2,...,m, Coyn (i) = vi1, Vi2, ..., Vizn, Vio. Next for
each oddi=1,2,...,m—1 and each even k =0,1,2,...,2n—2, an edge (called a brick edge) is drawn to join (v;,vi)
to (vit1,vk) whereas for each even i = 1,2,...,m — 1 and each odd k = 1,2,...,2n — 1 an edge (also called a brick
edge) is drawn to join (vi,vx) to (vi41,vk). Finally, for each odd k =1,2,...,2n — 1, an edge (called a hooking edge)
is drawn to join (vi,vk) t0 (Vm,Vktr). An edge in C(2n,m,r) which is neither a brick edge nor a hooking edge is

called a flat edge.

——e—% (1,0)

(11) == . -
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Figure 1. The brick product graph C(12,2,4)

Definition 1.2. A graph G is termed k-strongly (k*-strongly) rainbow connected if for every pair of vertices (at least one

pair of vertices) u,v such that d(u,v) = k, there exists a rainbow path where 1 < k < diam G. By definition, every strongly

rainbow connected graph is 1-strongly rainbow connected.

2.

Results

Theorem 2.1. Let G = C(2n,2,r). Then, forr =4 andn > 5, r.(G) =n+ 1.

Proof.  Consider two copies of Ca,, namely C,(1) and C2,(2). Let (Vo)1, (V1)1, (Va)1,..., (Van)1 = (Vo)1 be the vertices

of the cycle Ca, (1) and let (Vp)2, (V1)2, (V2)2,..., (Van)2 = (Vo)2 be the vertices of the cycle (C2n)2. Let the edges of G be

FE =F,UEFE>UEFE3UFE; U Es where

By = {(e)1/(ei)r = ((0)1, (041)1);0 < i < 2n} under modulo 2n.

By = {(e:)2/(e:)2 = (v3)2, (vi41)2);0 < i < 2n} under modulo 2n

B3 = {(esi)/(ers) = ((v3)1, (v)2);0 < i < 2n — 2, where i is even} (Brick edges)
Es = {(eni)/(ens) = (v2i41)1, (vai15)2) for0 < i < m — 2} (Hooking edges)

Es = {(enir)/(enir) = ((v2i41)2, (Vant2:-3)1);t = 0,1} (Brick edges)

Now, let us define a colouring C to the edges of G as follows: C : e(G) — {1,2,3,4,...,n,n + 1} such that

~

i, for1<i<n
C:(ei)lz
i—n, forn+1<i<2n
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(n+1)—4, for1<i<n
01(61)2:

2n+4+1)—i, forn+1<i<2n
C:(epi) =(n+1),0<i<2n—2, whereiiseven
C:(eni)=(n+1),0<i<n—2 and

C(em/):(n—&-l),ogzgl

Using this assignment of colours it is clear that 7.(G) = n+ 1. (An illustration for the assignment of colors in brick product

C(10,2,4) is provided in figure 2)

i)~ 2 3 g s 1 2 3 A0,

AN 7 3 Z ()i ° 4 3 2_—""(v,),

Figure 2. Assignment of colors in C(10,2,4)

Theorem 2.2. Let G = (2n,2,7). Then, forr =6 and n > 5, r.(G) =n+ 1.

Proof. We consider the vertices of G as in Theorem 2.1. Let the edges of G be E be E = E1 UE; U Es U Eq U E5, where

Er ={(ei)1/(ei)1 = ((vi)1, (vi+1)1); 0 <4 < 2n} under modulo 2n.
Fa = {(e)2/(e1)2 = ((01)2, (vi41)2);0 < i < 2n} under modulo 2n.
Es = {(e6:)/(€0:) = ((0:)1, (v1)2),0 < i < 2n — 2 where i is even }
Es = {(eni)/(eni) = ((v2it1)1, (v2it7)2) for0 < i <n—3}

Es = {(eni)/(enir) = ((v2i41)2, (Vant2i—5)1); 0 < i < 2}

Now let us define colouring C to the edges of G as follows: C : e(G) — {1,2,3,4,...,n,n + 1} such that

i, for1<i<n
C’:(ei)l—

i—n, forn+1<i<2n

(n+1)—i, forl1<i<n
C:(e)2 =

2n+4+1)—i, forn+1<i<2n
C:(epi) =(n+1),0<i<2n—2, whereiis even
C:(eni)=(n+1),0<i<n—4

C:(epy)=(n+1),0<i<2.

Using this assignment of colours it is clear that 7.(G) = n+ 1. (An illustration for the assignment of colors in brick product

C(26,2,6) is provided in figure 3)
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Figure 3. Assignment of colors in C(26,2,6)

Theorem 2.3. Let G = (2n,2,r). Then, forr =8 and n > 5, r.(G) =n+ 1.

Proof. We consider the vertices of G as in Theorem 2.1. Let the edges of G beE = E; U E> U E3 U E4 U E5 where

Er = {(e)1/ (e = ()1, (vi+1)1);0 < i < 2n} under modulo 2n.
By = {(ei)2/(e:)2 = ((v3)2, (vi41)2);0 < i < 2n} under modulo 2n.
Es = {(en)/(eni) = ((v3)1, (v3)2),0 < i < 2n — 2 where i is even }
Es = {(eni)/(eni) = ((v2it1)1, (v2it0)2) for 0 <i<n—4}

Es = {(ens)/(enir) = ((v2it1)2, (Vant2i-7)1);0 <4 < 3}

Now let us define colouring C to the edges of G as follows: C : e(G) — {1,2,3,4,...,n,n + 1} such that

i, for1<i<n
01(61)1—

i—mn, forn+1<i<2n

(n+1)—4, forl1<i<n
C:(ei)z—

2n+1)—i, forn+1<i<2n
C:(eri) =(n+1),0<i<2n—2, where i’ is even
C:(eni)=(n+1),0<i<n-—5

C:(eni)=Mm+1),0<i<3.

Using this assignment of colours it is clear that r.(G) = n+ 1. (An illustration for the assignment of colors in brick product

C(16,2, 8) is provided in figure 4)

, (vs) (v
0 1 2 3 4 s 6 7 8 1 2 s 4 5 6 Lo
) 8 6 7 3 5 3 3

- ! ° 4("6);3 voE (V1) ¢ Vo)

Figure 4. Assignment of colors in C(16,2,8)
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Theorem 2.4. Let G = C(2n,2,7). Then, forr >4 andn > 5, G is 2-strongly rainbow connected.

Proof. We have the following cases:
Case 1: For every u,v,w € Ca2,(1) or C2,(2) such that u — v — w is a path of length two, the edges (u,v) and (v, w) are

assigned with colours as in Theorem 2.1, i.e.,

i, 1<i<n
C : (ei)10r(ei)2 = (1)
t—n, n+1<1<2n

From this assignment of colors, it is clear that u — v — w is a rainbow path.

Case 2: For every u € C2,(1) and v,w € C3,(2) such that u — v — w is a path of length two, the edge (u,v) is assigned
with the color (n + 1) and, for the edge (v, w) we consider the coloring in (1) above. From this assignment of colors, it is
clear that u — v — w is a rainbow path.

Case 3: For every u € C2,(2) and v,w € C3,(1) such that u — v — w is a path of length two, the edge (u,v) is assigned
with the color (n + 1) and, for the edge (v, w) we consider the coloring in (1) above. From this assignment of colors, it is

clear that u — v — w is a rainbow path. O

Consider the graph G = C(2n,2,r). For r > 4 and n > 5, G is only 3*-strongly rainbow connected since for (v1)1, (v1)2 € G,
we have d((vi)1,(v1)2) = 3 and (v1)1 — (v2)1 — (v2)2 — (v1)2 is a rainbow path. But, for (v7)1,(vs)2 € G again we have
d((v7)1, (vs)2) = 3 but (v7)1 — (ve)1 — (ve)2 — (vs)2 is not a rainbow path (figure 2). This observation leads to the following

result:

Theorem 2.5. Let G = C(2n,2,7). Then, forr >4 and n > 5, G is 3*-strongly rainbow connected.

3. Conclusion

In this paper, we obtain the rainbow connection number of some brick product graphs C(2n,m,r) for m =2 and r =4, 6
and 8. We also show that for m = 2 and r = 4, the brick product graphs are 2-strongly rainbow connected and 3*-strongly

rainbow connected respectively.
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