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1. Introduction

Fixed point theory plays an important role in functional analysis. This is a very extensive and wider field. The concept
of a metric space was introduced by M. Ferchet [12]. Fixed point theory beginning from Banach contraction principle of
Banach [2] (1922) with complete metric spaces as a background and went back to Brouwer fixed point theorem of Brouwer
[7, 8] (1910) with R™ as background. It has wider applications in differential and integral equations in mathematical science
and engineering. Many authors have extended, generalized and improved Banach’s fixed point theorem in different ways.
The study of the existence and uniqueness of common fixed point of mappings satisfying contractive type condition has
been a very active field of research. Obtaining fixed point theorems for self-maps of a metric space by altering distances
between the points with the use of certain continuous control functions is an interesting aspect. The fixed point theorems
related to altering distances between points in complete metric spaces have been obtained initially by D. Delbosco [11] and
F. Skof [23] in 1977. M. S. Khan et al. [15] initiated the idea of obtaining fixed point of self maps of a metric space by
altering distance between the points with the use of a certain continuous control function. K. P. R. Sastry and G. V. R.
Babu [21] discussed and established the existence of fixed points for the orbits of single self-maps and pairs of self-maps by

using a control function. K. P. R. Sastry et al. [20, 22] proved fixed point theorems in complete metric spaces by using a
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continuous control function. B. S. Choudhury et al. [9, 10], G. V. R. Babu et al. [3, 4, 5, 6], S. V. R. Naidu [16, 17], K. P. R.
Rao et al. [18, 19] proved some common fixed point results by altering distances. Aliouche [1] proved common fixed point
results in symmetric spaces for weakly compatible mappings under contractive condition of integral type. Hesseni [13,14]
used contractive rule of integral type by altering distance and generalized common fixed point results. Recently, Mishra
et al. [24] proved two common fixed point theorems in metric spaces by altering distance function. The main aim of this
paper is to prove the existence and uniqueness of common fixed points of two pairs of sub compatible mappings by using a
generalized altering distance function of five variables and apply them to integral type inequalities. As a result, we obtain

the results of Vishnu Narayan Mishra et al. [24] as corollaries of our results.

2. Preliminaries

Definition 2.1 ([15]). A function ¢ : [0,00) — [0,00) is called an altering distance function, if it satisfies following

conditions.

1. ¢ (t) is monotonically increasing and continuous.

2.9 ()=04ft=0.
Definition 2.2. A function ¥ : R™" — RT = [0,00) is called a generalized altering distance function on R*" if ¥ is
continuous, monotone increasing in each variable and

Y(x1,22,...,2n) =0 if and only if t1 =22 =+ =2, =0.

The collection of all generalized altering distances is denoted by V,. Suppose ¥ € ¥,,. Now we define a function ¢y (y) by
bu(y) = ¥, y, ..., y) fory € [0,00). Clearly ¢4 (y) =0 if and only if y = 0.

Definition 2.3. Two maps p,q : X — X of a metric space (X,d) are called sub compatible if there exists a sequence {x,}

in X such that

lim p(z,) = lim q(z,) =t, t € X = lim d(pgzn, gpz,) = 0.
n— oo

n—00 n— oo

3. Main Result

Now we state and prove our first main result.

Theorem 3.1. Let (X,d) be a complete metric space and 1,12 € ¥s. Suppose U,V : X — X are such that for all x,y € X

p1(d(Uz,Vy)) < (d (z,9),d(Uz,z),d(Vy,y), % {d(Vy,z) +d(Uz,y)}, %{d (z,y) + max{d (z,Uz),d (y, Vy)}})

— b ((e) A (U0,2) V). 5 {8 V00) + AU, )} 000) + maxfd (0,02, d 0V} ) (1)

where 1 (a) = Y1 (o, o, a, 0, ), @ € [0,00). Then U and V' have a unique common fized point in X.

Proof. Suppose

zo € X.

z1 = Uz

~
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xo=Vx1....
Inductively,
Ton+1 = Uman (2)
Tont2 = VZant1 3)

Let £ = Ton+2 and y = Tan+1. Substituting for z and y in (1). We get,

d(T2n42, Tant1) , d (U2nt2, Tany2) , d (VE2nt1, Tant1) ,
¢1 (d (Uzanta, Vroni)) < 91 ${d(Vaani1,xant2) + d (Uzani2, T2nt1)},

3{d (z2n+2, Tan 1) + max{d (v2nt2, Ur2ni2) ,d (Tant1, VEani1)}}

d(z2nt2, Tant1), d(Ukany2, Tant2), d(Vo2ni1, Tant1),

— s 3 1d(Varnn, w2012) +d(Uzansz, @2001)},

%{d (zan+2, Tont1) + max{d (v2n+2, Uzant2),d (xant1, VZony1)}}
From equations (2) and (3)

d(T2nt2, Tant1), d(T2nt3, Tany2), d(T2nre, T2ni1),
©1 (d (2043, Tant2)) < Y1 L{d (zant2, Tan+2) + d(T2ns3, Tang1)},

1d (z2nt2, ons1) + max {d (Tant2, Tonss),d (Tans1, Tant2)} ]

d(T2nt2, Tant1), d(T2nts, Tant2), d(Tante, T2nt1),

— 2 3 {d (z2n42, 2042) +d (22043, T2nt1)}, @

3ld (Tans2, Tony1) +max {d (Tany2, Tanys),d (Tant1, Tani2)} ]

Write
d(mn, $n+1) = Qn (5)
From (4) and (5) we get,
A2n+1,0a2n42, A2n41, % {d(z2n+3,T2n+1)}, A2n+1, G2n+2,02n41, % {d (z2n+3,T2n+1)},
@1 (aznt2) < i —
% {a2n+1 + max {azn+2, a2n+1}} % {a2n+1 + max {azn+2, a2n+1}}
1 1
A2n+1, 2n+2, Q20415 5 [G2n+1 + G2nt2] A2n41, A2n+42, A2n+1y 5 [A2n+1 + 2nt2]
o1 (a2n+2) S 1’[)1 n 5 n 9 n )3 n n 3 _ ¢2 n 3 n 3 n ) n n y (6)
%[a2n+l + max {azni2, G2n+1}] %[a2n+1 + max {azn42, A2n+t1}]

1
A2n+1, 02042, A2n+1, 5 [a2n+1 + a2n+2}
<Y1 (o, 00,0, ) — 2 ' ’ 2 ’ where o = max {azn+t2, 2041} (7)

3 [a2n41 + max {aznt2, aoni1}]

< o1 (a) — 1 a2n+1, A2n+2, A2n+1, % [a2n+1 + a2n+2],
% [a2n+1 + max {azni2, a2ni1} ]

1
a2n+1, A2n+2, A2n+1, 5 |G2n+1 + A2n42
Therefore, @1 (az2n+2) < @1 (a) (since 12 ntl, G2n42, G2ntl; 3 [a2n nt2] s £0)
% [a2n41 + max {azny2, A2ny1} ]

—~
oo
~

A2n42 < & = A2n42 < G2p+1
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Now let x = z2, and y = zan+1. Then from (1), we get

A2n, A2n, G2nt1, 3 {d (T2n, Tant2)}, A2n,A2n, A2n+1, 3 {d (T2n, Tant2)},
w1 (azn+1) < Y1 — 2
3 {a2n + max {azni1,a20}} 1 {azn + max {aznt1,a2n}}
A2n, A2n, A2n 41, % {azn + aznt1}, A2n, A2n, A2n 41, % {azn + aznt+1},
@1 (aznt1) < i — 12
1 {azn + max {azny1,a2n}} 1 {azn + max {azny1,a2n}}

1
Q2n, G2n, A2n+1, 5 {ag2n + a2n+1},

<Y1 (B,6,6,6,8 ) — 2 where B = max {azn, azny1} 9)

1 {azn + max {azni1,a2n}}

S $1 (6) —¢2(ﬁ75:57575)

1
Q2n, A2n41,02n 35 {a2n + a2n+1} s

Therefore, @1 (az2n+1) < @1 (B) (since 12 # 0). Therefore,

% {a2n + max {azn+1,a2n}}

aon+t1 < B = asgnt1 < azn (10)

From (8) and (10), we get, aznt2 < a2nt+1 < a2n. Hence, ant1 < an so that {a,} | strictly, say, to d. Therefore {¢1 (an)} |

strictly, say, to 6. On letting n — oo in (6), we get
P1 (6) S 1/)1 (55 63 67 67 6) - 1/12 (6; 57 63 57 5) =¥1 (6) — P2 (6)

Therefore, v1 (6) < w1 (8) — w2 (8) < 1 () if § > 0 a contradiction. Therefore, § = 0. But v = lim ¢1 (an) = ¢1 (6) =
n—o0

~v = 0. Therefore, an = d(zn,Tnt1) = 0. Now, we show that the sequence {z,} is a Cauchy sequence in X. For this we

first show that {z2,} is a Cauchy sequence. If {z2,} is not a Cauchy sequence then there exist € > 0 and natural numbers

{2m (k) ,2n (k)} such that k < m (k) <n(k), d (xgm(k),mgn(k)) >eand d (:CQm(k),xQn(k),g) <e.

€ < d (Tam(i)> T2n(k))

< d(T2mk)s Tanky—2) + d (Tank)—25 Tan(k))

IN

€+ d (Tank), Tank)—1) + d (T2nk) -1, T2n(k)—2)

Taking k — oo in the inequality, it follows that

lim (me(k),mgn(k)) =€ (11)

k—oo

Consider,

d ($2n(k)+17 1’2m(k)) <d (1’2n(k)+1, $2n(k)) +d (332n(k), $2m(k))

d ($2n(k)7 1’2m(k)) <d (xQn(k)7 332n(k)+1) +d (l‘2n(k)+17 $2m(k))

On letting k — oo we get,

lim sup d (T2n(k)4+1; T2mk)) < € and lim inf d(Tank)+1, Tame)) = € = lm d (Tan)+1, Tame)) = € (12)
k— 00 k— o0 k— o0

~
~
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Consider,

d (T2 (k)> T2m)—1) < d(T2nh)> T2m)) + d (T2mk)> T2m (k) —1)

d (T2 (k)> T2m@e)) < d (T2n(k)s T2m@)—1) + d (T2m k) -1, T2m (k) )
On letting k — oo we get,

lim sup d($2n k)> T2m(k)— 1) <e and hmklnf d(x2n<k),x2m(k) 1) >e= hm d(x2n<k),1’2m(k> 1) =€
k—oco

Consider,

d (T2n ()41, Tam)—1) < d (Tank)+1> T2mk)) + & (T2m k) Tamk)—1)

d (T2n(k)+1, Tame)) < d (Tan(k)+1 Tame)—1) + & (T2m)— 15 T2m())
On letting k — oo we get,

lim :ngo d (T2n(k)+1, T2mk)—1) < € and lim k:l—r>l£o d (T2n(k) 41, T2mky—1) > € = klgf)lo d (Tan(k)+1, Tam(k)—1) = €

Substituting & = Zap k) and y = Topky—1 in (1), we get

d (T2n(k)> T2m()—1) » & (T2n(e)+15 Tan(k)) s & (T2m(k)s T2m(e)—1) »
®1 (d (-T2n(k)+17 5172m(k))) < % {d (me(k), Ign(k)) +d (JSQn(k)_H,l‘Qm(k)_l)} ,

Ld (2n()» Tam(k)—1) + max {d (Tonm)s T2n@)+1) » & (T2mk)—1, Tamx)) }]

d (T2 (k)> T2m()—-1) » & (T2n()+15 T2n(k)) » @ (T2m(k)s T2me)—1) »

— 12 2 d (T2m)s Tank)) + d (Tan k)41, T2mk)—1) } »

Ld (T2n(k)s Tamr—1) + max {d (T2nm)s T2n)+1) > d (T2mx)—1, T2m)) } ]

(13)

(14)

On letting k — oo we get, ¢1 (€) < 91 (€,0,0,¢6,5) — 2 (€,0,0,¢, 5) (from (11), (12), (13) and (14)). Therefore, o1 () <

o1 (€) — 2 ((—:7 0,0,¢€, %) Therefore, 1 (€) < ¢1 (€) (since € > 0 and hence 12 (67 0,0,¢€, g) # 0) a contradiction. Therefore,

{z2n} is a Cauchy sequence. Similarly, we can show that {z2,+1} is a Cauchy sequence. Since a, = d(@n,Zn+1) — 0 as

n — oo, now follows that {z,} is a Cauchy sequence. Suppose {x,} — [. Substituting, © = x2, and y =1 in (1), we get

d(l‘zn, l) 7d(Ux2TL7:C2n) ) d(Vl7 l) ) % {d (Vl7 $2n) +d (Ux?na l)}7

¢1 (d(Uzan, V1)) < th
L{d (z2n,1) + max {d (w2n, Uz2n) ,d (I, VI)}}

-T2na Um2n>-r2n) 7d (Vlvl) 9 % {d (Vl,-TQn) + d(U$2n7 l)} )
1 {d (z2n,1) + max {d (w2n, Uz2n) ,d (I, V1) }}

_¢2

@1 (d (z2n+1, V1)) <t

:L'an ) $2n+1, l'zn) ,d (Vl7 l) ) % {d (Vlv x2n) +d ($2n+1, l)} )
3 {d (w20, 1) + max {d (z2n, x2ns1) ,d (I, VD) }}

mQ’M $2n+171‘2n) >d(Vl7 l) ) % {d (Vla xQW) + d(502n+1,l)} )
1 {d(z2n,1) + max {d (zan, T2n+1) ,d (I, V1) }}
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On letting n — oo we get,

o (VD) < d(,0),d1,1),d(VL,1), 1 {d(VI,1) +d(1,1)}, s d(,0),d(1,1),d(VL,1), 1 {d(VI,1) + d(1,1)},
L{d(1,1) + max {d (,1) ,d (I, V1) }} L{d(1,1) + max {d (,1) ,d (I, VI)}}

= (0.0,4(VLD, AL} G {0V ) ~ e (0.0.4(VLD)  {AVEDY . § 10, VDY)
=1 @VL0) = v (0.0.0 (VL) S {VLD} . 3 a0,V )
Therefore, p1 (d(V1,1)) < 1 (d(V1,1)) (if VI # 1) a contradiction. Therefore, VI = [. Therefore, [ is a fixed point of V.

Similarly, we prove Ul = [. Therefore, Ul = VI = [. Therefore, [ is a common fixed point of U and V. Suppose, h and [ are

common fixed point of U and V. From (1) we get,

, %{d(h, ) + max{d (h, UR) ,d (I, Vl)}})

o1 (d(Uh, V1)) <4 (d(h,l) yd(Uh,h),d(V1,1D), % {d(VI,h) +d(Uh,1)}
s ( (h,1) A (U, ) ,d(VE1), 3 {d(VER) +d(UR D}, 2 {d (b, 1) + max{d (b, UR) ,d(z,vz)}})
d(h,1),0,0,d (h,1), %d (h, l)) ) (d (h,1),0,0,d (h,1), %d (h, l))
= 1 (@) ~ b2 ((0.1),0,0.d(0,1) 3 (.0
Therefore, p1 (d (h,1)) < p1 (d(h,1)) (if h # 1) a contradiction. Therefore, h = [. Therefore, U and V have a unique common

fixed point in X. O

Corollary 3.2. Let (X,d) be a complete metric space and 11,12 € ¥s. Suppose U,V : X — X are such that for all z,y € X

o1 ((UV) <t (40,0, d(U2,0), (V). 5 {d(Vi0) + AU} 1 (5, 9) + d (o U}

2 (4(00) d(U,2) Vi) 5 V) 4 d U} Gl ) +d@UDY) (1)

where o1 (a) = Y1 (o, o, a, , ), « € [0,00). Then U and V' have a unique common fized point in X.

Proof.  Since (15) — (1), the result follows from Theorem 3.1. O
The following theorem is an application of Theorem 3.1 to integral type inequalities.

Theorem 3.3. Suppose (X,d) is a complete metric space and U,V : X — X be such that for all x,y € X

@1 (d(U=,Vy)) ¥1(d(z,y),d(U=,2),d(Vy,y), : {d(Vy,2)+d(Uz,9)}, § {d(z,y)+max{d(z,Uz),d(y,Vy)}})
/ (t)dt < / 0 () dt
0

0

W2 (d(e,y),d(Uz,2),d(Vy,y), 3 {d(Vy,2)+d(Uz,y)}, L {d(,y)+max{d(z,U),d(y,Vy)}})
-/ n(tydt  (16)
0

where 1,12 € Ws with @1 (a) = 1 (@, a, o, a, ), a € [0,00) and n: RT — R is a Lebesgue-integrable function, which is

non negative, summable, and fn t)dt > 0 for each € > 0. Then U and V have unique common fized point in X.

Proof. We first show that (1) holds for U and V. Suppose for some z,y € X, (1) does not hold. Then

1 (d(Uz,Vy)) > i <d($7y)7d(wa) d(Vy,y) *{d(Vy, )+d(Uw7y)}é{d(w,y) + max{d (, Uw)»d(y,Vy)}})
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o (4(0) d(U2,2) A Vi9). 5 {0 V0) 4 AU} G 000) + max{d (@, U)o d V) )
Write,

€= Y1 (d (Uﬁ?, Vy))
U1 (d(2,y),d(Uz,2),d(Vy,y), 5 {d(Vy, =) +d(Uz,y)}, 5{d (z,y) + max {d(z,Uz) ,d(y,Vy)} })

—2 (d(2,y),d(Uz,2),d(Vy,y), 5 {d(Vy,2) + d(Uz, y)},5{d(z,y) + max{d (z,Uz) ,d (y, Vy)}})

Then € > 0. By hypothesis, foe 1 (t) dt > 0. Therefore,

p1(d(Uz,Vy)) Y1 (d(z,9),dU=,2),d(Vy,y), 3 {d(Vy,2)+d(U=,y)}, 3 {d(,y)+max{d(z, Uz),d(y,Vy)}})
/ n(t) dt >/
0

0
/wz (d(@v),d(Uz,x),d(Vy,y), 5 {d(Vy,2)+d(Uz,y)}, 3 {d(z,y)+max{d(z, Uz),d(y,Vy)}})

0

a contradiction. Therefore,

o1 @0 V) < 0 (o) AU, 2,0 (Vi) 1V 0) + AU}, o) + max{d (0, Ua) d V) )

b (@(.9) A W), 0 (Vi) 5 (4 (V9) 4 d(U) 5 {d ) + el (2,U2) 0 (V) )

Thus (1) holds for U and V. Therefore, by Theorem 3.1, U and V have a unique fixed point. O
Now we have the following Corollary which is due to Mishra et al. [24].
Corollary 3.4 ([24]). Suppose (X,d) is a complete metric space and U,V : X — X be such that for all x,y € X

o1(d(Uz,Vy)) 1 (d(9),d(U,2),d(Vy,9), } {d(Vy,2)+d(Uz,9)}, 3 {d(@,9)+d(z,U)})
/ n(t)dt < /
0 0

/wz(d(z,y),d(Uzm,d(Vy,y),;{d(Vy,z>+d<Uz,y)},;{d(z,y>+d(z,Uz>})

0

where 1,v2 € Us with o1 (o) = Y1 (o, @, a, 0, ), « € [0,00) and n: Rt — RT is a Lebesgque-integrable function, which is

non negative, summable, and foe n(t)dt > 0 for each € > 0. Then U and V have unique common fized point in X.
Proof. This follows from Corollary 3.2. O
Now we extend Corollary 3.2 to four maps.

Theorem 3.5. Let (X, d) be complete metric space and f,g,U and V be four mappings from X to itself such that

o1 (d(fz,gy)) < (d(U@% Vy),d(Uz, fx),d(Vy,gy), 5[d(gy, Uz) + d (fz,Vy)], [d(Uz, Vy) + d(Uw,ffv)])

N = o~
[ I TS

— 1 (d(U:v,Vy),d(Ua?,f:v),d(Vy,gy), [d(gy,Uz) +d(fz,Vy)], [d(Uw,Vde(Uw,fw)]) (17)

for all z,y € X, where 11,92 € Us with v1 (o) = Y1 (o, o, @, a, ), for a € [0, 00).

(1). One of the four mappings f,g,U and V is continuous.

(2). (f,U) and (g,V) are sub compatible.



Common Fixed Point Theorems on Metric Space for Two and Four maps Using Generalized Altering Distance Functions in Five Variables and
Applications to Integral Type Inequalities

(3). [(X) SV (X) and g(X) C U(X).

Then f,g,U and V have unique common fized point in X .

Proof. Let s € X. Then there exist ¢ and r such that

fs=Vt (18)

gt=Ur (19)
From (17), (18) and (19), we get

[d(gt,Us)+d(fs, fs)],=[d(Us, fs) —l—d(Us,fs)])

N | =

o1 (d(f3,9t)) < v (d (Us, f5),d(Us, fs) d (fs,gt)

o= NI

[d(Us, fs)+ d(Us,fs)])

N =

% (d (Us, fs),d(Us, fs),d(fs,gt), -[d(gt.Us) +d (fs. F5))

=1 (d (Us, fs),d(Us, fs),d(fs,gt),=d(gt,Us) 7d(Us,fs))
—a (4. £9) A(Us. 9,0 (F5,0) 01, 09) AU, 1))

< (d (Us, fs),d(Us, fs),d(fs,gt), 5ld(Us, fs) +d(fs,gt)],d(Us, fs)

NI~ o= NI o=

— 2 (d(Us,fs) ,d(Us, fs),d(fs,gt),=[d(Us, fs) —|—d(fs,gt)],d(Us,fs)>

write a = max {d (Us, fs),d(fs,gt)}. Then, since 9 is increasing in each variable, we get

(d(Us, fs) + d (fs,gt)],d (Us, fs))

N | —

¥1 (d (f57gt)) < ¢1 (Oé,Oé,Oé,Oé,Oé) - ¢2 (d(U57fS) 7d(U87f5) 7d(f57gt)7

[d(Us, f5) + d (s, 9), d (Us, fs>)

N =

o1 (@F5,90) < 1 (@) v (AU 9,0 s, £5) . (s, 00).
Suppose d (Us, fs) < d(fs,gt). Then

o1 (A fs.91)) < 1 @(50) = v (A(Us. 9,0 (U3, ). (£, gt). 51d U 15) + d(Fs.a),d (Us, 1)

<1 (d(fs gt)) if d(fs,gt)>0
a contradiction. Therefore, d (fs, gt) = 0. Consequently, d (Us, fs) = d (fs,gt) = 0 so that,
e1(d(fs,gt)) <1 (d(Us, fs)) (20)
Suppose, d (Us, fs) > d(fs,gt). Then

1 (A5, 9) < 01 (AU, 16)) ~ o (AU, £3) A (U, £5) . (Fovgt) 51 (U, £5) + d (s, 0] d (U, £9))

<1 (d(Us, fs)) (since 0<d(fs,gt) <d(Us,[s)) (21)
From (20) and (21) follows that, therefore, ¢1 (d (fs, gt)) < @1 (d(Us, fs))

p1(d(fs,9t)) < p1(d(Us, fs)) = p1(d(Us, Vt)) (from (18))

~
(o)
[N~}
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Hence,
d(fs,gt) <d(Us,Vt) (22)
Let g € X.
fxo = V$1
gr1 =Uzs...
In general,
fron = Vzont1 and grant1 = Umanyo (23)
Substituting s = 2, and t = xap41 in (22)
d(fzan, grant1) < d(Uz2n, Vaans1) = d(f22n, gT2nt1) < d(9T2n-1, fT2n) (24)
Substituting s = T2n42 and t = Tap41 in (22)
d(fr2nt2, 9Tan+1) < d (Uzznt2, Vront1) = d(fT2nt2, 9Tant1) < d (9T2nt1, fT2n) (25)

From (24) and (25)
d(fzont2, 9Tont1) < d(fr2n, gTont1) < d(fr2n, gTon—1)
In general,

d (frant2, 9Tant1) < d(fron, gront1) < d(fron, gron—1) < -+ < d(fze, gz1) < d(fzo, gz1)

From this it follows that the sequences {d(fz2n,gz2n—1)} and {d (fT2n+2,92Z2n+1)} are the both decreasing sequences,

decreasing to the same limit. Suppose,

f = lim d(fran+2,g22041) = lim d (fx2n, 9o, 1) (26)
From, (17)
d(Uzznt2, Vrant1),d (Uzanta, fT2n42) ,d (VT2n41, gT2n41)
@1 (d (fr2nt2, gT2n+1)) < Y1 % [d (gz2n+1,Uzant2) + d (front2, Vront1)],
31d (Uzaniz, Vaoni1) + d (Uzznt2, fTanso)]
d(Uzant2, Vant),d (Uzente, frant2) ,d (VE2nt1, gT2n41),
— 2 3l (9moni1, Usonia) + d (foani2, Vaani1)],
3ld (Uzanya, Vaoni1) + d (Usanya, frony2)]
From, (23)

d n bl n >d n b n ad ny n ’l d n 9 n )
r (A (Froms, gransn)) < i (gz2n+1, fran) , d(gTant1, franta), d (fran, 9T2nt1) , 5 [d (fr2nt2, fran)]

31d (972041, fron) + d (922n+1, fTont2)]

" d(gzany1, fTan) ,d (9Tant1, fT2nt2) ,d (fTon, gTonyi1), 5 [d (fT2nta, foon)],
— Y2
51d (9m2nt1, fran) + d (922041, fT2nt2)]

~
[ 9]
)
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d(9x2n+1, fTan),d(9T2nt1, fTant2),d (fo2n, gTant1),
P1 (d (f$2n+27 9552n+1)) <1 % [d (f$2n-~-27 g$2n+1) +d (gx2n+1, fIQn)] s

51d (972nt1, fron) + d (922041, fT2n42)]

" d(gr2n+1, fon), d(9T2n+1, fTant2) ,d (f22n, gTant1),0,
— P2

%[d (g$2n+1, fo’n) + d (g$2n+17 f-r2n+2)]

On letting n — oo, we get

P1 (/8) S ¢1 (ﬂ>/6767ﬂ>/8) - ¢2 (ﬁ7ﬁ75>o7ﬂ) (from (26))
©1(B) < 1 (B) =2 (8,8,8,0,8)

Therefore, @1 (8) < 1 (8) if B > 0 a contradiction. Therefore, 8 = 0. Therefore,
B = lim d(fants,gr2n41) = lim d(fr2n,975, 1) =0 (from (26))

Write

fxn, if nis even
Yn =
gry, if nis odd

Therefore, d (y2n+2, Y2n+1) < d (Y2n, Y2n—1). Therefore,

d (Yn+1,Yn) = 0 as n — 0 (27)

Now, to prove the sequence {yn} is a Cauchy sequence in X, it is sufficient to prove that {y2n} is a Cauchy sequence.

Suppose that {y2n} is not a Cauchy sequence. Then there is an € > 0, sequence {2m (k) ,2n (k)} with k < m (k) < n (k)

d (Y2m(i)s Yon(e)) = € and d (Yom (), Yon(i)—2) < €
e<d (me(k)7y2n(k))

< d (Y2m(k)> Y2ne)—2) + d (Y2n(k)—2, Y2n(k))

IN

€+ d (Y2n(k) 2> Y2n(x))
+

< e+ d(Yan) Y2n—1) + d (Y2n) -1, Y2nk)—2)

Taking n — oo in the inequality

klggo d (Y2m(k)> Yon(r)) =€ (28)

Consider,

d (Yom(k)> Yon(ky)—1) < d (Y2mk)s Tank)) + & (Y2n(k)s Y2n ) +1)

d (Y2m@)s Yan(e)) < d (Y2mi)s Yone)—1) + d (Y2n(k)—1, Y2n(k))
On letting k — oo we get,

lim Sup d (Y2m(k)s Y2n(ky—1) < € and lim kl_{lgo d (Y2mk)s Y2n(ky—1) > € = klgglo d (Y2m(k)s Yan(ky—1) = € (29)
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Consider,

d (Yomk)—1Yonk)—1) < d (Y2mk)—15 Yomk)) + & (Y2mk)s Y2n(i)—1)

d (Y2m)s Yon(e)—1) < d (Y2mey—1, Y2nk)—1) T d (Y2m@x)—15 Y2m(k))

On letting k — oo we get,

lim sup d (Yomk)—1,Y2nk)—1) < € and lim inf d (Yom@m)—1,Y2nm—1) = € = m d (Yamm)—1, Yank)—1) = € (30)
k— o0 k— o0 k— 00
Consider,
d (y2m(k)717 y2n(lc)72) <d (y2m(k)—17 an(k)fl) +d (y2n(k)717 an(k)72)
d (me(k)—lvan(k)—l) <d (y2m(k)—17 yZn(k)—Q) +d (yZn(k)—27 y2n(k)—1)
On letting k — oo we get,
lim sup d (Yam(k)—1,Y2n(k)—2) < € and lim inf d (Yom)—1,Y2nk)—2) = € = Hm d (Yom)—1, Y2n(i)—2) = € (31)
k— 00 k— o0 k— o0
Consider,
d (Y2m@m)s Yanik)—2) < d (Y2mi)> Yone)—1) + & (Y2nik)—1, Y2n(r)—2)
d (Yam(rys Y2n(k)—1) < d (Y2m (k) Yzn(ky—2) + d (Y2nk) -2, Y2n(k)—1)
On letting &k — oo we get,
(32)

lim sup d (Y2m(k), Y2n(k)—2) < € and lim kl—r>1£od (Y2m(k)s Y2n(ky—2) > € = klilﬁglod (Y2m(k)s Y2n(k)—2) =€

k—oo

Substituting s = xap,k) and t = xapky—1 in (17), we get

d(Uza2m), Vanm-1),d (UT2mm), [T2mk)) s d (VTank)—15 9T2n(k)-1) 5
@1 (d (fT2mr)s 9Tan(k)—1)) < ¥ 2 [d (922n)—1, UZ2mm)) + d (FZ2me), VTaniy-1)]

2d (Uzmiy, Vo —1) + d (Uzmk), [T2m))]
d (Ume(k)y VxZn(k)fl) ,d (Ux2m(k)7 ffl?2m(k)) ,d (Vx2n(k)717 g$2n(k)71) )
— 12 2 [d (922n)-1, UZ2m)) + d (F22m)s VE2ny-1)] »

2 (Uzamky, VEaney—1) + d (UT2mk), [T2m))]

From, (23)

d (92m()-1, fanm)—2) » d (9Z2m@m)—1, FLamm) » d (fT2n0) -2, 92200y 1) »
¢1 (d (Framm), 9T2nry-1)) < ¢ 3 [d (92200015 9%2mm—1) + d (fT2m(k)s fT2n0)-2)] »

3ld (922mm) -1, franin—2) + d (922mm) -1, framm) )]
d (922m ()15 fan(i)—2) + d (9T2m(k)—15 fT2m(i)) + d (fT2n(k)—2: 9Tan()-1) »
—¥2 3 [d (9220001, 9%2m—1) +d (fT2mk)s fT2n00)-2)] »

1d (9Z2mr)—15 fTon)—2) + A (9T2m)—1, FT2m) )]

~

(524
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d (yzm(k)—l,yzn(k)—z) ,d (me(k)—hme(k)) ,d (y2n(k)—27y2n(k)—1) ,
Y1 (d (?J2m(k)7 y2n(k)—1)) < % [d (an(k)fly y2m(k)71) +d (me(k)van(k)72)} )
2[d (Y2mr)—1> Y2nm—2) + d (Y2mm) —15 Y2mx))]

d (y2m(k)717 y2n(k)72) ,d (y2m(k)717 Z/2m(k)) ,d (yZn(k)727 y2n(k)71) )
— 12 2 [d (Y2n)—15 Y2m@y-1) + d (Y2mk), Y2n)—2)] »

31d (Y2m)—15 Y2n)—2) + d (Y2mm) -1, Y2m (k) )]

On letting £ — oo. From (30), (31) and (32)), we get,
€
@1(6) <91 (60,0, 5) =¥ (6,0,0,¢,5)

Therefore, 1 (€) < 11 (€, €, €, €,€) — Y2 (e, 0,0,¢, %) Therefore, ¢1 () < 1 (€) — Y2 (e, 0,0,¢, %) Therefore, ¢1 (€) < 1 (€)
(since € > 0 and hence 2 (e 0,0,¢, 2) > 0) a contradiction. Therefore, {y2,} is a Cauchy sequence.

Similarly we can show that, {y2,+1} is a Cauchy’s sequence. Since d (yn,ynt+1) — 0 as n — 00; {y»} is a Cauchy sequence.
There exists I such that {y»} — [ as n — co. Without loss of generality we suppose that U is continuous. Suppose U is
continuous function then Uze, — | = gxon—1 — I and U fxa, — Ul,UUx2, — Ul. Since (f,U) is sub compatible, we have

fUxa, — Ul. Substituting s = Uza, and t = x2,—1 in (17), we get

d (UU:L‘zn, Vl'znfl) , d (U[]IQ»,L7 fUIzn) ) d (V$2n71 , gIanl) s
P1 (d (foZn,ngnfl)) < '(,bl %[d (g.’lﬁ'2n717 UUZCzn) +d (fU:IZ’zn, V$2n71)},
Ld(UUx2n, Vaan—1) + d (UUzan, fUz2,)]

d(UUzan, Vaon-1),d(UUzon, fUz2,) ,d (VZan—1,gTon—1),
_1/)2 %[d (gl’gn_hUUl‘zn) +d(fU$2n,Vl’2n_1)],
1[d(UUm2n, Vaan—1) + d(UUzan, fUz20)]

e1(d(UL1)) <¢1( UL, d(ULUY ,d(L1), 5d1,Ul) +d(UL1)],

Ld (UL +d (UL UL )

d(UL1),d(ULUL),d(l,1), [d (1, Ul +d(UL,1)]
(UL 1) +d (UL, UL
(d (U1,1),0,0,d (1, Ul),; (Ul,l)) ( (U1,1),0,0,d(1,Ul) ; (Ul,l))
o1 (d (UL ,dULL),dULL,d UL ,d(ULL) =, (d(Ul,l),o,o,d(l,Ul),%d(Ul,z))

a1, 1))

N =

— 1 @UL0) = v (A(711),0.0.4(71.D),
w1 (d(UL1) < 1 (d(UL1)) if Ul # 1 a contradiction. Therefore,
Ul=1 (33)
Substituting s = and ¢ = x2,—1 in (17)

d (Ulv szn—l) ) d (Ulv fl) 7d (V$2n_1, ngn—l) ) %[d (g-’an—l, Ul) +d (fl7 szn—l)],

@1 (d(fl, gran—1)) <1
3ld (UL, Vs 1) + d (UL f1)]
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d(Ul,Vaan_1),d (UL fl),d(Voem-1,92n-1) , 5[d (gr2n—1,Ul) + d (fl, Vaan_1)],
LA (UL, Vaan_1) +d (UL, f1)]

d(f1,1)) <
% (L0 +d(, f1)]

( a(, f1),d(L.1), ] [d(ll)+d(fll)})

0.0, Ad (D) + d (L), )

d (1, 1) +d(, f1)]

1 1 1

0,d (L, f1),0, 5 (fL.1), 5d (l,fl)>—wQ(O,d(l,fl),oéd(fl,l),gd

= 5

0.10)
1 1
01 (@D LD (LD 1) d () = o (0, (. f1)0, 3 (D), gt 1))

— 1 @(f1.0) = v (4(710),0.0.4(1.0). 5 [ (71.0)])
w1 (d(f1,1)) < @1 (d(f1,1)) if fl # 1 a contradiction. Therefore,
fl=1 (34)
From (27), 1= fl € f(X ) then there exists h € X such that [ = Vh. Substituting s = z2, and ¢ = h in (17), we get

U'TQ’VH Vh Ul‘Qn, wan) 7d (Vh7 gh) ) %[d (gh7 U‘r2’"«) + d (f‘rQ’ﬂ? Vh’)]a
@1 (d(fran, gh)) <

2[d(Uwan, Vh) + d (Uzan, fo2n)]

2[d(Uat2n,Vh )+ d(Uzan, fron)]

( (Uzan, Vh),d(Uzxon, fxon),d(Vh,gh), %[d(gh Uzan) + d(fzan, Vh)], )
7gh < ¢1 (

d(l,gh), 3[d(gh,1) +d(1,1)]
[d(,1)+d(,1)]

d(l,gh), [dghl +d(,0)],
[d(l,0) +d (L1
1 1
¢1(0,o,dzgh,5dgh1) ) (00dlgh),§dghl) )
Y1 (d(l,gh),d(l,gh),d(l,gh),d(l,gh),d(l,gh)) (()Odlgh,%d gh,l), )
1
— 1 (@(,g) = v (0,0.4(0.91). 3 01,00
o1 (d(l,gh)) < ¢1(d(l,gh)) if gh # 1 a contradiction. Therefore,
gh=1=Vh (35)

Therefore, gVh = Vgh (since (V, g) is sub compatible)

gl=gVh=Vgh=VI (36)

Substituting s = x2, and t =1 in (17), we get

1
¢1 (d (fan, gl)) < ( d(Uzzn, Vi), d(Uzzn, frzn) ,d(V1, g1) , 51d (g1, Uzn) + d (f220, VD], )
%[d (Uzan, V1) + d(Uzan, fron)]

~
fee}
~
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d (UxQTH Vl) 7d (U‘rQTH ffI:Qn) 7d (Vla gl) 5 %[d (gla U$2n) +d (f$2n, Vl)]a
%[d (Uz2n, V1) + d (Uzzn, fron)]

d(l,g1),d(1,1),d(gl, gl), 5d (g1, 1) +d (I, gl)],
3ld (1l gl) +d(1,0)]

e d(l,gl),d(1,1),d(gl,gl), 3[d(gl,1) + d (I, gl)],
2[d (1, gl) + d(1,1)]

= <d (1,1),0,0,d (L, gl), %d(l,gl)) — 4 (d (1,g1),0,0,d (1, gl), %d(l,gl))

<1 (d(Lgl),d(,gl),d(gl),d (L, gl),d (1, gl)) — v (d (1, gl),0,0,d (I, gI), %d(l,gl))

1
— 1 (@0.90) 2 (400.90),0.0.0 (0,90 3 a1 )
v1(d(l,gl) < p1(d(l,gl)) if gl # 1 a contradiction. Therefore,
gl=1. (37)

From (36) and (37), we get, therefore,
gl=Vi=1 (38)

From (33), (34) and (38), f, g, U and V have a common fixed point in X. If f, g or V is continuous, similarly we can prove

f, g, U and V have a common fixed point in X. Suppose, [ and h are common fixed point of f, g, U and V. From (17),

d(UL,Vh),d(UL fl),d(Vh,gh),

1[d(gh,Ul) + d (fl,Vh)], [d (UL, Vh) + d (UL, f1)]

Y d(UL, Vh),d (UL, fl),d(Vh,gh)
’ %[d(gh, Ul)+d(fl,Vh)],%[d(Ul,Vh)+d(Ul,fl)]
Ld (h, 1)+ d (1, h)], 2 (I, h) + d (I, )]
d(l,h),d(,1),d(hh),

2ld(h 1) +d (1, h)], 3[d (1, k) + d(1,1)]

=Y

( d(l,h),d(,1),d(h,h),

(i, h) ,0,0,d(h,l),%d(l, h)) — 4 (d (I, h) ,0,0,d(h,l),%d(l,h))

p1(d(h) <1 (d(,h),d(,h),d(,h),d(h,1),d(l,h)) — )2 (d(l,h) ,0,0,d(h,1), %d(l,h))

=1 (d(1,h)) — 2 (d (I,h),0,0,d (h,1), %d(l,h))

w1 (d(l,h)) < w1 (d(l,h)) if h # | a contradiction. Therefore, h = . Hence, f, g, U and V have a unique common fixed

point in X. O

The following is an application of Theorem 3.5 to integral type inequalities.
Theorem 3.6. Suppose (X,d) is a complete metric space and f,g,U and V : X — X be such that for all x,y € X

e1(d(fz,9v)) 1 (d(U=,Vy),d(Uz, f),d(Vy,gy), % [d(gy,Uz)+d(fz,Vy)], L [dU=,Vy)+d(Uz, f2)])
/ n(t)dt < / n(t)dt
0

0
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n(t) dt (39)

/wz(d(Uz,Vy),d(Uz,fz),dWy,gy),; [d(gy,Uz)+d(fz,Vy)], 2 1d(Uz,Vy)+d(Uz, fx)])

0

where 1,12 € U5 with @1 (a) = Y1 (a, o, o, , @), @ € [0,00) and n: RT — R" is a Lebesgue-integrable function, which is

non negative, summable, and foe n(t)dt > 0 for each € > 0.
(1). One of the four mappings f, g, U and V is continuous.
(2). (f,U) and (g,V) are sub compatible.

(3). £(X)C V(X) and g(X) C U(X).

Then f, g, U and V have a unique common fized point in X.

Proof. We first show that (17) holds for f, g, U and V. Suppose for some z,y € X, (17) does not hold. Then

[d (g9, U) + d (fo. Vy)l, 21d (U2, Vy) + d (Us, f:v)])

o1 (d(f2.9y)) > v (d(Ux, Vy).d(Us, fz).d(Vy,gy),

[d(gy, Uz) +d(fz,Vy)],

N = o =
Ol — N =

— 2 (d Uz, Vy),d Uz, fz),d(Vy,gy), [d({Uz,Vy)+d U, fa:)])

Write

U1 (d Uz, Vy),d(Uz, fx),d(Vy,gy), 31d (gy, Uz) +d (fz,Vy)], 31d (Uz,Vy) + d (Uz, fz)])

e=1(d(fz,g9y)) -
—ta (d(Uz, Vy),d Uz, fz) ,d(Vy,gy), 5ld (9y,Uz) + d (fz,Vy)], 5[d (Uz,Vy) +d Uz, fz)])

Then € > 0. By hypothesis, [; 7 (t)dt > 0. Therefore,

e1(d(fz,9y)) 1 (AU, Vy),d(Us, f),d(Vy,gy), & [d(gy,Uz)+d(fe,Vy)], 3 [dUz,Vy)+d(Us, fz)])
/ n(t)dt >/
0

0
/wz (dU=z,Vy),dUz,fz),d(Vy,gy), 3 [d(gy,U)+d(f2,Vy)], 5 [d(Uz,Vy)+d(Uz,f2)])

0

a contradiction. Therefore,

[d (g9, Uz) + d (f2, V)], L1d (U, Vi) + d (U, fw)])

o1 (d (fo,g9) < (d(Ux, Vy) . d(Us, fz).d(Vy,gy),

[d(gy, Uz) +d (fz, Vy)],

[ G
N = o) =

- ¢2 (d (va Vy) 7d (U'T7 fit’) 7d (Vy7 gy) ; [d (U'Tv Vy) + d(ULE, fx)]>

Thus, (17) holds for f, g, U and V. Therefore, by Theorem 3.5, f, g, U and V have a unique common fixed point in X. [
The proof of the following theorem similar to that of Theorem 3.5.
Theorem 3.7. Let (X,d) be complete metric space and f, g, U and V be four mappings from X to itself such that

d(Uz,Vy),d(Usz, fz),d(Vy,gy), 3[d(gy, Uz) + d (fz, Vy)],

e1(d(fz,gy)) <
3ld (Uz, Vy) + max{d (Uz, fz), (9y, Vy)}]

d(Uz,Vy),d Uz, fz),d(Vy,gy), [d(gy,Uz) + d (fz,Vy)],
5ld Uz, Vy) + max{d (Uz, fz), (g9y, Vy)}]

—¢2

for all z,y € X, where 11,92 € U5 with v1 (@) = Y1 (o, a, a, a, @), for a € [0,00).
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(1). One of the four mappings f, g, U and V is continuous.

(2). (f,U) and (g,V) are sub compatible.

(3). £(X) SV (X) and g(X) € U(X).

Then f, g, U and V' have unique common fixed point in X.

The proof of the following theorem similar to that of Theorem 3.6.

Theorem 3.8. Suppose (X,d) is a complete metric space and f,g,U and V : X — X be such that for all x,y € X

p1(d(fz,gy)) Y1 (d(U=,Vy), dUs, fz),d(Vy, gy),%[d(gy,Uz)+d(fz,Vy)]7%[d(Uz,Vy)+max{d(Uz,fZ)y(gy,Vy)}])
/ e 0 (t)dt
0 0
¥2(d(Uz,Vy),d(Usz, f2),d(Vy,9y), 5 [d(gy,Uz)+d(fo,Vy)], §[d(Uz,Vy)+max{d(Uz,fz),(9y,Vy)})
_ / 0 (1) di
0

where 1,2 € Us with 1 () = P1 (@, @, @, @, a), a € [0,00) and n: R — R" is a Lebesgue-integrable function, which is

non negative, summable, and fn (t)dt > 0 for each ¢ > 0.
0
(1). One of the four mappings f, g, U and V is continuous.
(2). (f,U) and (g,V) are sub compatible.
(3). f(X) SV (X) and g(X) C U(X).

Then f, g, U and V have a unique common fized point in X.
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