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1. Introduction

The theory of fuzzy set was introduced by Zadeh [16] as an appropriate mathematical instrument for description of uncer-
tainty observed in nature. Since the inception it has got intensive acceptability in various fields. The traditional fuzzy sets
is characterised by the membership value or the grade of membership value. Some times it may be very difficult to assign
the membership value for fuzzy sets. Consequently the concept of interval valued fuzzy sets was proposed [17] to capture
the uncertainty of grade of membership value. In some real life problems in expert system, belief system, information
fusion and so on, we must consider the truth membership as well as the falsity-membership for proper description of an
object in uncertain, ambiguous environment. Neither the fuzzy sets nor the interval valued fuzzy sets is appropriate for
such a situation. Intuitionistic fuzzy sets introduced by Atanassov [1] is appropriate for such a situation. The intuitionistic
fuzzy sets can only handle the incomplete information considering both the truth membership (or simply membership) and
falsity-membership (or non membership) values. It does not handle the indeterminate and inconsistent information which
exists in belief system.

Smarandache [9] introduced the concept of neutrosophic set which is a Mathematical tool for handling problems involving
imprecise, indeterminacy and inconsistent data. The concept of soft set theory was introduced by Molodtsov [6] in 1999, it
is a new approach for modeling vagueness and uncertainty. Soft set theory has a rich potential for applications in several
directions, few of which had been shown by Molodtsov in his pioneer work. It is well known that the matrix formulation of a
Mathematical formula gives extra advantages to handle the problem. The classical matrix theory cannot solve the problems

involving various types of uncertainities. That type of problems are solved by using fuzzy matrix [11]. Fuzzy matrix has
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been proposed to represent fuzzy relation in a system based on fuzzy set theory, Ovehinnikov [7].

Fuzzy matrices play an important role in Science and Technology. Kim [2-4] has explored some important result on the
determinant of a square matrix. In Yong Yang and Chenli Ji [15], introduced a matrix representation of soft set and applied
it in decision making problems. Rajarajeswari and Dhanalakshmi [8] introduced fuzzy soft matrix and its application in
Medical diagnosis. Sumathi and Arockiarani [10] introduced new operations on fuzzy neutrosophic soft matrices. Mamouni
Dhar [5] et al., have also defined Neutrosophic fuzzy matrices and studied about square neutrosophic fuzzy matrices.Uma
et al., [12-14] introduced two types of fuzzy neutrosophic soft matrices, determinant theory for fuzzy neutrosophic matrices
and generalized inverse of fuzzy neutrosophic soft matrix.

In this article our main intention is to define determinant and adjoint of FNSMs. Furthermore, efforts have been made to
establish some properties with the help of the new introduced definition of determinant of square FNSMs. In section 1 we
have introduced determinant of two types FNSM and its properties. In section 2, the definition of adjoint of FNSM is given

and some related Theorems are asserted.

2. Preliminaries

Definition 2.1 ([6]). Let U be an initial universe set and E be a set of parameters. Let P(U) denotes the power set of U.

Consider a nonempty set A, A C E. A pair (F,A) is called a soft set over U, where F is a mapping given by F : A — P(U).

Definition 2.2 ([6]). Let U be an initial universe set and E be a set of parameters. Consider a non empty set A, A C E.
Let P(U) denotes the set of all fuzzy neutrosophic sets of U. The collection (F, A) is termed to be the Fuzzy Neutrosophic
Soft Set (FNSS) over U , Where F' is a mapping given by F : A — P(U). Hereafter we simply consider A as FNSM over U
instead of (F, A).

Definition 2.3 ([9]). A neutrosophic set A on the universe of discourse X is defined as A = {{z,Ta(z),la(z),

Fa(z)), € X}, where T,I,F : X —]70,1%[ and

70 < Ta(w) + La(z) + Fa(z) < 3% 1)

From philosophical point of view the neutrosophic set takes the value from real standard or non-standard subsets of 170, 1+[.
But in real life application especially in scientific and Engineering problems it is difficult to use neutrosophic set with value
from real standard or non-standard subset of |~0,11[. Hence we consider the neutrosophic set which takes the value from the
subset of [0,1]. Therefore we can rewrite the equation (1) as 0 < Ta(x) + Ia(z) + Fa(z) < 3. In short an element a in the
neutrosophic set A, can be written as @ = (aT, al, aF>, where aT denotes degree of truth, a’ denotes degree of indeterminacy,

a® denotes degree of falsity such that 0 < a” + af +af < 3.

Example 2.4. Assume that the universe of discourse X = {x1,x2,x3}, where x1,x2, and x3 characterises the quality,
relaibility, and the price of the objects. It may be further assumed that the values of {x1,x2,x3} are in [0,1] and they are
obtained from some investigations of some experts. The experts may impose their opinion in three components viz; the degree
of goodness, the degree of indeterminacy and the degree of poorness to explain the characteristics of the objects. Suppose
A is a Neutrosophic Set (NS) of X, such that A = {(z1,0.4,0.5,0.3), (x2,0.7,0.2,0.4), (x3,0.8,0.3,0.4)} , where for x1 the

degree of goodness of quality is 0.4 , degree of indeterminacy of quality is 0.5 and degree of falsity of quality is 0.3 etc,.

Let Finxn denotes FNSM of order m x n and F,, denotes FNSM of order n x n. Operations on FNSM of type-I are defined

as follows.
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Definition 2.5 ([12]). Let A = (<a3},afj7afj>)7 <b3;7bfj,bF € Fmxn. The componentwise addition and component-

wise multiplication is defined as

A®B= (sup {ag;,biTj} , Sup {afj,bfj} ,inf {afj,bfj ) .

AOB= (lnf{az;a ij 71nf{alj7blj}7sup{a’lj7 z]})

Definition 2.6 ([12]). Let A € Frxn, B € Faxp, the composition of A and B is defined as

AoB = (Z(a?k A sz)v Z(a{k A bij)y H aiy ka; )

k=1 k=1
equivalently we can write the same as
= <\/ (aly ABES), \/ (air Aby), N l(afe v bfj)> .
k=1 k=1 k=1
The product A o B is defined if and only if the number of columns of A is same as the number of rows of B. A and B are

said to be conformable for multiplication. We shall use AB instead of Ao B.

Definition 2.7 ([12]). Let A = ((a};,al;,al;)) and ¢ € F = [0,1]. Define the fuzzy neutrosophic scalar multiplication as
= ((inf{c,a;},inf{c, al;},sup{c, af;}>) € Fmxn. For the universal matriz Ji, by the Definition 2.5, cJ1 = inf(c ®
(1,1,0)) = ((inf{c, 1}, inf{c,1},sup{c,0})) = ({c,c,c)) is the constant matriz all of whose entries are c. Further under

componentwise multiplication

cJ1® A= (<C7 c, C)) O] ((az;'v a'{j7az€'>)
= ((min{e, ag;}, min{c, afj}, max{c, af;}))

=cA (2)

Definition 2.8. If A = (ai;) € Fmxn, where (ai;) = ((al;,aij, afj)), then A° = (bij)mxn where (bij) = ((afj, 1 — afj,al;)),

is the complement of A.

Definition 2.9 ([12]). The n X m Zero matriz Oy is the matriz all of whose entries are of the form (0,0,1). The n x n

(1,1,0) 4f i=j
identity matriz Iy is the matric I, = ’ . The n X m universal matriz J1 is the matrix all of whose entries

(0,0,1) df i#j
are of the form (1,1,0).

Operations on FNSM of type-II are defined as follows.

Definition 2.10 ([12]). Let A = (a”,afj,ai) B = (bz;,bfj,bp) € Fmxn, the componentwise addition and componentwise

multiplication is defined as

ADB= (<sup {a”,b” ,inf {a“,bm ,inf {aw,bF}>)

A®B= (<inf{aiTj,biTj},sup{a{j,bfj},sup{af;,bf;}>) .

Analogous to FNSM of type-I we can define FNSM of type -II in the following way



The Determinant and Adjoint of Fuzzy Neutrosophic Soft Matrices

Definition 2.11 ([12]). Let A = ((a};, aij,al;)) = (aij) € Fmxn and B = ((bi;,bi;,bi5)) = (bij) € Fuxp the product of A

and B is defined as

AxB= <k" <a5€/\ b£j>7 ﬁ<afk\/ b£j>7 ]f[l<agc\/bl§j>>

=1 k=1
<k

the product A B is defined if and only if the number of columns of A is same as the number of rows of B. A and B are said

equivalently we can write the same as

hnth). A hvel). A (ah Vb£j>> .
k k

1 = =

<=

to be conformable for multiplication.

Definition 2.12 ([12]). The n x m Zero matriz Oz is the matriz all of whose entries are of the form (0,1,1). Then X n

(1,0,0) if i=j
identity matriz e is the matriz = . The n X m universal matriz Ja is the matriz all of whose entries

0,1,1) if i#j
are of the form (1,0,0).

Definition 2.13 ([12]). Let A = ({(a};,al;,al;)) and ¢ € F, then the fuzzy neutrosophic scalar multiplication is defined by

CA = (inf{c’ az?;}a Sup{c, a’in}a sup{c, az]})

Proposition 2.14 ([11]). If A < B, then AC < BC.

3. The Determinant and Adjoint of FNSM of Type-I

Definition 3.1. The determinant |A| of n x n FNSM A = ((al;, al;.af)) is defined as follows

23]

T T I I F F
‘A| = < \/ ala(l) VANAN am,(n), \/ algu) VANA am,<n), /\ ala(l) V..V am,(n)>
oESn gESn oESn

where Sy, denotes the symmetric group of all permutations of the indices (1,2,...n).

Example 3.2. Let A = ((a};,al;,al;)) be a FNSM such that

179 Yigo
(0.5,0.3,0.4) (0.6,0.7,0.8)
(0.9,0.6,0.7) (0.5,0.6,0.7)

|A| = ((0.5,0.3,0.4) A (0.5,0.6,0.7)) V ({0.6,0.7,0.8) A (0.9,0.6,0.7))
= (0.5,0.3,0.7) V (0.6, 0.6, 0.8)

= (0.6,0.6,0.7)

Theorem 3.3. If a FNSM B is obtained from ann xn FNSM A = ((aX; a;;, afj, aﬂ)) by multiplying the i —th row of A (i —th
column) by k € [0,1], then |B| = k|A].

Proof.  Suppose that B = ((b};,b/;,b5;)), then

179 Yigo

|B‘ \/ blU (1) A A bno (n)» \/ b{o‘(l) AN b{w‘(n)a /\ bfa(l) V..V bgo‘(n))

gESn oESn oESK
T T I I F
= < \/ A15(1) NNk Qo (i) VARSRA Ano(n)s \/ A15(1) ANV 5 awm... no’(n)7 /\ ah, (1) V.VEk aw@) na(n)>
g€Sn gESn gESn
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T T I I F F
= <k \/ ala(l) VAN am,(n), k \/ alo(l) VANV am,(n), k /\UESn ala(l) V..V am,(n))
oSy oEsp

= k(az;,afj,afj)
=k|A|.
O

Theorem 3.4. Let A = ((a}},al;,al;)) be an n x n FNSM then det(PA) = det(A) = det(AP), where P is a permutation

179 YigH

FNSM which is obtained from the identity FNSM by interchanging row i and row j.
Proof. Let A= ((cg;7 c{ﬁ cf;)) Then for any 4, j, the i — th(j — th) row of PA is the j — th(i — th respectively) row of A.

(]
Infact, P is a permutation FNSM which is generated by a permutation . Since, for any permutation o € S,

(]
:CES’VH
VK

o

|PA‘ = < \/ C?a(l) VANRAN Cz:cr(n)v \/ C{a’(l) VANAN C,,Iw.(n)7 /\ ClFo.(l) V..V Cga(n)>

cESn oESn oESn
T T I I F F
= < \/ alg(l) VANAA an<<n), \/ alc(l) VANAN ang(n>, /\ a1<<1) V..V an<<n)>
CESn CESR ¢ESR
=|4]|.
The case of AP is similar to the above proof. O

Definition 3.5. Let A = ((a};,al;,af})), be a m x n FNSM then the transpose of A is defined by, A” = ((a};,al;,aky)).

179 YigH
Theorem 3.6. Let A = ((a};,al;,al;)) be a FNSM then det(A) = det(A”), where AT denotes the transpose of A..

159 YigH

Proof. Let AT = ((bg;, bfj, bf;)) Since each permutation o is one -to-one function, we have

‘AT‘ = \/ blo() A - Abpo(n)s \/ blo(y A - Abho(nys /\ bior) Vo V bpo(n))

cESn oESy oESy
T T I I F F
= < \/ aa(l)l VARTA aa(n)n, \/ ag(l)l VANAN ag(mn, /\ a0<1)1 V..V ag(n)n>
cESny o€Sy oE€Sn
T T I I F F
= < \/ a1<<1) FANPTRAN anc(n), \/ alg(l) A A ang(n), /\ a1<<1) V..V anc(n)>,
CESn CESR ¢ESR
where the permutations ¢ is induced by the rearrangement of each o in S, = |A]. O

Theorem 3.7. Let A= ({a};,al;,5)) be an n x n FNSM. If A contains a zero row (column) then |A| = (0,0, 1).

Proof. Each term in |A| contains a factor of each row(column) and hence a factor of zero row (column). Thus each term

of |A] is equal to zero, and consequently |A| = (0,0, 1). Hence zero means element of the form (0,0, 1). O

Theorem 3.8. Let A = ((aiTj,afj, af})) be an n x n FNSM, If A is triangular, then the determinant of A,

|A—< Al A d >

1<i<n 1<i<n 1<i<n
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Proof.  Suppose that A = ((aj;,ai;,af;)) is lower triangular. We consider the term of |A| that t,r = A i@,
1<i<n
tat = N Gio), taP = V  Giog). Let 0(1) # 1. Then 1 < o(1) and so a?a(l) =0, a{a(l) =0, afa(l) = 1. This means
1<i<n 1<i<n

that t,r =0, t,r =0, t,r = 1. If o(1) # 1. Now, let o(1) = 1 and o(2) # 2 then 2 < 0(2) and al,,) = 0, al,) =0,
ai,@) =1,and t,r =0, t,r =0, t,r = 1. This means that t,r =0, t,r =0, t,r =1, if 6(1) # 1 or 0(2) # 2. Therefore, in
this method, we know that each of terms ¢,71, t,1, t,r, for o(1) # 1,0(2) # 2...0(n) # n must be zero, zero, one respectively,

Consequently, A|:<( A ok, A ak;, V af;)) =

1<i<n 1<i<n 1<i<n

The following theorem is evident from the definition of determinant of FNSM.

Theorem 3.9. Let A and B be two FNSM. Then |AB| > |A||B|.

4. The Adjoint of FNSM

Definition 4.1. The adjoint of an n X n FNSM A denoted by adjA, is defined as follows bij = |Aj;| is the determinant of
the (n — 1) x (n — 1) FNSM formed by deleting row j and column i from A and B = adjA.

Remark 4.2. We can write the element b;; of adjA = B = (bs;) as follows: bi; = >, ][] <atT,T(t),afﬁ(t>,af;(t>>, where

WESn].ni ten;

nj ={1,2,3...n} \ {j} and Sn;n, is the set of all permutation of set n; over the set n;.

(0.2,0.5,0) (0.2,0.3,0.5)
Example 4.3. Let A = , then

(0.6,0.2,0.3) (0.6,0.7,0.3)

adj A All A21

Az Aag2
Aui = (0.6,0.7,0.3)
Arz = (0.6,0.2,0.3)
Az = (0.2,0.3,0.5)
Az =(0.2,0.5,0)

(0.6,0.7,0.3) (0.2,0.3,0.5)
adj A =
(0.6,0.2,0.3) (0.2,0.5,0)

Proposition 4.4. Forn x n FNSM A and B we have the following
(1). A< B implies adjA < adj B,

(2). adj A+ adj B <adj (A+ B),

(3). adj AT = (adj A)T.

Proof.

(1). Let C = adjA and D = adjB. That is

Cij = Z H<az/r(t)7af7r(t)va5r(t)>

WESnjni ten;

dij = Z H(bz;(mbfw(t),bgr(t))-

TrGSnjni ten;
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It is clear that c;; < d;; since

az;r(t) < thwu)
atr(y < biner

af;(t> > bf;a) for every t # j, m(t) # i.

(2). Since A, B < A+ B, it is clear that adj A,adj B < adj (A+ B) and so adj A+ adj B < adj (A+ B).

(3). Let B=adj A and C = adj AT. Then

T I F
bij = Z H <at‘n’(t)a Air(t), atﬂ'(t)>
WESnjni ten;
ci= > I (ahw»atzw,aize),
WESnjni w(t)Eny
which is the element b;; . Hence (adj A)T = adj AT. O

Proposition 4.5. Let A be an n x n FNSM. Then
(1). Aadj A>|A|I,

(2). (adj A)A > |A| I,,.

Proof.

(1). Let C = A adj A. The i-th row of A is ((a},ali,ah), (ah,als,aby)..., (ak, al,,al})). By the definition of adjA, the

j-th column of adjA is given by (|Aj1|,|Ajz2|, ..., |Ajn])T. So that (cf},cl;,ch) = E( ak,, aty,aty) |Ajr| > 0 and hence

(cE, el ek = Z( L, ab., al) | Aix| which is equal to |A|. Thus C = AadjA > |A| I,
(2). The proof is similar to (1). O
Proposition 4.6. If a FNSM matriz A has a zero row then (adjA)A = ((0,0,1)) (the zero matriz).

Proof. Let H = (adj A)A. That is, h;j = ; |Aki| (ak;at;ak;). If the i-th row of A is zero, that means ((0,0,1)), then A,

contains a zero row where k # i and so |Ag;| = (0,0,1) (by the Theorem 3.7) for every k # ¢ and if k = 4, then a;; = 0 for

every j and hence Y |Axi| (af;, ak;, ak;) = ((0,0,1)). Thus (adj A)A = ({0,0,1)). O
k

Theorem 4.7. For a FNSM A we have |A| = |adjA|.

[A11] [A21] -+ [Apa]
[Ar2] [Ag2] -+ [Ape

Proof.  Since adj A = . . . . we have
[A1n| [A2n] -+ [Apsl

ladj Al = > Az | [Asra)| - [Aneem]
TESY

=2 ﬁ | Ain(s)|

wESy i=1
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n

STHIC Do T adowy atowy ato))]

TESy i=1 wESninﬂu)teni

STIC DS T @lsr adowy atoo)C D T (atocys atocys atowy))--C D T (adoqy: atocey> atocey))]

TESH wESnln,‘.(l) tEny WESnznﬂ.(z) tEng TESn, N (n) tEny,
_ T I F T I F T I F
= > (] (adortrs aloy 0y ato, (o)) ([ [ atoners atosceys atmay) )] T (@do,, oy aton o) o, 0)))]
TESy, tEng teEny teEny

for some 01 € Snin,(y,,02 € SnonyysOn € Snpngn,

= Z [(a26, (2)@306, (3)---0no; (n) ) (Q164(1) 3305 (3)+-Onbs (n) )+ (Q16,, (1) G20, (2) -+-Cr—16,, (n—1) )]
TESY

=) [(a105(1)@105(1) 10, (1)) (@20, (2) 020, (2) G20, (2) ) (030, (3) U305 (3) 8304 (3) 030, (3) )+ (A, (n) Trsby () - Brrb ()]
TESY

= Z [(a19f1(1>a26f2(2)"'angfn(n)]
TESY

for some fn € {1,2,...,n} \ {h},h = 1,2,...,n. However because ano;, (h) # ano(fn). We can see that anfy,h = anx(fn)

therefore, |adjA| = Y @15(1)020(2)---Gno(n), Which is the expansion of |A|. This complete the proof. O

cESnp
Definition 4.8. An m x n FNSM A is said to be constant if (ak,al., al) = (aJTk, a§k, afk) for all i, j, k, that is its row are

equal to each other.

Proposition 4.9. Let A be an n x n constant FNSM Then we have:

(1). (adj A)T is constant,

(2). C = A(adj A) is constant and C;; = |A| which is the least element in A.

Proof.

(1). Let B=adj A. Then b;; = >, ]I ((aﬁr(t),at[ﬂ(t),af‘;u))) and by = >, [] (<a;€r(t),a{7r(t),a5r(t>>). We notice

ﬂGSnjni ten; ﬂ'ESnkni teEng

that b;; = bix since the numbers 7(t) of columns cannot be changed in the two expansion of b;; and b. So that (adjA)T

is constant.

(2). Since A is constant we can see that Aj;, = A, and so |Aji| = |Aik| for every ¢, j € {1,2,...,n}. Thus

n

ci = Y _({ak, afr, alx)) [Azl

k=1
n
T I F
:Z(<aikyaik7aik>) [Aik|
k=1
=14].
Now, |A| = > aix(1)82x(2)---Onn(n) = G2x(2)03x(3)---Onx(n) fOr any m € S, (since A is constant). Taking 7 as the
TESH
identity permutation we get |A| = ai1a22...an, which is the least element in A. O

Definition 4.10. For a FNSM A € F,xn we have the following
(1). If A > I, then A is called reflezive.

(2). If ai; > aij, then A is called weakely reflevive for all i, € {1,2,...,n} where A = (ai;) = ((a};,al;,al;))

ij> Qi Qi
(3). If A= AT, then A is called symmetric
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(4).
(5)-

If A= A%, then A is called idempotent

If A2 < A, then A is called transitive.

Proposition 4.11. Let A be an n x n reflexzive FNSM. Then adjA = A* where A* is idempotent and k < n — 1.

Proof.  The proof of the proposition is similar to fuzzy matrices refer [11]. O

Proposition 4.12. Let A be an n x n reflexive FNSM. Then we have the following:

(1).
(2).
(3).
(4)-
(5).
(6).

adj A®> = (adj A)? = adj A,

If A is idempotent, then adj A = A,
adj A is reflezive,

adj (adj A) =adj A,

adj A> A,

Aadj A) = (adj A)A = adj A.

Proof.

(1).

Since A is reflexive, we get A2 is also reflexive and adjA? = (A2?)F = (4%)2 = (adj A)?. But since A* is idempotent, we

have (adj A)? = (adj A).

. We have by Proposition 2.10 that adjA = A¥(k < n — 1). But we have also that A is idempotent. So A® = A. Thus

adjA = A.

. Let B =adjA. That is, ((b50505) = 2 I (atTﬂ(t), a{ﬁ(t), af;(t)). Taking the identity permutation m(t) = ¢ we get

TESn,; teENn;
T ;T ;T T T T T T I I I I I F F F F F
(<bii7bii7bii>) > <a11a22--~ai—li—1ai+1i+l-~-ann7 a11a22--'aifliflai+1i+l-'-ann7a11a22-"ai71i71ai+1i+1-'-ann> = ((17 170>)

that is (b, b5, b5) = (1,1,0) and adjA is thus reflexive.

. Since A is reflexive, we get adj A is idempotent by the above proposition and reflexive by (3). So that by (2) adj (adj A) =

adj A.
.Let B = adj A. That is ((b;b;bf)) = SZ tH (af,ru),afw(t),af;(t)). Taking the identity permuta-
TE ning €n;
123 -+ i -j—1j41-n
tion w(h) = h, w(i) = j, h # i, that is the permutation then
123 -+ 4§ j—1j41--n

T T T T T 1 I I I I F F F 3 F\ T ;1 3F
(@11022.-07—1,- 1041541+ Cnns 011022+ 07— 15— 1 Cit 1i41---Grn, A11022--G5—1—10i 4 1541--Onn) 15 & term of (b;;,b;;,b;;). So

T ;1 LF T T T T T T I F .
that (bj;,b;;,bi;) > (@11, 022...0i_1;—1Qi41i+1---Onpn = (A4, 0i;, i;). Therefore B = adjA > A.

. Let C = A(adjA) and D = (adjA)A. Then

n
<c7§'7c7{j7cg> = Z<az—l‘c7az¥k7a7§c> |A]k|
k=1
n

> (afi, ais, afi) | Ajil = |Aji| = (0,01, b55)) and dij = |Awi| (aky, ak;, aij)

(Y EREVE]
k=1
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T I F
> [Ajil (aj;, aj5, ajj)

Thus we have A(adj A) > adj A and (adj A)A > adj A. But by (1) and (5) and Proposition 4.11, we see that
adjA = (adj A)(adj A) > Aadj A. So that A(adj A) = adj A. Also adj A = (adj A)(adj A) > (adj A)A so that
(adj A)A = adj A. Thus we get A(adj A) = (adj A)A = adj A. O

(1,1,0) (0.2,0.3,0.5)
Example 4.13. Let A = . Then

(0.6,0.2,0.3)  (1,1,0)

Ay = (1,1,0),
Ay = (0.6,0.2,0.3)
Ay = (0.2,0.3,0.5),

Az = (1,1,0)

r (1,1,0)  (0.2,0.3,0.5) (1,1,0)  (0.2,0.3,0.5)
(0.6,0.2,0.3)  (1,1,0) (0.6,0.2,0.3)  (1,1,0)

(1,1,0)  (0.2,0.3,0.5)

(0.6,0.2,0.3)  (1,1,0)

A? < A is transitive.

. A Ax
adj A=
A1z Az
1,1,0 0.2,0.3,0.5
wias | w0 )
(0.6,0.2,0.3) (1,1,0)
1,1,0 0.2,0.3,0.5 1,1,0 0.2,0.3,0.5
g o | 1O || wio )
(0.6,0.2,0.3) (1,1,0) (0.6,0.2,0.3) (1,1,0)
(1,1,0) (0.2,0.3,0.5)
(0.6,0.2,0.3) (1,1,0)
1,1,0 0.2,0.3,0.5 1,1,0 0.2,0.3,0.5
i | RO || wio )
(0.6,0.2,0.3) (1,1,0) (0.6,0.2,0.3) (1,1,0)

(1,1,0)  (0.2,0.3,0.5)

(0.6,0.2,0.3)  (1,1,0)

(adj A)A = A adj A.

It is clear that the above example satisfies of the above Theorem.

Definition 4.14. An n x n FNSM A is called circular if and only if (A*)T < A, or more explicitly,

<a’?k7 ajl'k:7a§?k><a£i7a£i7 a’sz;> S <CL;'Z;',(IZI]', G’ZF]> fO'I" every k= 17 27 N
Theorem 4.15. For ann xn FNSM A we have the following:
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(1). If A is symmetric, then adj A is symmetric,
(2). If A is transitive, then adj A is transitive,
(3). If A is circular, then adj A is circular.
Proof.

(1). Let B =adjA. Then

I F I F I F I F
<bz;7bz‘j7bij>: Z H<az;-(t)aat7r(t)>at7r(t)> Z H<GZ(t)t»aw(t)t7an(t)t>:(<bz‘Tj7bij>bij>)-

WESn].ni ten; nesninj ten;
(since A is symmetric).

(2). Let D = A;;. We can determine the elements of D in terms of the elements of A as follows:

(afyrs Ak Ohge) if h<ik<yj,
(@) Gnt 1y Wntyn) if h>i,k<j
(s dh, by = 4R o
(@ (k1) Chkr1)s Ch(hrn)) if h<ik2>j,
<a(Th+1)(k+1)7 a{h+1)(k+1)7 a{h+1)(k+1)> ifh>ik2>j,

where A;; denotes the (n — 1) x (n — 1) FNSM obtained from A by deleting the ¢ — th row and column j. Now we
show that Ast Aty < Asy for every t € {1,2,..n}. Let R = A, C = Atu, F = Asy and W = A Avy. Note that A is

transitive. Then

n—1
T I F\ _ T I _F\, T I F
<wij7wij7wij> = <Tik>rikarik><ckjackj7ckj>
k=1
n—1
_ T T I I F F\ _,T I F
= <aikakj7aikakj7aikakj> > <aij7aij:aij>
k=1

= (fE L fEY ifi < sk <t,j <u,

n—1
_ T T I I F _F < T I F
= Z<aikak(j+1)7aikak(j+1)aaikak(j+l)> = <ai(j+1)aai(j+1)7ai(j+1)>
k=1
T I F ep o .
= (fij: fij, fi;) ifi<s k<t j>u,
n—1
o T T I I F F < T I F
= > @ikt 1)@k 1115 T4 1) @15 itk 1) Ak 1)) < (aiy, @iy, ais)
k=1
T I F g - .
= <fl]7fl]7fl]> if i < Sak Z t7] <u,
n—1
_ T T I I F F
= > @ik a{k1)(11) itk 1) Alk41) (1) k1) Ak 4 1) (41
k=1
T I F T I F ep . .
< A{@i(i41), Gi(j+1)s Gig+1)) = (Fij» figs fig) it i <s,k>1t,5 > u,
n—1
_ T T I F F
= Z(a(i+1)kakj7a(i+1)kakj7a(i+1)kakj>
k=1
T I F T I F e . .
< A{ait1)s> OG0y ity = (Fijy figs fig)  if i > sk <t,j <u,
n—1
_ T T I I F F
= Z<a(i+1)<k+1)a(k+1>wa<i+1)(k+1)a(k+1)jva(i+1>(k+1)a(k+1)j>
k=1

I F I P\ g )
< <a(Ti+1)j7a(i+1)j7a(i+1)j> = (fi:;,fij,fiﬁ ifi>s,k>tj<u,
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3
|
—

I
i\

< (a{;
n—1

_ T T 1 1 F F

= Z(a(iﬂ)kak(ﬁl)fa(i+1)kak(j+1)va(z’+1>kak(]’+1>>
k=1

T I F T 0 P\ e .
A1) (j41)> 41 G+1)) Cit 1) G41)) = (Sigy figy fi5) i > 8k <t,5 >,

T T I I F F
(@34 1) (1) B4 1) (G+1)5 Qi+ 1) (k1) @Ue+1)(G+1)5 A(i+ 1) (k1) B(k+1) (G+1) )

I F T I pF\ g .
1) G+1) A1) (G+1)s W41 G+1)) = Sigs figs fi) i > 8k > 1,5 <w,

Thus w;; < fi; in every case and therefore (aZ;,al, ak}) |Aw| < |Asul for every ¢ € {1,2,...n}. By Theorem 3.9, we get

|Ast| |Atu| < |Asu|. This means that

<th9, bgsa bfs) <b£t7 vaJtv b5t> S <b;{sa bisv b53>a

uty Yut) tsy

that is (bZ,, bL,, b5 ) (L bl bE) < (BT, bL,, bE), for every t € 1,2, ...,n. Hence B = adjA is transitive.

(3). Similarly, as in (2) we can show that AstAsw < Aus. For every t € 1,2,...,n so that |Ast||As| < ‘AES’ = |Aus|. Thus

(b, bl bE(bE, bl b)) < (T, L, bEL), and B = adjA is circular.

sty Ysty tuy Ytus

Corollary 4.16. If a FNSM A is similarity then AadjA is also Similarity.
Theorem 4.17. For any n x n FNSM A , the FNSM AadjA is transitive.

Proof. Let C = Aadj A, that is

n

Cij = Z(aﬁ,afmaﬁ) [Ajkl

k=1

= (ajp,als,aly) |Ajp| forsome f€{1,2,3,.n}, and

n
2 p—
Cij = CisCsj
s=1

n

=3 ((ak, aly,af) [Aal) S, ali, aki) | Azl

s=1 1=1 t=1
n
= Z(aij;w a"{h7 af}‘z> ‘Ashl <a’£u7 a’iua a§u> |Aju|
s=1

S <a/zrh7 a'{ha ag’b) |AJU|

T I F
<Aaig, ajr,aj¢) |Ajz],

for some h,u € {1,2,...,n}. Thus (A adj A)? < A adj A.

(0.1,0,0.3) (0.5,0.6,0.7)
Example 4.18. LetA be a FNSM . Then
(0.2,0.5,0.3) (0.6,0.2,0.3)

(0.6,0.2,0.3) (0.5,0.6,0.7)
(adj A) =
(0.2,0.5,0.3)  (0.1,0,0.3)

Aadj A) =
(0.2,0.5,0.3)  (.6,.2,0.3) (0.2,0.5,0.3)

(0.2,0.5,0.3) (0.1,0,0.7)
(0.2,0.2,0.3) (0.2,0.5,0.3)

832

(0.1,0,0.3) (0.5,0.6,0.7) | |(0.6,0.2,0.3) (0.5,0.6,0.7)

(0.1,0,0.3)

O
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(A adj A (0.2,0.5,0.3) (0.1,0.0,0.7) | [(0.2,0.5,0.3) (0.1,0,0.7)
aa) =

(0.2,0.2,0.3) (0.2,0.5,0.3) | |(0.2,0.2,0.3) (0.2,0.5,0.3)
(A adj A - (0.2,0.5,0.3)  (0.1,0,0.7)

(0.2,0.2,0.3) (0.2,0.5,0.3)

(Aadj A)? < (Aadj A) s also transitive.

We omit the proofs for type-II FNSM as the proofs are analogous to type-I FNSM.

5. Conclusion

In this paper we have introduced determinant and adjoint of two types of FNSMs and discussed some of its properties.
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