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Abstract: In [6] The concept of almost finitely cogenerated is introduced and studied with some properties of it. recall that: Let

R be a ring with identity. An R-module M is called almost finitely cogenerated if M is not finitely cogenerated but
every factor of M is finitely cogenerated. In this paper we will introduce and study New properties of the almost finitely

cogenerated R-module and prove a new result of it.
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1. Introduction

Throughout this paper all rings are commutative with unit unless otherwise noted and all modules are assumed to be unitary.

In 1983 W.D.Weakly [10] introduced and studied a concept of almost finitely generated as a module is not finitely generated

but whose proper submodules are finitely generated. Recall that an R-module M is called finitely generated, if for any

family (Mi)i∈I of submodules of M with
∑
i∈I

Mi = 0, there is a finite subset J of I such that
∑
j∈J

Mj = 0 (see [7, 9]). In [6] a

concept of almost finitely cogenerated module is introduced and studied as a dual of a concept of almost finitely generated

and it is defined as the following: Let R be a ring, An R-module M is called almost finitely cogenerated if it is not finitely

cogenerated but all its factors are finitely cogenerated. And every submodule of an almost finitely cogenerated is also an

almost finitely cogenerated. Recall that an R-module M is called finitely cogenerated if for any family Mi∈I submodules of

M with
⋂
i∈I

Mi = 0, there is a finite subset J of I such that
⋂
j∈J

Mj = 0 [9]. In [1] The following conceptes Hopfian (resp

Co-Hopfian) are introduced and study such that An R- module M is called Hopfian (resp Co-Hopfian) if any surjective

(resp injective) of endomorphism of M is an automorphism. See in [5] M is Hopfian if and only if M is Co-Hopfian. In this

paper we will introduced and study New properties of an almost finitely cogenerated module. The theorem 2.2 is studied a

behavior of the notion almost finitely cogenerated on short exact sequences. In 2.5 proved that a direct sum of almost finitely

cogenerated modules is also almost finitely cogenerated. In 2.4 proved if N and K be almost finitely cogenerated module,

then N ∩K is almost finitely cogenerated module. And more than if M1,M2......,Mn are almost finitely cogenerated, then
n⋂

i=1

Mi is also an almost finitely cogenerated. In 3.2 we introduce the main result : Let M be an R- module, if M is an almost
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finitely cogenerated module, M is Hopfian. But the converse of this result is not true in general. where a counter example

is proved this fact : If R is semisimple ring and let M be an R-module. then M is Hopfian if and only if M is Artinian see

3.11 [5] and by definition of almost finitely cogenerated module in [6] M is not almost finitely cogenerated module. Finally

in 3.5 M is almost finitely cogenerated,then M is Co-Hopfian. It is clear that the inverse of the proposition above is also

not true in general.

2. New Properties

The theorem 2.2 below is studied a behavior of the notion almost finitely cogenerated on short exact sequences. Before that

we recall this definition as the following :

Definition 2.1 ([6]). A module M is called almost finitely cogenerated if it is not finitely cogenerated but for any nonzero

submodule N of M , M/N is finitely cogenerated. That is equivalent that M is not artinian, but M/N is artinian for any

nonzero submodule N of M .

Theorem 2.2. Let N , M and K be R-modules and 0 −→ N −→M −→ K −→ 0 be a short exact sequence, then

(1). If K and N are almost finitely cogenerated modules, then M is almost finitely cogenerated module.

(2). If K and M are almost finitely cogenerated modules, then N is almost finitely cogenerated module.

(3). K and N are almost finitely cogenerated modules if and only if K + M is almost finitely cogenerated module.

Proof.

(1). First M is not finitely cogenerated. Indeed, if we suppose that M is finitely cogenerated then, being a submodules of

M , will be finitely cogenerated which is absurd. Now consider a short exact sequence 0 −→ T −→M −→M/T −→ 0.

We need to prove that M/T is finitely cogenerated. Consider the pullback diagram

0 0

↓ ↓

0 → L̀ → T → K → 0

↓ ↓ ‖

0 → N → M → K → 0

↓ ↓

M/T == M/T

↓ ↓

0 0

Since N is almost finitely cogenerated and by the left vertical exact sequence, M/T is finitely cogenerated, as desired

(see [5]).

(2). From [6] N is an almost finitely cogenerated module as isomorphism a submodule of M (Because N�ker(f) ∼= Im(f)

and ker(f) = 0).

(3). Suppose that K and N are almost finitely cogenerated modules and from 2.2(1) K + M is almost finitely cogenerated

module. Conversally suppose that K + M is almost finitely cogenerated module and K and M are submodules of

K + M , then from [6], hence K and M are almost finitely cogenerated modules.
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Corollary 2.3. Let R be a ring and M1,M2, . . . ,Mn are R-modules. M1,M2, . . . ,Mn are almost finitely cogenerated if and

only if
n∑

i=1

Mi is an almost finitely cogenerated.

Proof. Let M1,M2, . . . ,Mn be almost finitely cogenerated. We have a short exact sequence

0→Mn →
n∑

i=1

Mi −→
n−1∑
i=1

Mi −→ 0

and by induction if n = 2, then we get

0→M2 →
2∑

i=1

Mi −→M1 −→ 0

from Theorem 2.2 (4) the asseration is true. Now we suppose that M1,M2, . . . ,Mn are almost finitely cogenerated if and

only if
∑n

i=1 Mi is an almost finitely cogenerated and we prove it when n + 1. The short exact

0→Mn+1 →
n+1∑
i=1

Mi −→M1 −→ 0

and from Theorem 2.2 (2) that is implies that Mn+1 is an almost finitely cogenerated (because M1 is almost finitely

cogenerated). We have also

0→Mn+1 →
n+1∑
i=1

Mi −→
n∑

i=1

Mi −→ 0,

then from Theorem 2.2 (4)
n+1∑
i=1

Mi is an almost finitely cogenerated and it follows that M1,M2, . . . ,Mn are almost finitely

cogenerated if and only if
n∑

i=1

Mi is an almost finitely cogenerated for every n.

Proposition 2.4. Let N and K be almost finitely cogenerated module, then N ∩K is almost finitely cogenerated module.

Proof. Since N and K are almost finitely cogenerated module. and N ∩ K is a submodule of N and K, then from [6]

N ∩K is almost finitely cogenerated module.

Corollary 2.5. Let R be a ring and M1,M2, . . . ,Mn are R-modules. If M1,M2, . . . ,Mn are almost finitely cogenerated,

then
n⋂

i=1

Mi is an almost finitely cogenerated.

Proof. Where ∩n
i=1Mi is a submodule of Mi(1 ≤ i ≤ n) which are almost finitely cogenerated , then ∩n

i=1Mi is an almost

finitely cogenerated (see [6]) Proposition 2.2.

3. The Main Result

Before we introduce the main result we need to recall the following concepts : see [1, 5, 10]

Definition 3.1.

(1). Let M be a R-module, M is called Hopfian, if any surjective R-homomorphism f : M −→M is an isomorphism.

(2). M is called Co-Hopfian, if any injective R-homomorphism f : M −→M is an isomorphism.

Theorem 3.2. Let M be an R- module,if M is an almost finitely cogenerated module, M is Hopfian.

Before we prove the theorem we need to recall the proposition blew (see [6] Proportion 2.2).

Proposition 3.3. For any f ∈ EndR(M), either f = 0 or ker(f) = 0 and if f(M) 6= M , then
⋂

n≥1

fn(M) = 0.
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Proof. Let f be an R-endomorphism of M . Since we have, f(M) ∼= M/Kerf,Kerf 6= 0 implies f(M) = 0. On the other

hand, if N =
⋂

n≥1

fn(M) and N 6= 0, then kerf = 0 and M/N is artinian and so there exists a nonzero integer n such that

fn+1(M) = fn(M), it follows That f(M) = M .

Now we prove the theorem.

Proof. Suppose that M is almost finitely cogenerated and let for any f ∈ EndR(M) surjective, then f 6= 0 and from

proposition 2.2 in [6], then ker(f) = 0 and following that is injective that is implies that f is an automorphism, hence M is

Hopfian. The converse of the theorem above is not true in general. we introduce a counter example as the following : If R

is semisimple ring and let M be an R-module. then M is Hopfian if and only if M is Artinian see 3.11 [5] and by definition

of almost finitely cogenerated module in [6] M is not almost finitely cogenerated module.

Proposition 3.4. Let M be R- module, M is Hopfian module if and only if M is Co-Hopfian.

Proof. Suppose that M is Hopfian R-module. Then there exit an automorphism of M (i.e f : M −→ M) that is implies

that M is Co-Hopfian.

Proposition 3.5. Let M be an R- module,if M is almost finitely cogenerated module,then M is Co-Hopfian.

Proof. Suppose that M is an almost finitely cogenerated module, then it is Hopfian and from Proposition 3.4 M is

Co-Hopfian.

It is clear that the converse of the proposition above is also not true in general as before.
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