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1. Introduction

The concept of energy of a graph was introduced by I. Gutman [7] in the year 1978. Let G be a graph with n vertices
and m edges and let A = (a;;) be the adjacency matrix of the graph. The eigenvalues A1, A2, - , A, of A, assumed in non
increasing order, are the eigenvalues of the graph GG. As A is real symmetric, the eigenvalues of G are real with sum equal to
zero. The energy E(G) of G is defined to be the sum of the absolute eigenvalues of G. i.e., E(G) = i |Ai]. For details on
the mathematical aspects of the theory of graph energy see the reviews|8], papers [4, 5, 9] and the reif:eiences cited therein.
The basic properties including various upper and lower bounds for energy of a graph have been established in [11, 12], and
it has found remarkable chemical applications in the molecular orbital theory of conjugated molecules [6, 10]. Also in the
year 2012 C. Adiga et al. [1] defined the minimum covering energy, Ec(G) of a graph which depends on its particular
minimum cover C. Motivated by this, M. R. Rajesh Kanna et al. [13] introduced minimum dominating energy of a graph
Ep(G). Recently E. Sampathkumar et al. [14] defined partition energy of a graph. Motivated by these two definitions, we
now introduce minimum dominating partition energy PEp(G) of a graph G. In this paper we have computed minimum
dominating partition energies of a star graph, complete graph, crown graph and cocktail party graphs. We also establish

upper and lower bounds for PEp(G).
1.1. Partition Energy

Let G be a simple graph of order n with vertex set V = {v1,v2,...,v,} and edge set E. Let P, = {V1,V2,V3,...,Vi} be a

partition of a vertex set V. The partition matrix of G is the n x n matrix defined by A(G) = (ai;), where
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2 if v; and v; are adjacent where v;,v; € V.
—1 if v; and v; are non adjacent where v;,v; € Vi,
A5 =
1 if v; and v; are adjacent between the sets V. and V; for r # s where v; € V. and v; € V;

0  otherwise

The eigenvalues of this matrix are called k-partition eigenvalues of G. The k-partition energy Py E(G) is defined as the sum

of the absolute values of k-partition eigenvalues of G [14].

1.2. Minimum Dominating Partition Energy

Let G be a simple graph of order n with vertex set V = {v1,v2,...,v,} and edge set E. Let P, = {Vi,V2,V3,...,Vi} be a
partition of a vertex set V. A subset D of V is called a dominating set of GG if every vertex of V — D is adjacent to some vertex
in D. Any dominating set with minimum cardinality is called a minimum dominating set. Let D be a minimum dominating
set of a graph G. The minimum dominating k - partition matrix of G is the n X n matrix defined by Py Ap(G) = (ai;),

where

2 if v; and v; are adjacent where v;,v; € V;.
—1 if v; and v; are non adjacent where v;,v; € V,.
Qi =
1 ifi=j, v; € D orv; and v; are adjacent between the sets V,. and V; for r # s where v; € V;. and v; € V;

0 otherwise

The characteristic polynomial of Ap(G) is denoted by fn(G, A)= det(A] — Ap(G)). The minimum dominating k - partition
eigenvalues of the graph G are the eigenvalues of Ap(G). Since Ap(G) is real and symmetric, its eigenvalues are real
numbers and we label them in non-increasing order A1 > A2 > -+ > A,. The minimum dominating k - partition energy of

G is defined as P,Ep(G) = Z |Ai|. Note that the trace of Ap(G) = |D|.

2. Minimum Dominating Partition Energy of Some Standard Graphs

Theorem 2.1. Forn > 2, the minimum dominating 2-partition energy of star graph Ki n—1 in which the vertex of degree

n — 1 is in one partition and vertices of degree 1 are in another partition is (n — 2) +v/n? + 2n — 3.

Proof.  Consider the star graph Ki,,—1 with vertex set V' = {v1,v2,v3,...,vn}. The minimum dominating set D = {v1}.

Then 2-partition minimum dominating adjacency matrix is

V1 V2 U3 ... Up—2 Un—1 Un
v (11 1 - 1 1 1
v [1 0 -1 - -1 -1 -1
vs [1 -1 0 -« -1 -1 -1
P, Ap(Kijn-1) =
Up—2|1 -1 —1 ... 0 -1 -1
Up—1|1 -1 -1 .-~ —1 0 -1
on |1 =1 =1 -« -1 -1 0
nxn
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characteristic equation is (—1)™(A — 1)""'[A* — (n — 3)A — (2n — 3)] = 0. Minimum dominating 2-partition eigenvalues of
—-(n-=3)£vVn?+2n-3
2

Kin-1 are A =1 [(n — 2) times], A = [one time each]. The minimum dominating 2-partition

spectrum of K1 ,—1 is

1 —(n=3)+vn’+2n—-3 —(n—3)—+vn?+2n—-3
2 2
n—2 1 1

Minimum dominating 2-partition energy of Ki ,—1 is

—(n—-3)+vn?+2n—-3
2

PEp(Kin-1) =[1|(n—2)+

PyEp(Kimo1) = (n—2)+v/n?+2n— 3.

‘+’7(n73)7\/n2+2n73‘

2

O

n
Definition 2.2. The cocktail party graph, denoted by Knx2, is a graph having the vertex set V = U{ui,vi} and the edge
i=1

set B = {usuj,v;v; 11 # U {wvj,viu; 1 1 <i<j<n}.

Theorem 2.3. For n > 2, the minimum dominating 2-partition energy of cocktail party graph K.xs2 in which 2n vertices

are partitioned into U, = {u1,u2,us3,...,un} and Vi, = {v1,v2,03,..., v} is 4(n — 2) +v/9n2 — 6n + 13 + v/n2 — 2n + 5.

Proof. Let K,x2 be the cocktail party graph with vertex set V = U{ui,vi} and the edge set £ = {uuj,vivj;i #
i=1
7} U{uiug,vivj;1 <4 < j < n}. The minimum dominating set is D = {u1,v1}. Then the minimum dominating 2-partition

matrix of cocktail party graph is

U1 U2 U3 ... Un |V1 V2 V3 ... Un
w|l 2 2 210 1 1 1
ua| 2 0 2 2|11 0 1 1
us |2 2 0 201 1 0 1
PoAp(Knx2)=| un|2 2 2 ... 0|1 1 1 0
wm|0 1 1 ... 1|1 2 2 2
vall 0 1 ... 1|2 0 2 2
vs|1 1 0 ... 1|2 2 0 2
ve|1l 1 1 ... 02 2 2 ... 0
2nXx2n

characteristic equation is (A4 1)""2(A +3)""2[A% — (3n — 5)A — (6n — 3)][\> — (n — 1)A — 1] = 0. The minimum dominating
(3n —5) £ v/9In? — 6n+ 13
2

2-partition eigen values of K, x2 is A = —1[(n — 2) times], A = —3[(n — 2) times], A = (one time

(n—=1)£vn%2—-2n+5
2

each), A = (one time each). The minimum dominating 2-partition spectrum of K, x2 is

1 _3 Bn—5)tvIn2—6n+13 (n—1)++v/n2—-2n+5
2 2
n—2n—2 1 1

Minimum dominating 2-partition energy of K, x2 is

(3n —5) + v9n? — 6n + 13 (3n —5) — v9n? — 6n + 13

PyED(Koz) = |~ 1(n ~2) + | - 3(n —2) + ’ +| ’
n (n—1)+\/2n2—2n+5’+ (n—l)—\/2n2—2n+5‘

PEp(Knxa) =4(n —2) + /902 — 6n + 13 + /n? — 2n + 5.
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Theorem 2.4. For n > 2, the minimum dominating I1-partition energy of complete graph K, is equal to 2(n — 2) +

Van? —4n + 9.

Proof. Let K,, be the complete graph with vertex set V = {v;,v2,v3,...,v,}. The minimum dominating set is D = {v1}.

Then the minimum dominating 1-partition matrix of complete graph is

Vi V2 V3 ... Up—2 Un—1 Un
vi |1 2 2 ... 2 2 2
va |2 0 2 ... 2 2 2
vy |2 2 0 ... 2 2 2
PIAD(Kn) =
Un—2| 2 2 2 ... 0 2 2
Uno1| 2 2 2 ... 2 0 2
v |2 2 2 ... 2 2 0 y

Characteristic equation is (—1)" (A + 2)""2[A\* — (2n — 3)A — 2n] = 0. The minimum dominating 1-partition eigen values of

2n —3) £ V4n? —4n +9
2

K, is A = —2[(n — 2) times], A = ( (one time each). Minimum dominating 1-partition spectrum of

2 2

K, is
g 2n—3)++vV4n?2 —4n+9 (2n—3) —V4n®> —4n+9
2 2
n—2 1 1
Minimum dominating 1-partition energy of K, is
_ VAn? —4n+9 —3)—V4An2 —4n +9
PLED(Kn) = | —2|(n—2) + (2n—3)++v4n? —4n+9 + (2n —3) dn? —4n+9

PiEp(Kn) =2(n—2) +/4n? — 4n + 9.

O

Theorem 2.5. For n > 2, the minimum dominating n-partition energy of complete graph K, is equal to (n — 2) +

vn2 —2n+5.

Proof. Consider the complete graph K, with vertex set V = {vi,v2,v3,...,v,}. The minimum dominating set is D =

{v1}. Then the minimum dominating n-partition matrix of complete graph is

V1 V2 V3 ... Un—2 Un—1 Un

vi |1 1 1 ... 1 1 1

ve |1 0 1 ... 1 1 1

vy |1 1 0 ... 1 1 1

PoAp(K,) =

Up—2| 1 1 1 ... 0 1 1

Uno1|1 1 1 ... 1 0 1

vy, |11 1 ... 1 1 0

nxn

characteristic equation is (—1)"(A + 1)""2[A\* — (n — 1)A — 1] = 0. Minimum dominating n-partition eigenvalues of K, is

(n—1)£vn?—-2n+5
2

A= —1[(n—2) times], A = (one time each). The minimum dominating n-partition spectrum of K,

is

(n—=1)++vn2-2n+5 (n—1)—vn?—mn+5
2 2

n—2 1 1

-1
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Minimum dominating n-partition energy of K, is

(n—1)—+vn2—n+5

PuEn(K.) = | = 1(n=2) + ;

(n—1)—1—\/112—n—|—5‘Jr
2

P,Ep(K,)=(n—2)++vVn?—-2n+5.

O

Definition 2.6. The crown graph SO for an integer n > 2 is the graph with vertex set {u1,u2, ooy Un, V1, V2, ..., U} and edge

set {uvj 1 1<4,j <mn,i#j}. .. SS coincides with the complete bipartite graph K, » with horizontal edges removed.

Theorem 2.7. For n > 2, the minimum dominating 2-partitions energy of Crown Graph S in which 2n vertices are

partitioned into Up = {u1,uz,us,...,un} and Vo = {v1,v2,v3,...,0n} is equal to (2n — 1) + v4n? +4n — 7.

Proof. Consider the crown graph S with vertex set V = {u1,u2,...,Un,v1,02,...,0n}. The minimum dominating set

is D = {u1,v1}. Then the minimum dominating 2-partition matrix of crown graph is

UL U2 U3 ... Un | VI V2 V3 ... Un

w1l -1 -1 “1l0 1 1 1

w1 0 —1 ... -1/1 0 1 ... 1

ws|—-1 -1 0 ... 1|1 1 0 ... 1
MDS) = | up|-1 -1 =1 ... 0|1 1 1 ... 0

w0 1 1 ... 1|1 -1 -1.. -1

w1l 0 1 ... 1|-1 0 -1.. -1

vs|1 1 0 ... 1|-1 -1 0 ... -1

wl1 1 1 ... 0]-1-1-1... .

Characteristic equation is A" (A —1)(A —2)""*[A\® 4 (2n — 5)A — (6n — 8)] = 0. The minimum dominating 2-partition eigen
—2n—=5) £ Vin? +4n -7
2

values are A = 1 (one time), A = 0[(n — 1) times], A = 2[(n — 1) times], A =

(one time each).

The minimum dominating 2-partition spectrum of 57(10) is

1 0 9 —2n—=5)+VinP+4n -7 —(2n—5) —V4n?2 +4n -7
2 2
1 (n—1) (n—-1) 1 1

The minimum dominating 2-partition spectrum of S is

—(2n —5)+V4An?2 +4n -7 —(2n—=5) —V4An? +4n -7

PEp(S0) = [11(1) +[0l(n — 1) + [2/(n — 1) + > \<1>+’ 2 M

PEp(S) = @2n— 1)+ V4n2 + 4n — 7.

3. Properties of Minimum Dominating Partition Eigenvalues

Let G = (V, E) be a graph with n vertices and P, = {V1, Va, ..., Vi } be a partition of V. For 1 < ¢ < k, let b; denote the total

number of edges joining the vertices of V; and ¢; be the total number of edges joining the vertices from V; to Vj for i # j ,
k k k

1 < j <k and d; be the number of non-adjacent pairs of vertices within V;. Let m; = Z bi, ma = Z c; and m3 = Zdi'
i=1 i=1 i=1
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Theorem 3.1. Let G be a simple graph with vertez set V = {v1,v2,...,un}, edge set E. Py = {V1,Va,...,Vi} be a partition
of V and D be a minimum dominating set. If A1, Az, ..., A, are the minimum dominating k-partition eigenvalues of minimum

dominating k-partition matriz Ap(G) then

(1). Z/\ =|D|

(2). Z/\ |D| + 2(4m1 4+ ma + ma3).
Proof.

(1). We know that the sum of the k-partition eigenvalues of Ap(G) is the trace of Ap(G). Therefore Z Ai = Z ai; = |D].

(2). Similarly the sum of squares of the k- partition eigenvalues of Ap(G) is trace of [Ap(G)]?. Therefore

n n n

2
> AT =D aag
i=1

i=1 j=1

- g an + g AijQji
i#]

= Sl 35 (a0
i<j

=| D | +2(4m1 —+ mo +m3).

O
4. Bounds For Minimum Dominating Partition Energy
In this section we find bounds for P, Ep(G) which are in sequal to the work of McClelland’s [12].
Theorem 4.1. Let G = (V, E) be a graph with n vertices and P, = {Vi,Va,...,Vi.} be a partition of V. Then
PkED(G) < \/n[|D| + 2(4m1 + mo + mg)]
where m1, ma, ms are as defined above for G.
n 2 n n
Proof.  Cauchy-Schwartz inequality is (Zaibi) < ( a?) (Z bf) If a; = 1,b; =| \; | then
i=1 i=1 i=1
n 2 n n
(1) = e
i=1 i=1 i=1
= [PED(G)]2 < ’I"LHDl + 2(4m1 + mo + m3)])
Therefore Py Ep(G) < v/n[|D| + 2(4m1 + m2 + m3)] which is an upper bound. O

Theorem 4.2. Let G be a simple graph with n vertices and m edges.Pr = {V1,Va,...,Vi} be a partition of V. If D is the

minimum dominating set and P = |detAp(G)| then

\/|D| + 2(4dm1 + ma +ms3) + n(n — 1)P% < PLEp(G) < \/n[|D| + 2(4m1 + ma2 + m3)].
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Proof. Cauchy Schwartz inequality is (Z aibi)2 < ( a?) (Z b?) If a; = 1,b; =| A\; | then

i=1 i=1 i=1

n n n

() = ()

i=

[PkED(G)]Q < n[|D\ + 2(4m1 + mo + mg)] [Theorem 4.1]

= PkED(G) < \/TLHD| + 2(4777,1 + mo + M3)]
Now by arithmetic mean and geometric mean inequality we have

1
mzm\lmz[ﬂmnxj |ne =)

i#]

\}1_
<

1
[ | A |2(n—1)]m

K3

3

Il
-

2
n

.
>

s
Il
—

I
—
-

3

I
=
>

s
Il
-

3o

= |detAp(G)|" = P

ST |2 a0 - 1)P* (1)

i#£]

Now consider,

M=

[PEp(G))?

(

)
1

A P>l |

i=1 i#j

[
= i

[P.Ep(G)]? > |D| + 2(4mi1 + ma 4+ m3) + n(n — l)P% [From (5.1)]

iie., PuEp(G) > \/|D| +2(4ms + ma +ma) + n(n — 1)P3
0

2(2m1 + meo — mg) + |D‘
i .

Theorem 4.3. If A\1(G) is the largest minimum dominating k-eigenvalue of Ap(G), then A\1(G) >

X'AX J AT
—— - > =
{ XX } Therefore A1(A) > 7

where J is a unit column matrix. O

Proof. Let X be any nonzero vector. Then by [2] ,We have A1(A) = max

X#0
2(2m1 + ma — ms) + |D)|
n

Upper bound for Py Ep(G) are computed in the following theorem which is in sequal to Koolen and Moulton [15].

Theorem 4.4. Let G be a graph with n vertices and m edges with 2(2my + ma —ms) + |D|) > n and (4m1 + 2m2 — 2ms +
|D|)? = n(8my + 2ms + 2ms + |D|) > 0 then

PoEn(G) < 22T T ms) TP, \/(n —1)[(2(2m1 +ma2 — ma) +|D]) - (2(2m1 e ms) + | D| )2]
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Proof.  Cauchy-Schwartz inequality is [z": aibir < ( Y a; )(Z b2) Put a; = 1, b; =| A; | then

=2 1=2

(iw |)2—§1§V

= [PEp(G) = M]* < (n = 1)(2(4mi + ma +ms) +|D| —

:>PkED(G) <A+ (n— 1)(2(4m1+m2+m3)+|D| —A%)

-

Let f(z) =z + +/(n — 1)(2(4m1 + m2 + m3) + |D| — 22). For decreasing function

z(n—1) <0
V(n—1)(2(4m1 + ma + m3) + |D] — 22) ~

:EZ\/2(2m1+M2—m3)+|D|
n

fl@)<0=1-

Since (4m1 + 2ma — 2mg3 + |D|)? — n(8m1 + 2ma + 2m3 + | D|) > 0, we have

\/2(4m1 +ma +ma) +|D| _ 2(2my + ma —ma) + |D)|
n - n ’

Since (2(2m1 + m2 —ms) + |D|) > n, we have

\/2(2m1 +ma —ms) +[D| _ 2(2ma+ma —ms) +|D| _
n - n -

Therefore

I/\

(2 2m1 + meo — m3)+\D|)

f
L PEn(G) < fOn) < ( (2m1 +m2n—m3)+|D|)
f

PkED (2 2m1 + mo — m3)+\D|)

I A

2(2 - D 2(2 — D|\2
e, Pubp(@) < 22 N |\ = 1) [22ms 4+ — ) + ) - (22t me —ma) £1DIy?)

O

R. B. Bapat and S. Pati [3] proved that if the graph energy is a rational number then it is an even integer. Similar result

for minimum dominating energy is given in the following theorem.

Theorem 4.5. Let G be a graph with a minimum dominating set D and P, = {V1,Va,...,Vi} be a partition of V. If the

minimum dominating k- partition energy PrEp(G) is a rational number, then PoEp(G) = | D |(mod 2).
Proof.  Proof is similar to Theorem 5.4 of [13]. O
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