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1. Introduction

A weaker form of continuous functions called generalized continuous (briefly, g-continuous) maps was introduced and studied

by Balachandran et al [2]. Then many researchers studied on generalizations of continuous maps. Devi et al. ([5, 6])

investigated new class of continuous maps called generalized α−continuous and α−generalized continuous maps (briefly

gα−continuous and αg−continuous). Recently, Benchalli et al. [3] introduced and studied the properties of ωα-closed sets.

Powar P. L. and Rajak K. [14] have introduced fine-topological space which is a special case of generalized topological space.

This new class of fine-open sets contains all α−open sets, β−open sets, semi-open sets, pre-open sets, regular open sets etc.

and fine-irresolute mapping which include pre-continuous function, semi-continuous functions, α−continuous function, β−

continuous function, α−irresolute and β−irresolute functions.

In the present paper, we have introduced a new class of continuous functions called fαg-continuous maps, fgp−continuous,

strongly fg−continuous, fg−closed, fωα− closed, pre-fα−closed etc. Also, we have introduced a new class of maps

pre−fωα−continuous maps, fωα−continuous maps, fωα−irresolute, fω−irresolute maps and fωα−irresolute homeomor-

phism. Also, we have studied some properties of these functions.

2. Preliminaries

Throughout the paper (X, τ) and (Y, τ ′) (or simply X and Y) represents topological spaces on which no separation axioms

are assumed unless otherwise mentioned. For a subset A of a space (X, τ), Cl(A), Int(A),α Cl(A) and AC denote the closure

of A, the interior of A, the α-closure of A and the compliment of A in X respectively. We recall the following definitions,

which are useful in the sequel.
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fωα−Continuous Maps in Fine-Topological Spaces

Definition 2.1. A subset A of a space (X, τ) is called

(1). α-open [13] if S ⊆ int(cl(int(S))).

(2). Semi-open [7] if S ⊆ cl(int(S)).

(3). Pre-open [7] if S ⊆ int(cl(S))).

(4). β-open [7] if S ⊆ cl(int(cl(S))).

Definition 2.2. A subset A of a topological space X is called:

(1). generalized closed (briefly g−closed) [8] if Cl(A) ⊂ U whenever A ⊂ U and U is open in X.

(2). α-generalized closed (briefly αg−closed) [10] if αCl(A) ⊂ U whenever A ⊂ U and U is open in X.

(3). generalized pre-closed (briefly gp−closed) [11] if pCl(A) ⊂ U whenever A ⊂ U and U is open inX.

(4). strongly generalized closed [15] if Cl(A) ⊂ U whenever A ⊂ U and U is g−open in X.

(5). ω-closed [16] if Cl(A) ⊂ U whenever A ⊂ U and U is semi-open in X.

(6). ωα-closed [3] if αCl(A) ⊂ U whenever A ⊂ U and U is ω-open in X.

Definition 2.3. A map f : (X, τ)→ (Y, τ ′) is called:

(1). α-continuous [12] (resp. g-continuous [2], αg-continuous [5], gp-continuous [1], strongly g-continuous [15] and ω-

continuous [16]) if f−1(G) is α -closed (resp. g−closed, αg−closed, gp−closed, strongly g−closed and ω-closed) set in

(X, τ) for every closed set G of (Y, τ ′).

(2). g−closed [9] (resp. αg−closed [6], α-closed [12], and ω-closed [16]) if f(G) is g−closed (resp. αg-closed, α-closed and

ω-closed) in (Y, ?’) for every closed set G in (X, τ).

(3). ω*-closed [16] (resp. ω*-open [16]) if f(G) is ω-closed (resp. ω-open) in (Y, τ ′) for every ω-closed (resp. ω-open) set

G in (X, τ).

(4). pre-α-closed [6] (resp. pre-α-open [6]) if f(G) is α-closed (resp. α-open) in (Y, τ ′) for every α-closed (resp. α−open)

set G in (X, τ).

(5). pre-αg-closed [6] (resp. pre-αg-open [6]) if f(G) is αg-closed (resp. αg-open) in (Y, τ ′) for everyα-closed (resp. α-open)

set G in (X, τ).

(6). ω-irresolute [16] if f−1(G) is ω –closed set in (X, τ) for each ω-closed set G of (Y, τ ′).

Definition 2.4. A map f : (X, τ) → (Y, τ ′) is called ωα-continuous [4] if the inverse image of every closed set in (Y, τ ′)

is ωα-closed in (X, τ ).

Definition 2.5. A map f : (X, τ) → (Y, τ ′) is called pre-ωα-continuous [4] if f−1(G) is ωα-closed in (X, τ) for every

α-closed set G in (Y, τ ′).

Definition 2.6. A map f : (X, τ)→ (Y, τ ′) is said to be ωα-irresolute [4] if the inverse image of every ωα-open set in (Y,

τ ′) is ωα-open in (X, τ).
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Definition 2.7. A map f : (X, τ)→ (Y, τ ′) is called ωα-closed [4] (resp. ωα-open [4]) if for each closed (resp. open) set F

of (X, τ), f(F ) is an ωα-closed (resp. ωα-open) set in (Y, τ ′).

Definition 2.8. A map f : (X, τ)→ (Y, τ ′) is called pre-ωα-closed [4] if for each α -closed set F of (X, τ), f(F ) is an ωα

-closed set in (Y, τ ′).

Definition 2.9. Let (X, τ) be a topological space we define τ(Aα) = τα(say) = {Gα( 6= X) : Gα ∩ Aα = ϕ, for Aα ∈ τ and

Aα = ϕ,X, for some α ∈ J , where J is the index set}. Now, we define τf = ϕ,X,∪{α∈J}τα. This collection τf of subsets of

X is called the fine collection of subsets of X and (X, τ, τf ) is said to be the fine space X generated by the topology τ on X

(cf. [14]).

Definition 2.10. A subset U of a fine space X is said to be a fine-open set of X if U belongs to the collection τf and the

complement of every fine-open sets of X is called the fine-closed sets of X and we denote the collection by Ff (cf. [14]).

Definition 2.11. Let A be a subset of a fine space X, we say that a point x ∈ X is a fine limit point of A if every fine-open

set of X containing x must contains at least one point of A other than x (cf. [14]).

Definition 2.12. Let A be the subset of a fine space X, the fine interior of A is defined as the union of all fine-open sets

contained in the set A i.e. the largest fine-open set contained in the set A and is denoted by fInt (cf. [14]).

Definition 2.13. Let A be the subset of a fine space X, the fine closure of A is defined as the intersection of all fine-closed

sets containing the set A i.e. the smallest fine-closed set containing the set A and is denoted by fcl (cf. [14]).

Definition 2.14. A function f : (X, τ, τf )→ (Y, τ ′, τ
′
f ) is called fine-irresolute(or f-irresolute) if f−1(V ) is fine-open in X

for every fine-open set V of Y (cf. [14]).

3. fωα-Continuous Maps in Fine-Topological Spaces

In this section we have defined fωα−continuous maps in fine topological space.

Definition 3.1. A subset A of a topological space X is called fine-generalized closed (briefly fg−closed) if fCl(A) ⊂ U

whenever A ⊂ U and U is fine-open in X.

Definition 3.2. A subset A of a topological space X is called fα-generalized closed (briefly fαg-closed) if fαCl(A) ⊂ U

whenever A ⊂ U and U is fine-open in X.

Definition 3.3. A subset A of a topological space X is called fine-generalized pre-closed (briefly fgp-closed) if and only if

pCl(A) ⊂ U whenever A ⊂ U and U is fine-open in X.

Definition 3.4. A subset A of a topological space X is called strongly fine-generalized closed if fCl(A) ⊂ U whenever A ⊂ U

and U is fg-open in X.

Definition 3.5. A subset A of a topological space X is called fω-closed if fCl(A) ⊂ U whenever A ⊂ U and U is fine-semi-

open in X.

Definition 3.6. A subset A of a topological space X is called fωα-closed if fαCl(A) ⊂ U whenever A ⊂ U and U is fω-open

in X.

Definition 3.7. A map f : (X, τ, τf ) → (Y, τ
′
, τ ′f ) is called fα-continuous if f−1(G) is fα-closed set in X for every

fine-closed set G of Y.
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Example 3.8. LetX = {a, b, c}, τ = {X,ϕ, {a, b}}, τf = {X,ϕ, {a}, {b}, {a, b}, {a, c}, {b, c}} and Y = {1, 2, 3}, τ ′ =

{X,ϕ, {1}}, τ ′f = {X,ϕ, {1}, {1, 2}, {1, 3}}. We define a map f : (X, τ, τf ) → (Y, τ ′, τ
′
f ) by f(a) = 1, f(b) = 2, f(c) = 3. It

may be easily checked that, the only fine-closed sets of Y are ϕ, Y, {1, 2}, {3}, {2} and their pre-images are X,ϕ, {a, b}, {c}, c

which are fα-closed in X. Hence, f is fα-continuous.

Definition 3.9. A map f : (X, τ, τf )→ (Y, τ
′
, τ ′f ) is called fg-continuous if f−1(G) is fg-closed set in X for every fine-closed

set G of Y.

Example 3.10. LetX = {a, b, c}, τ = {X,ϕ, {a}, {a, b}}, τf = {X,ϕ, {a}, {b}, {a, b}, {a, c}, {b, c}} and Y = {1, 2, 3},

τ ′ = {X,ϕ, {2}}, τ ′f = {X,ϕ, {2}, {1, 2}, {2, 3}}. We define a map f : (X, τ, τf ) → (Y, τ ′, τ
′
f ) by f(a) = 1, f(b) = 2,

f(c) = 3. It may be easily checked that, the only fine-closed sets of Y are ϕ, Y, {1, 3}, {3}, {1} and their pre-images are

X,ϕ, {1, c}, {c}, {1} which are fg-clopen in X. Hence, f is fg-continuous.

Definition 3.11. A map f : (X, τ, τf ) → (Y, τ ′, τ ′f ) is called fαg-continuous if f−1(G) is fαg-closed set in X for every

fine-closed set G of Y.

Example 3.12. The above Example 3.10.

Definition 3.13. A map f : (X, τ, τf ) → (Y, τ
′
, τ ′f ) is called fgp-continuous if f−1(G) is fgp-closed in X for every fine-

closed set G of Y.

Example 3.14. LetX = a, b, c, τ = {X,ϕ, {a}, {a, b}}, τf = {X,ϕ, {a}, {b}, {a, b}, {a, c}, {b, c}} and Y = {1, 2, 3}, τ ′ =

{X,ϕ, {a}}, τ ′f = {X,ϕ, {1}, {1, 2}, {1, 3}}. We define a map f : (X, τ, τf )→ (Y, τ ′, τ
′
f ) by f(a) = 1, f(b) = 2, f(c) = 3. It

may be easily checked that, the only fine-closed sets of Y are ϕ, Y, {2, 3}, {3}, {2} and their pre-images are X,ϕ, {b, c}, {c}, {b}

which are fαg-closed in X. Hence, f is fαg-continuous.

Definition 3.15. A map f : (X, τ, τf ) → (Y, τ
′
, τ ′f ) is called strongly fg-continuous if f−1(G) is strongly fg-closed in X

for every fine-closed set G of Y.

Example 3.16. Let X = a, b, c, τ = {X,ϕ, {a, b}}, τf = {X,ϕ, {a}, {b}, {a, b}, {a, c}, {b, c}} and Y = {1, 2, 3}, τ ′ =

{X,ϕ, {3}}, τ ′f = {X,ϕ, {3}, {1, 3}, {2, 3}}. We define a map f : (X, τ, τf )→ (Y, τ ′, τ
′
f ) by f(a) = 1, f(b) = 2, f(c) = 3. It

may be easily checked that, the only fine-closed sets of Y are ϕ, Y, {1, 2}, {2}, {1} and their pre-images are X,ϕ, {a, b}, {b}, {a}

which are strongly fg-closed in X. Hence, f is strongly fg-continuous.

Definition 3.17. A map f : (X, τ, τf )→ (Y, τ
′
, τ ′f ) is called fω-continuous if f−1(G) is fω-closed in X for every fine-closed

set G of Y.

Definition 3.18. A map f : (X, τ, τf ) → (Y, τ ′, τ ′f ) is called fg-closed if f(G) is fg-closed in Y ′ for every fine-closed set G

in X.

Definition 3.19. A map f : (X, τ, τf )→ (Y, τ ′, τ ′f ) is called fαg-closed if f(G) is fαg-closed in Y for every fine-closed set

G in X.

Definition 3.20. A map f : (X, τ, τf )→ (Y, τ ′, τ ′f ) is called fα-closed if f(G) is fα-closed in Y for every fine-closed set G

in X.

Definition 3.21. A map f : (X, τ, τf )→ (Y, τ ′, τ ′f ) is calledfω-closed if f(G) is fω -closed in Y for every fine-closed set G

in X.
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Definition 3.22. A map f : (X, τ, τf )→ (Y, τ ′, τ ′f ) is calledfω*-closed if f(G) is fω-closed for every fω-closedset G in X.

Definition 3.23. A map f : (X, τ, τf )→ (Y, τ
′
, τ ′f ) is called fω*-open if f(G) is fω -open for every fω-openset G in X.

Definition 3.24. A map f : (X, τ, τf ) → (Y, τ ′, τ ′f ) is called pre-fα-closed (resp. pre-fα-open) if f(G) is fα-closed (resp.

fα -open) in Y for every fα-closed (resp. fα−open) set G in X.

Definition 3.25. A map f : (X, τ, τf )→ (Y, τ ′, τ ′f ) is called pre-fαg-closed (resp. pre-fαg-open) if f(G) is fαg-closed (resp.

fα g-open) in Y for every fα-closed (resp. fα-open) set G in X.

Definition 3.26. A map f : (X, τ, τf )→ (Y, τ ′, τ ′f ) is called fω–irresolute if f−1(G) is fω-closed set in X for each fine-closed

set G of Y.

Definition 3.27. A map f : (X, τ, τf )→ (Y, τ ′, τ ′f ) is called fωα-continuous if the inverse image of every fine-closed set in

Y is fωα -closed in X.

Definition 3.28. A map f : (X, τ, τf ) → (Y, τ ′, τ ′f ) is called pre- fωα-continuous if f−1(G) is fωα-closed in X for every

fα -closed set G in Y.

Definition 3.29. A map f : (X, τ, τf )→ (Y, τ ′, τ ′f ) is said to be fωα-irresolute if the inverse image of every fωα-open set

in Y is fωα-open in X.

Definition 3.30. A map f : (X, τ, τf ) → (Y, τ ′, τ ′f ) is called fωα-closed (resp. fωα-open) if for each fine-closed (resp.

fine-open) set F of X, f(F) is an fωα-closed (resp. fωα -open) set in Y.

Definition 3.31. A map f : (X, τ)→ (Y, τ ′) is called pre-fωα-closed if for eachfα-closed set F of X, f(F) is an fωα-closed

set in Y.

4. Main Results

Theorem 4.1. Iff : (X, τ, τf ) → (Y, τ ′, τ ′f ) is fωα-continuous and fω∗ -closed and if A is fωα-open (or fωα -closed)

subset of (Y, τ ′, τ ′f ) and (Y, τ ′, τ ′f ) is fα-space, then f−1(A) is fωα-open (or fωα-closed) in (X, τ, τf ).

Proof. Let A be a fωα-open set in (Y, τ ′, τ ′f ) and G be any fω-closed set in (X, τ, τf ) such that G ⊆ f−1(A). Then,

f(G) ⊆ A. By hypothesis f(G) is fω-closed and A is fωα-open in (Y, τ ′, τ ′f ). Therefore f(G) ⊆ fαInt(A) and so G ⊆

f−1(fαInt(A)). Since f is fωα-continuous, fαInt(A) is fα-open in Y and Y is fα-space, so fαInt(A) is open in Y. Therefore

f−1(fαInt(A)) is fωα-open in X. Thus, G ⊆ fαInt(f
−1(fαInt(A))) ⊆ fαInt(f

−1(A)), that is G ⊆ fαInt(f
−1(A)), f−1(A)

is fωα-open in X. By taking the complements we can show that if A is fωα-closed in Y, f−1(A) is fωα-open in X.

Theorem 4.2. f : (X, τ, τf )→ (Y, τ ′, τ ′f ) is bijective, fω-open and pre-fωα -continuous, then f is fωα-irresolute.

Proof. Let G be fωα-closed set in Y and let U be a fω-open set in X such that G ⊆ f(U). Since G is fωα-closed set

and f(U) is fω-open in Y and since f is fω∗-open, fαCl(G) ⊆ f(U) and fαCl(G) is fα-closed in Y. Since f is pre-fωα-

continuous, f−1(fαCl(G)) is fωα-closed in X. We have fαCl(f
−1(fαCl(G))) ⊆ U and so fαCl(f

−1(G)) ⊆ U . Therefore

f−1(G) is fωα-closed in X. Hence f is fωα-irresolute.

Theorem 4.3. If f : (X, τ, τf ) → (Y, τ ′, τ ′f ) is bijective, fα-closed and fω -irresolute, then the inverse map f−1 :

(Y, τ ′, τ ′f )→ (X, τ, τf ) is fωα-irresolute.
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Proof. Let G be fωα-closed set in (X, τ, τf ). Let (f−1)−1(G) = f(G)?U where U is fω-open set in (Y, τ ′, τ
′
f ). Then

G ⊆ f−1(U) holds. Since f−1(U) is fω-open in (X, τ, τf ) and G is fωα-closed set in (X, τ, τf ), fαCl(G) ⊆ f−1(U) and

hence f(fαCl(G)) ⊆ U . Since f is fα-closed and fαCl(G) is fα-closed in (X, τ, τf ), f(fαCl(G)) is fα-closed in (Y, τ ′, τ
′
f ).

So f(fαCl(G)) is ωα -closed set in (Y, τ ′, τ
′
f ). Therefore, fαCl(f(fαCl(G))) ⊆ U , so that fαCl(f(G)) ⊆ U . Thus f(G) is

ωα-closed set in (Y, τ ′, τ
′
f ). Hence, f−1 is fωα-irresolute.

Theorem 4.4. A map f : (X, τ, τf )→ (Y, τ ′, τ ′f ) is fωα-open if and only if for any subset S of Y and for any closed set F

containing f−1(S) there exists an fω-closed set K of Y containing S such that f−1(K) ⊆ F .

Proof. Suppose f : (X, τ, τf )→ (Y, τ ′, τ ′f ) is fωα-open. Let S be a subset of Y and F be closed set of X containing f−1(S).

Then K = Y −f(X−F ) is an fωα-closed set containing S such that f−1(K) ⊆ F . Conversely suppose that U is an open set

of X. Then, f−1(Y −f(U)) ⊆ X−f−1[f(U)] ⊆ X−U and X−U is closed. By hypothesis, there is an fωα-closed set K of Y

such that Y −f(U) ⊆ K and f−1(K) ⊆ X−U . Therefore, U ⊆ X−f−1(K). Hence Y −K ⊆ f(U) ⊆ f [X−f−1(K)] ⊆ Y −K

which implies f(U) ⊆ Y −K. Since Y −K is fωα-open, f(U) is fωα-open and thus f is fωα-open map.

Theorem 4.5. If a map f : (X, τ, τf )→ (Y, τ ′, τ ′f ) is fωα-irresolute and pre-fωα-closed and A is fωα-closed set of X, then

f(A) is fωα-closed set in Y.

Proof. Let A be a fωα-closed set in X. Let G be a fω-open set in Y such that f(A) ⊆ G. Then f−1(G) is fω-open set in X

such that A ⊆ f−1(G). Hence, fαCl(A) ⊆ f−1(G), since A is fωα -closed and f−1(G) is fω-open. Since f is pre-fωα-closed

map, f(fαCl(A) is fωα-closed set contained in the fω-open set G. Therefore,fαCl(f(fαCl(A))) = f(fαCl(A)) ⊆ G: This

implies fαCl(f(A)) ⊆ G. Hence, f(A) is fωα -closed in Y.

Theorem 4.6. If A is fωα-closed in X and if f : (X, τ, τf ) → (Y, τ ′, τ ′f ) is surjection, fω irresolute and fα-closed, then

f(A) is fωα-closed in Y.

Proof. Let G be any fω-open set in Y such that f(A) ⊆ G. Then, A ⊆ f−1(G) and by hypothesis A is fωα-closed in

X, fαCl(A) ⊆ f−1(G). Thus, f(fαCl(A)) ⊆ G and f(fαCl(A)) is fα-closed set. Also, fαCl(f(A)) ⊆ fαCl(f(fαCl(A))) =

f(fαCl(A)) ⊆ G. Therefore, fαCl(f(A)) ⊆ G and hence f(A) is fωα-closed set in Y.

5. Conclusion

We have introduced a new class of generalized continuous functions called fαg−continuous maps, fgp− continuous, fωα-

continuous maps, fωα−irresolute, fω−irresolute maps and fωα− irresolute homeomorphism. The generalized continuities

may be useful in defining generalized homeomorphism to find the wider homeomorphic images and it may applicable in

image processing. There are various applications of topology in various field such as Image Processing, Biology, Chemistry,

Stock Market, Data Mining, Quantum Physics, Statistics, Clinical research etc. We shall try to study some applications of

our newly developed concept.
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