International Journal of Mathematics And its Applications
Volume 5, Issue 4-F (2017), 971-975.
ISSN: 2347-1557

Available Online: http://ijmaa.in/

International Journal of Mathematics And its Applications

Equitable Edge Coloring of Some Join Graphs

Research Article

K. Kaliraj'*

1 Ramanujan Institute for Advanced Study in Mathematics, University of Madras, Chepauk, Chennai, Tamil Nadu, India.

Abstract: The notion of equitable coloring was introduced by Meyer in 1973. Let G (V, E) be a graph. For k—proper edge coloring
f of graph G, if ||E;| — |Ej|| < 1,4,5=0,1,2,---k — 1, where E; (G) is the set of edges of color ¢ in G, then f is called a
k—equitable edge coloring of graph G, and x/, (G) = min{k| there is a k equitable edge-coloring of graph G} is called the
equitable edge chromatic number of G. In this paper, we obtain the equitable edge chromatic number of the join graph
of P,V Km,n and Py V K1 non.
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1. Introduction

Graph coloring is an important research problem [2, 6, 11]. In this paper we only consider simple graphs. We will use
the standard notation of graph theory and definitions not given here may be found in [8]. The proper edge coloring that
uses colors from a set of k colors is a k—edge coloring. Thus a k—coloring of a graph G can be described as a function
c: E(G) —{1,2,---,k} such that c(e) # e (f) for every two adjacent edges e and f in G. A graph G is k—edge colorable if
there exists a k—edge coloring of G. We are often interested in edge coloring of graphs using a minimum number of colors.
The chromatic number (or chromatic index) x' (G) of a graph G is the minimum positive integer k for which G is k—edge
colorable. Since every edge coloring of a graph G must assign distinct colors to adjacent edges, for which vertex v of G it

follows that degv colors must be used to color the edges incident with v in G. Therefore,
X' (G) = A(G)

for every nonempty graph G. While A (G) is a rather obvious lower bound for the chromatic index of a nonempty graph G,
the Russian graph theorist Vadim G. Vizing [9] established a remarkable upper bound for the chromatic index of a graph.
Vizing’s theorem, published in 1964, must be considered the major theorem in the area of edge colorings. Vizing’s theorem

was rediscovered in 1966 by Ram Prakash Guptal[4].

Definition 1.1. For k—proper edge coloring f of graph G, if ||E;| — |E;|| < 1, 4,7 =0,1,2,---k — 1, where E; (G) is the

set of edges of color i in G, then f is called a k—equitable edge coloring of graph G, and

Xe (G) = min {k| there is a k-equitable edge-coloring of graph G}
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is called the equitable edge chromatic number of G.
Definition 1.2 ([1]). The join graph GV H of disjoint graphs G and H is defined as follows:

V(GVH)=V(G)UV (H)

E(GVH)=E(G)UE(H)U{uwlueV(G),veV(H)}

Lemma 1.3 ([1]). For any simple graph G (V, E); x. > A (G). For any simple graph G and H, x. (G) = X' (G) [7], and if
H C G, then X' (H) < X' (G) [1, 12], where x. (G) is the proper edge chromatc number of G. So Lemma 1./ and Lemma

1.5 are obtained
Lemma 1.4. For any simple graph G and H, if H is a subgraph of G, then x. (H) < x. (G).
Lemma 1.5. For any complete graph K, with order p,

D, p=1(mod 2),

p—1, p=0(mod 2),

Lemma 1.6 ([1, 10]). Let G be a simple graph, if G [Va] does not contain cycle, then x. (G) = A (G). Where V (G [Va]) =
Va ={v|d(v) = A(G),v € V(GQ)}, E(G[Va]) = {wv|u,v € Va,uv € E(G)},

Lemma 1.7 ([5]). For a finite simple graph G, x. (G) = x' (G).

2. Main Results

Theorem 2.1. For any positive integer I, m and n, then

3 if l=m=n=1
m+n if l=m=1n>1
Xe (PV Kmn) = APV Enpn) ={m+n if l=1,m>1,n>1n>m

m+4+n+2 iflmn>1ln>mm+n>lI

l+n if imn>1,n>ml>m+n

Proof. Let V(P) = {wlk=1,2,---,1} and V (Kpm,n) = {uwili =1,2,--- ,m} U {v;]j =1,2,---,n}. Let E(P) =
{wrwi1lk =1,2,--- ;1 =1} and E (Kmn) = U {wivslj =1,2,--- ,n}. By the definition of join graph,

i=1

V(PIV Kpn) =V (P)UV (Kpnn) and

l 1
E(PV Kpn)=E(P)UE (Knn)U | {wews : 1<i <mpu | {wro; 11 <5 <n}
k=1 k=1
Let f be a mapping from E (P, V Kp,,») as follows:
Case : If l=m =n=1, f(wiu) = 1; f(wiv1) = 2; f(u1v1) = 3. Obviously, the f is 3-EEC of x, (P, V Kp,»n), for
l=m=n=1
Case 2: fl=m=1,n>1, f(wiuwr) =1; f(wiv;) =74+ 1,1 <j<m; f(uv;) =j+2,1<j7<n—1; f(uiv,) = 2.
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Case 3: If I=1,m>1,n>1, f(ugi1v)) =j+i—1,1<j<n, 1<i<[Z]. For1<j<n, 1<i<|Z|

n+j+i—1(mod m+n) ifn+j+i—1%0(mod m+n)
[ (u2iv5) =
m+n(modm+n) ifn+j5+i—1=0(mod m-+n);
i) =i+ 1, 1<i< | T
o =n i 1562 [2]
WiU2i—1) =N 1, St s 9|’

flwwy) =m+j-1,1<5<[2];

\V]

P (wropggie) =n+ [ i 1<is 5] -0
F (wropgy) =1

To prove Case (ii) and Case (iii), X, (P V Km,n) < m +n. We have x, (P V Kinn) > APV Kpn) > m+n,

Xe (PV Kpm,n) > m+n by Lemma 1.3. Hence x, (P, V Kim,») = m + n. The conclusion is true.

Case &: If im,n>1,n>m, m+n>1 fwpu;)) =j+k—1,1<i<m,1<k<[ Forl1<j<n, 1<k<]|

m+j+k—1(mod m+n) fm+j+k—1%0(mod m+n)
[ (wrv) =
m+n(modm+n) ifm+j+k—1=0(mod m+n);

For1<:<m—-1,3<75<n,

m+j+i(n—2)—5(mod m+n) ifm+j+i(n—2)—5%0(mod m+n)
[ (wyv) =
m+n(modm+n) ifm+j+i(n—2)—5=0(mod m+n);
flumv;) =m+j, 1<j<n-—3;
[ (umvn) =2;
Jluw))=m+n+1,i=j1<i<m, 1<j<n
fuvjp)) =m+n+2 i=j 1<i<m, 1<j<mn

l
fwag—1wag) =m+n+1, 1<k< {,—‘ ;
f(w2kw2k+1) =m+n+2, 1<k< \‘,J :

To prove Xe (P V Km,n) < m+n+2. We have xe (P V Km,n) 2 A(PLV Kmon) 2 mAn+2, Xe (P V Kmop) 2 mtn+2
by Lemma 1.3. Hence x¢ (P V Kpm,n) = m +n 4 2. The conclusion is true.

Case 5: f im,n>1,n>m,l>m+mn. For 1 <k<Il-1,

k (mod n) if k # 0 (mod n)
f (wpwiy1) =
n (mod n) if k=0 (mod n);

For1<i:<m, 1<k<lI,

i+k+2(modl+n) ifi+k+2%0(mod!l+n)
f(wpui) =
l+n(modl+n)ifi+k+2=0(modl+n);
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For 1<k<I[,1<j<n,

m+k+j+2(modl+n) ifm+k+j+2%0(modl+n)
f(wivy) =

l+n(modl+n) ifm+k+j+2=0(modl+n);

For1<i:<m,1<j<n,

i+j—1(modn) ifi+j—1%0(mod n)
[ (uivy) =

n(modl+n) ifi+j5—1=0(modl+n);

To prove X, (P, V Km.n) <1+mn. We have xo (PV Kmn) > APV Kmn) 2141, Xo (PV Kmyn) > 1+ n by Lemma 1.3.

Hence X, (P, V Kum,n) =1+ n. The conclusion is true. O

Theorem 2.2. For any positive integer m and n, then

2n+1 if m=1

2n+2 if m=2
X’e (Pm VKl,n,n) - A(Ijm \/Kl,n,n) -

m+3 if 2<m<n+3

m+mn if m>n+3.

Proof. Let V(Pn) = {wili=1,2,--- ,m} and V (Ki,n,n) = {vo} U{v2j_1]7 =1,2,--- ,n} U{ve|ls =1,2,--- ,n}. Let
E(Pm) = {uiui+1|z‘ = 17 2, cee, M — 1} and E(Kl,n,n) = {’Uo’Uzj_l‘j = 1,2, ce ,TL} U {1)2]'_1’1)2]'|j = 1,2, e ,TL}. By the
definition of join graph,

V(PnVKinn) = V(Pn)UV (Kinn) and
E(PnV Kinn) = E(Pn)UE (Kinn) U {uw;:0<j < 2n}

i=1
Let f be a mapping from F (P, o Ki1,,,») as follows:

Case 1: For m =1,
fuvy) = 5,0 < j < 2n; f(vovzj—1) = 2n+ 25 + 1(mod 2n+1),1 < j < n; f(vgj_1v2;) = 2n + 25 +
2 (mod 2n +1),1 < j < n; Obviously, the f is 2n + 1-EEC of x. (Pm V Ki,n,n)-

Case 2: For m = 2,
f (wvj) =i4+75—1(mod 2n),i =1,2,0 < j < 2n; f (uru2) = 2n+1; f (vovej—1) = 2n+25+3 (mod 2n + 2),1 < j < n;
f (v2j—1v25) = 2n+2j+4 (mod 2n +2),1 < j < n; To prove Xo (Pm V Ki,n,n) < 2n+2. We have x¢ (P V Ki,n,n) >
A(PnVKinn) >2n+2, Xe(PnV Kinn) > 2n+ 2 by Lemma 1.3. Hence Xt (P V Ki,n,n) = 2n + 2.

Case 3: For 2 <m <n+3,
fwwvj) =i+7—1(mod2n+3),1 <i<m,0<j<2n f(uiwir1) =2n+i+ 1(mod2n+3),1 < i < m — 1;
f(vovzj—1) = 2n + 2j (mod 2n+3),1 < j < n; f(vaj—1v25) = 2n + 25 — 1(mod 2n+3),1 < j < n; To prove
Xe (PmV Kinn) <2n+ 3. We have X, (P V Kinn) > APV Kinn) > 20+ 3, Xe (P V Kinn) > 2n+ 3 by
Lemma 1.3. Hence Xt (P V K1,n,n) = 2n + 3.
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Case 4: For m > n + 3,
fwvj)) =it+j—1(modm+n),1 <i:<m,0<j<2n f(wui+1) =2n+i+1(modm+mn),1 <i < m—1;

f (wovzj—1) =m+2j—1(mod m+n),1 <j<n;f(vej_1v25) =m+2j(mod m+n),1<j<n;

To prove Xo (P V Kinn) <m+n. We have X, (P V Kinn) > A (P V Kinn) > m+n, Xo (P V Kinn) > m+n by

Lemma 1.3. Hence Xt (Pm V Ki,n,n) = m + n. The conclusion is true. O
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