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1. Introduction

In the year 1998, Thakur S.S and Singh S [12] discussed the concept of fuzzy sets semi-pre open sets and fuzzy semi-pre
continuity between fuzzy topological spaces. In 2015, Metin AKDAG and Alkan Ozkan [8] have been introduced the concept
of on soft preopen sets and soft pre separation axioms between soft topological spaces. In this paper we introduce the notion
of fuzzy soft B-continuity and some results along with examples have been discussed. Throughout this paper X and Y denote

the initial sets. E and K denote the parameter spaces.

2. Preliminaries

Definition 2.1. A pair (F, E) is called a soft set [9] over X where F is a mapping given by F : E — 2% and 2% is the

power set of X.
Definition 2.2. A fuzzy set [15] of on X is a mapping f : X — I where I =[0,1].

Definition 2.3. A pair A = (\, E) is called a fuzzy soft set [13] over (X, E) where X : E — IX is a mapping, I is the
collection of all fuzzy subsets of X. FS(X,E) denotes the collection of all fuzzy soft sets over (X,E). We denote A by
X={(e;A(e)) : € € E} where A(e) is a fuzzy subset of X for each e in E.

Definition 2.4 ([13]). For any two fuzzy soft sets X and 1 over a common universe X and a common parameter space F, X
is a fuzzy soft subset of @ if A(e) < u(e) for alle € E. If X is a fuzzy soft subset of [i then we write A C [i and i contains .
Two fuzzy soft sets X and 1 over (X, E) are soft equal zfx CpandpC . That is A = i if and only if A(e) = p(e) for all

e € E. We use the following notations: 0 (z) =0, for all z in X and 1(x) = 1, for all z in X.
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Definition 2.5 ([13]). A fuzzy soft set px over (X, E) is said to be a null fuzzy soft set if for alle € E, px (¢) =0 and
ox = (px, E).
Definition 2.6 ([13]). A fuzzy soft set 1x over (X, E) is said to be absolute fuzzy soft set if for alle € E, 1x () =1 and
Ix = (1, E).
Definition 2.7 ([14]). The union of two fuzzy soft sets A and fi over (X, E) is defined as \Ufi = (\Op, E) where (AUp)(e) =

A(e) U u(e) = the union of fuzzy sets A(e)andu(e) for all e € E.

Definition 2.8 ([14]). The intersection of two fuzzy soft sets X and fi over (X, E) is defined as M= (AN, E) where
(ANp)(e) = Ae) N p(e) = the intersection of fuzzy sets A(e) and u(e) for alle € E.

The arbitrary union and arbitrary intersection of fuzzy soft sets over (X,E) are defined as U {Xa € A} = (U a:a €
A}, E) and N {Xa o€ A} = (N{Aa : @ € A}, E) where (U{Xa : @ € A}) () = U{Xa (e) : w € A} = the union of fuzzy
sets Aa(€),a € A and (N{Aa : v € A}) (e) =N{A(e) : € A} = the intersection of fuzzy sets Aa(e), € A, for all e € E.

Definition 2.9 ([14]). The complement of a fuzzy soft set (A, E) over (X, E), denoted by (X, E)C is defined as (A, E)° =
(\C,E) where \° : E — I is a mapping given by X°(e) = 1 — \(e) for every e in E.

Definition 2.10 ([14]). A fuzzy soft topology T on (X, E) is a family of fuzzy soft sets over (X, E) satisfying the following

arioms.
(1). ¢x, 1x belong to T,
(2). Arbitrary union of fuzzy soft sets in T, belongs to T,

(3). The intersection of any two fuzzy soft sets in T, belongs to T.

Members of T are called fuzzy soft open sets in (X,7T,E). A fuzzy soft set X over (X, E) is fuzzy soft closed in (X,T,E) if
(X)C € 7. The fuzzy soft interior of \ in (X, 7, E) is the union of all fuzzy soft open sets i C X denoted by }\; int(X) =
Op:nC \Nie T}. The fuzzy soft closure of X in (X, 7, E) is the intersection of all fuzzy soft closed sets 17, X C 77 denoted
by fs () =0{7j: A C 7, ([§)C €7}

Definition 2.11 ([1]). Let (X, 7, E) be a fuzzy soft topological space and let A be a fuzzy soft set over (X, E). Then A is

fuzzy soft semi-open if A C fs cl(}; int(N)) and fuzzy soft semi closed if fs int(}g (V) C A

Definition 2.12 ([1]). Let (X,7,E) be a fuzzy soft topological space and let X be a fuzzy soft set over (X, E). Then X is

fuzzy soft pre-open zfX C }; mt(}; cl(X)) and fuzzy soft pre-closed zf}vs cl(}vs mt(X)) C

Definition 2.13 ([1]). Let (X, 7T, E) be a fuzzy soft topological space and let A be a fuzzy soft set over (X, E). Then N is
fuzzy soft a-open if A C }vs Int(}vs C’l(%lnt(i))) and fuzzy soft a-closed if X D jf\; Cl(}vslnt(}vs CZ(X)))

The classes of all fuzzy soft a-open, fuzzy soft pre-open, fuzzy soft semi-open and, fuzzy soft semi-pre-open sets over (X, E)
are denoted as FTS'CM(X), I:;TS'SO(X), Ff@'PO(X) and F/;'SSP(X) respectively.

The fuzzy soft pre-interior, fuzzy soft pre-closure, fuzzy soft semi-interior, fuzzy soft semi-closure and fuzzy soft a-
interior,fuzzy soft a-closure, fuzzy soft semi-pre-interior, fuzzy soft semi-pre-closure of X are denoted by }:;PCZ(X),

FsPInt(N), fsSInt(X), fsSCI(N), fsaCl(X), fsalnt(X), fsSPInt (X) . fsSPCI (X) respectively.

Definition 2.14 ([1]). Let (X, 7, E) be a fuzzy soft topological space and let X be a fuzzy soft set over (X, E). Then its fuzzy

soft pre-closure and fuzzy soft pre-interior are defined as:

FsPCI(N) = N{jilfi 2 X, i € FSPC(X)}.
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FsPInt(X) = U{@lli C X, € FSPO(X)}.

The definitions for ?; SCl, ]7; Sint, ]?;a cl and Ea Int are similar.
The following extension principle is used to define the mapping between the classes of fuzzy soft sets.

Definition 2.15 ([14]). Let X and Y be any two non-empty sets. Let g : X — Y be a mapping. Let \ be a fuzzy subset of

X and 11 be a fuzzy subset of Y. Then g(\) is a fuzzy subset of Y and for y in Y

sup{A(f(z)):z €9 ' ()}, 9 ' (y) # o

0, otherwise

gN(y) =

g () is a fuzzy subset of X, defined by g *(u)(x) = u(f(x)) for allz € X.

Definition 2.16 ([13]). Let FS(X,E) and FS(Y,K) be classes of fuzzy soft sets over (X,E) and (Y, K) respectively
p: X =Y and ¢ : E — K be any two mappings. Then a fuzzy soft mapping g = (p,v) : FS(X,E) — FS(Y, K) is defined
as follows:

For a fuzzy soft set \ in FS(X, E),g(X) is a fuzzy soft set in FS(Y, K) obtained as follows:

U pA@), o7 (k) # 6
gO)(k) = { cev i)

0, otherwise

for every y in Y, where

sup {\e)(z):z€p ' (W)}, p ' (y) #¢

0, otherwise

p(A(e))(y) =

That is

su su Ae)(x) p, -1 7 (L
g (k) (y) = eew%’(k){zep?@) (e)( >} P £ 6T HR) £ 6

0, otherwise

g(X) is the image of the fuzzy soft set X under the fuzzy mapping g = (p,2). For a fuzzy soft set i in FS(Y,K), g~ *(it) is
a fuzzy soft set in FS(X, E) obtained as follows:

g () (e)(x) = p~ (T(v(e))(x) for every x in X and g~ ([i) is the inverse image of the fuzzy soft set [i.

Lemma 2.17 ([10]). Let (X,7,E) and (Y,0,K) be fuzzy soft topological spaces. Let p : X — Y and ¢ : E — K be
the two mappings and g = (p,v) : FS(X,E) — FS(Y,K) be a fuzzy soft mapping. Let X, Xl,O\)i € FS(X,E) and
I, i1, (0); € FS(Y,K), where i € J is an index set.

(1). If X C Xa, then g(A;) € g(X2).

(2). If fin C fiz, then g~ ' (i) € g~ ' ().

(3). X C gfl(g(ﬁ)i\)), the equality holds if g is injective.

(4). 9(¢g () C [, the equality holds if g is surjective.

~\C

(5). 97 (@) =g @]

C ~.C

(6). gV S g((N)").
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(7). ¢ (ix) = 16, g~ (O) = 0.
(8). g (iE) = 1k if g is surjective.
(9). g (GE) =0xk.

Lemma 2.18 ([10]). Let (X,T,E) and (Y,0,K) be the two fuzzy soft topological spaces. Let p: X — Y and ¢ : E — K
be the two mappings and g = (p,¢) : FS(X,E) — FS(Y,K) be a fuzzy soft mapping. Let X, Xl,(:\)i € FS(X,E) and

I, i1, (7); € FS(Y, K), where J is an index set.

(1) 9(ViesAs) = Uiesg(M).

(2). g(miGJXi) - ﬂing(Xi), the equality holds if g is injective.
(3)- 97 (Viesfii) = Viesg™ " ().

(4). g7 (Niesfis) = Niesg™ " ().

a, ify==x
0 fy#z

Definition 2.20 ([14]). Fizx € X, 0< a <1, e € E. The fuzzy soft set & over (X, E) is called fuzzy soft point if

Definition 2.19 ([14]). Fizxz € X, 0 < a < 1. Then the fuzzy subset z of X is called fuzzy point if z(y) =

o x®, forei =e
Le (61) =

0, otherwise

N a, foret=e,y==x
e (e1)(y) =
0, otherwise
Definition 2.21 ([3]). Let (X,7,E) and (Y,0, K) be the fuzzy soft topological spaces. Let p: X —Y and ¢ : E — K be
the two mappings and g = (p,¢) : FS(X,E) — FS(Y,K) be a fuzzy soft mapping. Then g = (p, ) is said to be fuzzy soft
continuous if the inverse image of every fuzzy soft open set in (Y, 5, K) is fuzzy soft open in (X, 7, E). That is g~ (i) € 7,

forallpes.

3. Fuzzy Soft g-continuity

Definition 3.1. Let (X, 7, E) and (Y, 7, K) be two fuzzy soft topological spaces.A fuzzy soft mapping g : (X, 7, E) — (Y,0, K)
is said to be fuzzy soft B-continuous if for each fuzzy soft open set [t in (Y,7,K), the inverse image g~ (i) is fuzzy soft

semi-pre open set in (X,7,E).

Definition 3.2. Let (X,7,FE) and (Y,0,K) be two fuzzy soft topological spaces. A fuzzy soft mapping g : (X, 7,E) —
(Y,5, K) is said to be fuzzy soft B-irresolute if for each fuzzy soft B-open set fi in (Y,5,K), the inverse image g~ *(fi) is
fuzzy soft B-open set in (X, T, E).

Definition 3.3. Let (X,7,E) and (Y,0,K) be two fuzzy soft topological spaces. A fuzzy soft mapping g : (X,7,E) —
(Y, 0, K) is said to be fuzzy soft B-open if for each fuzzy soft open set X in (X,7, E), the image g(X) 18 fuzzy soft B-open set
in (Y,0,K).

Definition 3.4. Let (X,7,E) and (Y,0,K) be two fuzzy soft topological spaces. A fuzzy soft mapping g : (X, 7,E) —

(Y, 7, K) is said to be fuzzy soft B-closed if for each fuzzy soft closed set X in (X,7,E), the image g(X) s fuzzy soft B-closed

set in (Y,0,K).
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Proposition 3.5. For a fuzzy soft mapping g = (p,¥) : (X,7,E) — (Y,0, K), the following are equivalent
(i). g is fuzzy soft B-continuous.
(#). The inverse image of every fuzzy soft closed set in (Y,o, K) is fuzzy soft B-closed in (X, T, E).

Proof.  Suppose (i) holds. Let i be a fuzzy soft closed in (Y,5,K). Then (ﬁ)C is fuzzy soft open in (Y,o, K). Using
Definition 3.1, gfl((ﬁ)c) is fuzzy soft B-open. Since gil((ﬁ)c) = [g7 ()], g (f) is fuzzy soft B-closed. This proves
Conversely we assume that (ii) holds. Let & be fuzzy soft open in (Y,&,K). Therefore (i) is fuzzy soft closed set in
(Y,5, K). Then by applying (ii), [971@)}0 is fuzzy soft B-closed in (X, 7, E). That implies g~ (1) is fuzzy soft S-open in

(X, 7, E). This proves (i1) = (4). O

Proposition 3.6. For a fuzzy soft mapping g = (p,¢) : (X, 7, E) — (Y,0,K). If g is fuzzy soft B-irresolute then it is fuzzy

soft B-continuous.

Proof. Suppose g is fuzzy soft S-irresolute. Let 1 be a fuzzy soft open set in (Y, 5, K). Since every fuzzy soft open set is
fuzzy soft S-open and since g is fuzzy soft irresolute, by using Definition 3.2, ¢! (f) is fuzzy soft S-open. That implies g is

fuzzy soft B-continuous. O

Proposition 3.7. A fuzzy soft mapping g = (p,¥) : (X,7,E) — (Y,0,K) is fuzzy soft B-continuous if and only if
g ! (}vs mtﬁ) Cfs SPint(g~" (1)) for every fuzzy soft set i in (Y, 5, K).

Proof. Let g: (X,7,E) — (Y,5,K) be fuzzy soft 3-continuous. Let & be a fuzzy soft set in (Y,5, K). Then }\; int(f)
is fuzzy soft open in Y. Since g is fuzzy soft B-continuous, by using Definition 3.1, g_l(}; int (1)) is fuzzy soft B-open
in (X,7,E). Then by using Lemma 2.18, g~' (}; int (ﬁ)) C ¢ (). This implies that f:;SPintg_l (;‘vs int (ﬁ)) C
fs SPint(g~" (f1)). Therefore g+ (E mtﬁ) Cfs SPint(g™" ().

Conversely we assume that, ¢~ (3‘\; intﬁ) é}’\; SPint(g—* (1)) for every fuzzy soft set i in (V,5,K). In particular the
above statement is true for fuzzy soft open sets in fi. If 1 is fuzzy soft open sets in Y, g~ * (1) i}; SPint(g' (71))Cg ().

That implies ¢g~* (I) = % SPint(g™" (1)) is fuzzy soft B-open. Therefore g is fuzzy soft B-continuous. O
Proposition 3.8. A fuzzy soft mapping g = (p,v¥) : (X,7,E) — (Y,0,K) is fuzzy soft B-continuous if and only if
g (}; SPCZX) C }; cl(g (X)) for every fuzzy soft set X in (X,7,E).

Proof. Let g: (X,7,E) = (Y,5,K) be fuzzy soft S-continuous. Let X be fuzzy soft set in (X, 7, E). Then g(X) is fuzzy
soft set in (Y,o, K). Since g is fuzzy soft S-continuous, by using Definition 3.1, g_l(;‘vs clg (X)) is fuzzy soft SB-closed in
(X,7,E). Since g (X) C (}; clg (X)), g ! (g (X)) Cgt (3‘; clg (X)), AC g_1 (g (X)) Cg? (f:;clg (X)) This implies
that (% SPcl)) C gil(% clg (X)) Therefore g(f; SPcl)) C g(gil(% clg (X))) Cfs clg(N).

Conversely we assume that, g (}\; SPCZX) C }\; cl(g (X)) for every fuzzy soft set in (X, 7, E). Let i be a fuzzy soft closed

in (Y,5,K). Let A\ =g~ " (fi). Since by our assumption,

9(fs SPAX) € fs cl(g (X)), g(fs SPelg™ (7)) € Fs clg (97" (7)) € Fscli
g (% SPeclg™ (,7)) C Fs clfi = i
g7 (g (5 SPeig™ (D) 97" ().

fs SPclg™ (i) C g~ ().

This implies that g~ (1) = fs SPclg™'(fi). Therefore g~ (f) is fuzzy soft B-closed. Hence g is fuzzy soft S-continuous. [
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Proposition 3.9. For a fuzzy soft mapping g = (p,¢) : (X, 7,E) — (Y,0,K). The following are equivalent.
(i). g is fuzzy soft B-continuous.
(). g(fs SPcl ( ))Cfs Pclg( ), for every fuzzy soft semi open set X

(i43). g(fs SPcl ( ))Cfs aclg( ), for every fuzzy soft B-open set X

Proof. Assume (i) holds. By Proposition 3.8, g (fs SPcl)\) C fs cl(g (X)) for every fuzzy soft set A in (X, 7, E). Since
fs cl(g ( )) fs Pclg(X), for every fuzzy soft semi open set A. This proves (i) = (ii).

Assume (ii) holds, g(fs SPcl( ))Cfs Pclg( ), for every fuzzy soft semi open set . Let 1 be fuzzy soft closed set in
(Y,5,K) and let A = g~ (R).

g(fs SPcz( (i >>>§N Pelg(g™" (i) Cfs Pel(p),

(fs SPcl é fs Pcl =L,

g (fs SPcl (g

That implies g~ (Ji) is fuzzy soft -closed. Therefore g is fuzzy soft B-continuous. This proves (1) = (7).

Assume (i) holds. By Proposition 3.8, g(}"vs SPcl)) C fs cl(g (X)) for every fuzzy soft set X in (X, 7, E). Since fs cl(yg (X)) =
fsaclg( ), for every fuzzy soft S-open set . This proves (i) = (4i7).

Assume (iii) holds, g(fs SPcl ( ))Cfs Occlg()\) for every fuzzy soft B-open set X. Let & be fuzzy soft closed set in (Y, 7, K)
and let A = g~ (71).

g(fs SPel (g7 (7)))C fs aclg(g™ (@) fs acl(),
g (fs spet (g7 (@))) EFs acl(u) = &
g (Fs sPet (g7 (7))

g (7) = fs SPel (97" (7) -

That implies g~ ' (z) is fuzzy soft 3-closed. Therefore g is fuzzy soft pre continuous. This proves (i) = (4). O

Proposition 3.10. A fuzzy soft mapping g = (p,¥) : (X, 7, E) — (Y, 7, K) is fuzzy soft B-open if and only if g (}; mtX) -
fs SPmtg( ) for every fuzzy soft set X\ in (X,7,E).

Proof. Let g = (p,v) : (X,7,E) — (Y,5,K) be fuzzy soft S-open. Let X be fuzzy soft open set in (X,7,E). Then
fs int (X) is fuzzy soft set in (X,7,E). Since g is fuzzy soft B-open, by Definition 3.4, g(}vs nt (X)) is fuzzy soft [-
open in (Y,0,K). Then by using Lemma 2.18 (;‘vs int (X)) C g, fs SPmtg(stnt( )) C fs SPintg()). Therefore
g (f; mtX) - % SPintg(X).

Conversely we assume that g (}\; mtX) - }vs S’Pintg(X) for every fuzzy soft set X in (X,7,E). In particular the above
statement is true for fuzzy soft open sets in X If X s fuzzy soft open in X, g (X) - }E SPintg (X) Cyg (X) That implies

g (X) = }; SPintg (X) is fuzzy soft S-open. Therefore g is fuzzy soft S-continuous. O

Proposition 3.11. A fuzzy soft mapping g = (p,¥) : (X, 7, E) — (Y, 0, K) is fuzzy soft B-closed if and only zf}; SPclg(X) C
g(}‘\; ch) for every fuzzy soft set A in (X,7,E).
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Proof. Let g = (p,v) : (X,7,FE) — (Y,5,K) be fuzzy soft semi closed. Let X be fuzzy soft set in (X,7,FE). Then
;‘vs cl(X) is fuzzy soft closed set in (X,7, E). Since g is fuzzy soft S-closed, by Definition 3.5, g(}; cl (X)) is fuzzy soft
B-closed in (Y,o,K). Since g(X) C g(% cl (X)), }; SPclg (X) C }; SPcl g (}; cl (X)) =y (f;cl (X)) Therefore
% SPclg (X) Cyg (j?; cl (X))

Conversely we assume that, }vs S’Pclg(X) - g(f; CZX) for every fuzzy soft set X in (X,7,E). Let X be fuzzy soft closed in
(X,7,E). By our assumption, }; SPclg (X) Cyg (f; ch) =g (X) - }’vs SPclg (X) Therefore g (X) = 3‘; SPclg (X)
Therefore g (X) is fuzzy soft [B-closed. O

Theorem 3.12. Let g = (p,¢) : (X, T, E) = (Y,0, K) be fuzzy soft mapping. Then the following are equivalent.

(1). g is fuzzy soft B-continuous.

(2). The inverse image of every fuzzy soft closed set in (Y, o, K) is fuzzy soft B-closed in (X, T, E).

(3). ¢! (?; mtﬁ) éfg SPint(g™" (1)) for every fuzzy soft set i in (Y, 5, K).

(4)- g (}Vs SPCZX) C }\; cl(g (X)) for every fuzzy soft set X in (X,7,E).

(5). g(}\; SPcl (X))i}vs Pclg(X), for every fuzzy soft semi open set .

(6). g(}vs SPcl (X))iﬁ oaclg(X), for every fuzzy soft B-open set \.

Proof. Follows from Proposition 3.5, Proposition 3.7, Proposition 3.8, Proposition 3.9. O
Remark 3.13. The above discussions give the following implication diagram. Fuzzy soft continuous mapping Fuzzy soft

B-continuous mapping.

4. Conclusion

Fuzzy soft [-continuous mappings have been characterized using recent concepts in the literature of fuzzy soft topology.
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