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Abstract

In this paper, we propose the concept of contraction of orthogonal F−type functions of contractive

mappings and weak exchange preservation and prove one fixed point theorems on complete

orthogonal b−metric spaces. We also provide an example that supports our theorem.
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1. Introduction

Banach [4] contraction mapping principle, proved by Banach in 1922, is an important technique for

solving the problem of the existence and uniqueness of fixed points in complete metric space, and

plays an important role in nonlinear analysis. Based on this theorem, many scholars gave many

important generalizations of this result by changing the space type or contractive conditions. In 1993,

Czerwik [5] generalized the metric spaces by modifying the third condition and introduced the concept

of b−metric space. He also studied a new class of fixed point theorems for contractive mappings in

b−metric spaces in this paper. In the setting of b−metric spaces, many scholars carried out researches

and got a lot of excellent results, see [1, 3, 14] and the literature cited therein. In 2012, Wardowski [15]

gave a new type of contraction in complete metric space, named F−type contraction, and presented

some sufficient conditions for the existence and uniqueness of fixed point of this type of mapping.

Considering F−type contraction b−metric spaces, Goswami [10] provided some proofs of relevant

theorems. Recently, Gordji et al. [9] introduced the concept of orthogonality, and proved the fixed

point theorem in orthogonal complete metric space. For recent development on fixed point theory, we

refer to [2, 6–8, 11–13]. In this paper, we introduced the concept of weak exchange preservation and

prove one fixed point theorems on complete orthogonal b−metric spaces. Furthermore, we provide a

specific example to demonstrate the effectiveness of the result.
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2. Preliminaries

Definition 2.1. Suppose s ≥ 1 and X is a nonempty set. A function d : X × X → [0,+∞) denotes a b−metric

if for x, y, z ∈ X, the following conditions hold:

(1) d(x, y) = 0 if and only if x = y;

(2) d(x, y) = d(y, x);

(3) d(x, y) ≤ s[d(x, z) + d(z, y)].

A couple (X, d) is said to be a b−metric space.

Definition 2.2. Suppose (X, d) is a b−metric space, x ∈ X and {xn} is a sequence in X.

(a) {xn} is convergent to x, if for each ε > 0, there is nε ∈ N, satisfying d(xn, x) < ε for all n > nε. We denote

this as lim
n→∞

xn = x or xn → x, where n → ∞.

(b) {xn} is a Cauchy sequence, if for each ε > 0, there exists nε ∈ N such that d(xn, xm) < ε for all n, m > nε.

Definition 2.3. Let X be a nonempty set and ⊥ ⊆ X × X be a binary relation. If ⊥ holds with the constraint

∃ x0 ∈ X : (∀ x ∈ X, x⊥x0) or (∀ x ∈ X, x0⊥x),

then (X,⊥) is said to be an orthogonal set.

Definition 2.4. Let (X,⊥, d) be an orthogonal metric space. Then, X is said to be O−complete if every

orthogonal Cauchy sequence is convergent.

Definition 2.5. A tripled (X,⊥, d) is called an Ob − MS if (X,⊥) is an orthogonal set and (X, d) is a b−metric

space.

Definition 2.6. Let (X,⊥) be an orthogonal set. A sequence {xn}n∈N is called an orthogonal sequence

(O−sequence) if (∀ n, xn⊥xn+1) or (∀ x, xn+1⊥xn).

Definition 2.7. A tripled (X,⊥, d) is called an Ob − MS. Then, f : X → X is said to be orthogonally

continuous in x ∈ X, if for each O−sequence {xn}n∈N in X with xn → x, we have f (xn) → f (x). Also, f is

said to be orthogonal continuous on X if f is orthogonal continuous at each x ∈ X.

Definition 2.8. Let X is a nonempty set, and f , g are two self-mappings on X. So f and g are called weakly

compatible, if they are commutative at each coincidence point, that is, for each of x ∈ C( f , g), we have f x =

gx ⇒ f gx = g f x.

Definition 2.9. Let (X,⊥, d) be an orthogonal set. A function f : X → X is called orthogonal-preserving if

f x⊥ f y whenever x⊥y.
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Definition 2.10. Let (X,⊥, d) be an orthogonal set. f , g : X → X are called weak orthogonal exchange

preserving mappings if f x⊥gy and gx⊥ f y whenever x⊥y.

Definition 2.11. The self-mappings f , g : X → X are called αs−orbital admissible mappings, if the following

condition hold:

α(x, f x) ≥ sp ⇒ α( f x, g f x) ≥ sp,

α(x, gx) ≥ sp ⇒ α(gx, f gx) ≥ sp

for a constant p ≥ 2.

Definition 2.12. Let (X, d) be a complete b−metric space with parameter s ≥ 1 and let αs : X × X → R+ be a

function. Then,

(Hsp) If {xn} is a sequence in X such that gxn → gx as n → ∞, then there exists a subsequence {gxnk} of

{gxn} with α(gxnk , gx) ≥ sp for all k ∈ N.

(Usp) For all u, v ∈ C( f , g), we have the condition of α(gu, gv) ≥ sp, α(gv, gu) ≥ sp.

(vsp) For all u, v, w ∈ X, αs(u, v) ≥ sp, αs(v, w) ≥ sp, we have the condition of αs(u, w) ≥ sp.

Definition 2.13. Let ∆ denote the family of all functions F : R+ → R satisfying the following properties:

(F1) F is strictly increasing;

(F2) for each sequence {xn}∞
n=1 of positive numbers, we have, lim

n→∞
xn = 0, lim

n→∞
F(xn) = −∞;

(F3) there exists k ∈ (0, 1) such that lim
x→0+

xkF(x) = 0;

(F4) If ∀ n ∈ N, τ + F(sxn) ≤ F(xn−1), we have τ + F(snxn) ≤ F(sn−1xn−1).

Lemma 2.14. Let (X, d) be a b−metric space with parameter s ≥ 1. Assume that {xn} and {yn} are

b−convergent to x and y respectively. Then, we have

s−2d(x, y) ≤ lim
n→∞

inf d(xn, yn) ≤ lim
n→∞

sup d(xn, yn) ≤ s2d(x, y).

In particular, if x = y, then we have lim
n→∞

d(xn, yn) = 0. Moreover, for each z ∈ X, we have

s−1d(x, z) ≤ lim
n→∞

inf d(xn, z) ≤ lim
n→∞

sup d(xn, z) ≤ sd(x, z).

3. Main Results

Theorem 3.1. Let (X, d) be an orthogonal complete b−metric space with parameter s ≥ 1. f , g : X → X such

that the following conditions hold:
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(1) f is orthogonal continuous;

(2) f , g are αs−orbital admissible mapping inX;

(3) f , g are exchangeable;

(4) There is orthogonal elements x0 ∈ X with satisfying α(x0, f x0) ≥ sp;

(5) f , g are weak exchange preservation mappings, g−1 is orthogonal preserving;

(6) If x, y ∈ X, x⊥y or y⊥x, we have

τ + F(αs(x, y)d( f x, gy)) ≤ F(N(x, y)),

N(x, y) = max
{

d(x, y), d(x, f x), d(y, gy),
1
2s

d(x, gy),
1
2s

d(y, f x),

d(x, f x)d(y, gy)min{d(x, f x), d(y, gy)}
1 + d2(x, y)

}
, (1)

where τ > 0, αs : X × X → R, αs(x, y) = αs(y, x) ≥ sp, p ≥ 2, properties (Hsp), (Usp) and (Vsp) are

satisfied.

Then f and g possess a common fixed point in X. And f , g possess a unique common fixed point in y∗⊥ =

{x|x⊥y∗ (or) y∗⊥x, x ∈ X}.

Proof. By the definition of orthogonality, we can find an x0 with x0⊥y or x0⊥y, for all y ∈ X. Define

sequences {xn} and {yn} in X by yn = f xn = gxn+1 for n ∈ N. Since x1 ∈ X, we obtain x0⊥x1.

Considering f , g are weak exchange preservation, let’s take the first vertical relationship here, we

obtain f x0⊥gx1, x1⊥x2, by using weak exchange, we have gx1⊥ f x2, x2⊥x3, in turn, which implies that

{xn} is an orthogonal sequence. Based on conditions (2), (4), we have

α(x0, f x0) ≥ sp

⇒ α( f x0, g f x0) ≥ sp = α(x1, gx1) ≥ sp

⇒ α(gx1, f gx1) ≥ sp = α(x2, f x2) ≥ sp.

Hence α(x2n, f x2n) ≥ sp, α(x2n+1, gx2n+1) ≥ sp, and α(x2n, x2n+1) ≥ sp, α(x2n+1, x2n+2) ≥ sp. Replacing

x by x2n and y by x2n+1 in (1), we have, τ + F(αs(x2n, x2n+1)d( f x2n, gx2n+1)) ≤ F(N(x2n, x2n+1)). By

organizing, it can be concluded that

τ + F(αs(x2n, x2n+1)d(x2n+1, x2n+2)) ≤ F(max{d(x2n, x2n+1), d(x2n+1, x2n+2)}).

If d(x2n, x2n+1) < d(x2n+1, x2n+2), then, we have,

τ + F(αs(x2n, x2n+1)d(x2n+1, x2n+2)) ≤ F(d(x2n+1, x2n+2))
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This is a contradiction. Thus, d(x2n, x2n+1) > d(x2n+1, x2n+2), and the inequality becomes

τ + F(αs(x2n, x2n+1)d(x2n+1, x2n+2)) ≤ F(d(x2n, x2n+1)).

Since sd(x2n+1, x2n+2) ≤ αs(x2n, x2n+1)d(x2n+1, x2n+2), we have

τ + F(sd(x2n+1, x2n+2)) ≤ τ + F(αs(x2n, x2n+1)d(x2n+1, x2n+2)) ≤ F(N(x2n, x2n+1))

N(x2n, x2n+1) = max
{

d(x2n, x2n+1), d(x2n, f x2n), d(x2n+1, gx2n+1),
1
2s

d(x2n, gx2n+1),
1
2s

d(x2n+1, f x2n),

d(x2n, f x2n)d(x2n+1, gx2n+1)min{d(x2n, x2n+1), d(x2n+1, x2n+2)}
1 + d2(x2n, x2n+1)

}
.

It follows that

τ + F(sd(x2n+1, x2n+2)) ≤ F(d(x2n, x2n+1)). (2)

Similarly, it can be concluded that

τ + F(sd(x2n+2, x2n+3)) ≤ F(d(x2n+1, x2n+2)). (3)

Then

τ + F(sd(xn+1, xn+2)) ≤ F(d(xn, xn+1)). (4)

According to (F4), we get

τ + F(snd(xn, xn+1)) ≤ F(sn−1d(xn−1, xn)).

By calculation,

τ + F(snd(xn, xn+1)) ≤ F(sn−1d(xn−1, xn)),

τ + F(sn−1d(xn−1, xn)) ≤ F(sn−2d(xn−2, xn−1)),

...
...

τ + F(sd(x1, x2)) ≤ F(d(x0, x1)).

Obtained through organization

F(snd(xn, xn+1)) ≤ F(d(x0, x1))− nτ. (5)

In (5), letting n → ∞, we have lim
n→∞

F(snd(xn, xn+1)) = −∞. Thus we obtain

lim
n→∞

snd(xn, xn+1) = 0.
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In view of (F3), one can get that there exists k ∈ (0, 1) such that

lim
n→∞

(snd(xn, xn+1))
kF(snd(xn, xn+1)) = 0.

In (5), multiplicating (snd(xn, xn+1))
k at both ends, we have

(snd(xn, xn+1))
kF(snd(xn, xn+1))− (snd(xn, xn+1))

kF(d(x0, x1)) ≤ −(snd(xn, xn+1))
knτ. (6)

In (6), letting n → ∞, we have

lim
n→∞

n(snd(xn, xn+1))
k = 0.

According to the definition of limit, there exists n1 ∈ N, when n ≥ n1, we have

n(snd(xn, xn+1))
k ≤ 1.

Then

snd(xn, xn+1) ≤
1

n
1
k

.

Next we shall prove {xn} is Cauchy. For ease of use, letting dn = d(yn, yn+1). So

d(xn, xn+i) ≤ (sdn + s2dn+1 + · · ·+ si−1dn+i−2 + si−1dn+i−1)

and

sdn + s2dn+1 + · · ·+ si−1dn+i−2 + si−1dn+i−1 ≤ sndn + sn+1dn+1 + · · ·+ sn+i−2dn+i−2 + sn+i−2dn+i−1

≤ sndn + sn+1dn+1 + · · ·+ sn+i−2dn+i−2 + sn+i−1dn+i−1

=
n+i−1

∑
i=n

sidi ≤
∞

∑
i=n

sidi ≤
∞

∑
i=n

1

i
1
k

.

Since k ∈ (0, 1), and 1
k > 1,

∞
∑

i=n

1

i
1
k
= 0, then

lim
n→∞

(sdn + s2dn+1 + · · ·+ si−1dn+i−2 + si−1dn+i−1) = 0, lim
n→∞

d(xn, xn+i) = 0.

We obtain lim
n→∞

d(yn, yn+i) = 0 from an orthogonal Cauchy sequence on orthogonal complete b−metric

space. Therefore, the orthogonal sequence is convergent. Then, we can choose y∗ ∈ X such that

lim
n→∞

xn = x∗, lim
n→∞

gx2n+1 = x∗, lim
n→∞

f x2n = x∗.
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Since lim
n→∞

f x2n = x∗, and f is orthogonal continuous, we have

x∗ = lim
n→∞

f x2n = f lim
n→∞

f x2n−2 = f x∗.

x0⊥x∗, since f , g are weak exchange preservation, we have

f x0⊥gx∗ = x1⊥gx∗, gx1⊥ f gx∗.

f , g are exchangeable and g−1 is orthogonal preserving, we obtain x1⊥x∗. In turn, we have xn⊥x∗. In

view of the property (Hsp), one can get a subsequence {x2nk} of {x2n} with α( f x2nk , x∗) ≥ sp, for all

k ∈ N. Next, we will prove that gx∗ = x∗. Replacing x by x2nk and y by x∗ in (1), we have

τ + F(αs(x2nk , x∗)d2( f x2nk , gx∗)) ≤ F
(

max
{

d(x2nk , x∗), d(x2nk , f x2nk), d(x∗, gx∗),
1
2s

d(x2nk , gx∗),

1
2s

d(x∗, f x2nk),
d(x2nk , f x2nk)d(x∗, gx∗)min{d(x2nk , f x2nk), d(x∗, gx∗)}

1 + d2(x2nk , x∗)

})
(7)

In (7), letting n → ∞, and from Lemma 2.14, we obtain

sp 1
s

d(x∗, gx∗) ≤ lim sup
n→∞

(αs(x2nk , x∗)d( f x2nk , gx∗))

≤ max
{

lim sup
n→∞

d(x2nk , x∗), lim sup
n→∞

d(x2nk , f x2nk), lim sup
n→∞

d(x∗, gx∗), lim sup
n→∞

1
2s

d(x2nk , gx∗),

lim sup
n→∞

1
2s

d(x∗, f x2nk), lim sup
n→∞

d(x2nk , f x2nk)d(x∗, gx∗)min{d(x2nk , f x2nk), d(x∗, gx∗)}
1 + d2(x2nk , x∗)

}

We have d(x∗, gx∗) = 0 and gx∗ = x∗. Therefore, f x∗ = x∗ = gx∗. Then, f and g possess a common

fixed point in X. Next, we will prove that f and g possess a unique common fixed point in x∗⊥ =

{x|x⊥x∗(or)x∗⊥x, x ∈ X}. First x∗⊥ is nonempty set, because {xn} ⊆ x∗⊥. If there exists t⊥x∗ with

t ̸= x∗, t is a common fixed point of f , g. Then f t = gt = t ̸= y∗. Replacing x by x∗ and y by t in (1),

τ + F(αs(x∗, t)d( f x∗, gt)) ≤ F
(

max
{

d(x∗, t), d(x∗ f x∗), d(t, gt),
1
2s

d(x∗, gt),
1
2s

d(t, f x∗),

d(x∗, f x∗)d(t, gt)min{d(x∗, f x∗), d(t, gt)}
1 + d2(x∗, t)

})
.

We have

τ + F(αs(x∗, t)d(x∗, t)) ≤ F(d(x∗, t)).

Since f t = gt = t ̸= x∗, τ > 0 and F is strictly increasing, then

αs(x∗, t)d(x∗, t) ≤ d(x∗, t).

This is a contradiction. Hence x∗ = t. Therefore, f x∗ = x∗ = gx∗, then f and g possess a common fixed
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point in X. And f , g possess a unique common fixed point in x∗⊥ = {x|x⊥x∗(or)x∗⊥x, x ∈ X}.

Example 3.2. Let X = [−1, 2] and d : X × X → [0,+∞) be a mapping defined by d(x, y) = |x − y|2, for all

x, y ∈ X. Define the binary relation ⊥ on X by x⊥y if xy ≤ (x + 3 ∨ y + 3), where x + 3 ∨ y + 3 = x + 3 or

y + 3. Then (X, d) is an O−complete b−metric space. Define the mappings f , g : X → X by

f (x) =

 x2, x ∈ [−1, 1]
1
x , x ∈ (1, 2]

, g(x) =

 −x, x ∈ [−1, 1]

x, x ∈ (1, 2]
,

g−1(x) =

 −x, x ∈ [−1, 1]

x, x ∈ (1, 2]
, α(x, y) =


23 + 1, x ∈ [−1, 1] & y ∈ (1, 2]

23 + 1, x, y ∈ (1, 2]

0, otherwise

Clearly, g−1 is orthogonal preserving, f is orthogonal continuous, f , g are exchangeable. Now, let us

consider the mapping F defined by F(t) = ln t, τ = ln( 1
27 ). Let x0 = 1

2 . If x ∈ [−1, 1], we have
1
2 x ≤ 1

2 + 3 ⇒ 1
2⊥x. If x ∈ (1, 2], we have 1

2 x ≤ x + 3 ⇒ 1
2⊥x. So 1

2 is orthogonal elements in X.

α

(
1
2

, f
(

1
2

))
= α

(
1
2

,
1
4

)
≥ 23,

α

(
f
(

1
2

)
, g f

(
1
2

))
= α

(
1
4

, g
(

1
4

))
= α

(
1
4

,−1
4

)
≥ 23,

α

(
g
(

1
4

)
, f
(
−1

4

))
= α

(
−1

4
,

1
16

)
≥ 23,

α

(
f
(
−1

4

)
, g
(

1
16

))
= α

(
1
16

,− 1
16

)
≥ 23.

f , g is αsp−admissible mapping.

Case 1: Let x ∈ [−1, 1], y ∈ [−1, 1]. Then

f (x) · g(y) = x2 · (−y) ≤ x2 + 3, g(x) · f (y) = (−x) · y2 ≤ y2 + 3.

Case 2: Let x ∈ (1, 2], y ∈ (1, 2]. It follows that

f (x) · g(y) =
1
x
· y ≤ y + 3, g(x) · f (y) = x · 1

y
≤ x + 3.

Case 3: Let x ∈ [−1, 1], y ∈ (1, 2]. It is easy to show

f (x) · g(y) = x2 · y ≤ y + 3, g(x) · f (y) = (−x) · 1
y
≤ 1

y
+ 3.

Case 4: Let x ∈ (1, 2], y ∈ [−1, 1]. Obviously,

f (x) · g(y) =
1
x
· (−y) ≤ 1

x
+ 3, g(x) · f (y) = x · y2 ≤ x + 3.
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So f , g−1 are weak exchange preservation. Now we consider the following cases:

Case 1: Let f (x) ∈ [−1, 1], g(y) ∈ (1, 2]. Then

τ + ln(23 ∣∣x2 − y
∣∣2) ≤ ln

(
1
22

∣∣y − x2∣∣2) ,

τ ≤ ln
(

1
25

)
.

It is clear that (1) is satisfied.

Case 2: Let f (x) ∈ (1, 2], g(y) ∈ (1, 2]. We get

τ + ln

(
23
∣∣∣∣1x − y

∣∣∣∣2
)

≤ ln

(
1
4

∣∣∣∣y − 1
x

∣∣∣∣2
)

,

τ ≤ ln
1
25 .

That is (1) is satisfied.

Case 3: Let x, y ∈ [−1, 1] or x ∈ (1, 2], y ∈ [−1, 1]. Then

α(x, y) = 0.

Hence, (1) is satisfied.

Therefore, all the conditions of Theorem 3.1 are satisfied. Hence we can conclude that f and g

possess a common fixed point in X. And f , g possess a unique common fixed point in y∗⊥ =

{x|x⊥y∗ (or) y∗⊥x, x ∈ X}, that is, x = 1.

4. Conclusions

In this paper, we proved the fixed point theorems of double mappings F−type contractions in

orthogonal b−metric spaces by introducing the concept of weak exchange preservation. In addition,

we also provided an example to explain in detail the practicality of the obtained results.
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