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Abstract: Partial g-difference equation have extended applications in g-heat equations. Having introduced the Fibonacci difference
equation in the partial section by using Fibonacci difference operator with shift values, a model for heat tranfer in the
rod is found having recourse to Fourier law of cooling, an involved study is carried out to evaluate that movement of heat
and thus numerous are postulated. The result obtained are validated by MATLAB.
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1. Introduction

The theory of %, using the definition %u(k) = u(k+1) — au(k) was introduced by Jerzy Popenda [1, 6] in 1984. Fractional
difference operators are established by Miller and Rose in 1989 ([3, 4]). The extension of A, was introduced by M.M.S.Manuel
[7, 8] in 2011. The g-difference operator obtained by the authors [5] in 2011 and its extended with the variable coefficients is
founded in [5]. Here, we extend the operator A, to a partial g-difference operator. Consider the variable k = (k1, k2, ..., kn),
n-tuple shift factors ¢ = (¢1, g2, ...,qn) # 0, not all ¢; # 1, kg = (k1q1, k292, ..., kngn) and a real valued function v(k) defined

on R". The beta g-difference operator on v(k) is defined as

A v(k) = v(kq) — Bo(k). 1)
B(a)

When ¢ = (1, ¢2), the beta g-inverse principle with respect to A is given by
B(1,q2)

m k e k
'U(klvk?)_ﬁ v<k1?%)22/6 1u(k17T_i1))7 (2)
42 r=1 P
where v(k1,k2) = A™' w(ki,k2) [2]. Using (2), we arrive several type solutions of heat equation for a long rod with delay

B(aq1,92)
factor.
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2. Delay ¢-heat Equation of a Long Rod when ~ is Constant

Let us take a long rod and assuming v(k1, k2) be the temperature at the position k1 and its time k2 of the rod. Let v be the

positive dissemination rate constant of rod. By Fourier’s cooling law, the discrete alpha-beta delay g-heat equation of rod is

v(kl,kgqg)fﬂv(kl,kg):w[v(%,%) (khk )Jrv(quhk )70[@(1@1,%)]. (3)

Then the discrete heat equation (3) with delay can be expressed as

’U(kl,k‘g) =7 A ’U(kl,;)- (4)

B(1,g2%) a(qr®,1)
Our main aim is to analyze the possible solutions of the g-heat equation (4).

Theorem 2.1. Let us take an integer m > 0, and a number g2 > 0 which is real such that v(k1, ;—,%) and A vk, %2) =
2

o

alai 1)
u (k1,%2) are given then (4) has a summation solution as
O‘(ql 1)
k2
(k17/€2)—a U(kl, m)—i—’yZa (kh - ) (5)
—1 ot(q1 ,1) 420
. k2 ko, . .
Proof. Taking A wv(ki,—)= u (ki,—)in (4) gives
a(qli,l) g O‘(qli:l) o
ok k) =y A (k2 (©)
’ B(1,a2) a(qi,1) ’
The proof follows by applying inverse principle in (6). O

Theorem 2.2. When 8 > 0, m is a positive integer and by denoting v(quf, *) = v(kiqi, %) + v(%, ) and v(*, kaga®) =

v(*, kaga) + v(x, ’;—f), we get the following results.

1 m kogi™1 Eogi—!
(a). v(k, k2) = Bm v(k1, kage™ ; %[ kigi 72(1; ) — 20w (i, 72(]; )]a
(7)
_ kQ = i—1 L . ko
(b). v(k1, k) = 8™ (k17 g +;5 ’Y[ (qul , qia) 2av(l€1, qéa)}’ (8)
1 k m, k
(C) U(k17k2) ,yim (é kZQQ o2 ) ; ’yﬁ (qi qul 10_2)
. L i— 'L S 2 i— 2
72 v z+1’k2 ;o) Z zal kQ @ oY), 9)
i=1 Y -1 !
1 m m - /B i—1 4
(d). v(k1, k2) = Wv(k1Q1 s kogsto™) — Z i v(kiq, k2gs o)
- 1 i+1 i—1 i— 1 = 2a i—1 i—1
=2 ok ke o) = 3 (kg kg o). (10)
i=1 =1
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Proof. (a). We have

1 ol + ke k2 ]
== - 2L =) -2 —= 11
v(k1, k2) ﬁv(klak2q2) 3 [U(/ﬁ(Ju U) av(k1, 0_) (11)
Replacing ko by k2q2, k2q3, ..., k2" in (11).
(b). Directly derives the equation
_ ka2 + ka2 ka
v(ki, ko) = Bv(kl, q2) — ’y[v(qul , q20) — 2av(k1, qga)]. (12)
. ka k2 ka2
By changing k2 by Pl AR repeatedly, we get the result (8).
2 42 2
(). (4) yeilds v(k1,k2)= lv(k— kagao) — gv(k ,oks) —v(—5 k1 Jk2) + 2av(h,k2) When replacing ki1 by ﬁ ﬁ ,l%
AN T n @’ q1 o’ ¢’ q1
and ko by kaqeo, kaq3o?, ..., k2g5'0™ repeatedly in the above relation we obtained (9).

(d). The proof of (10) follows by replacing k1 by k1g1, k1¢3, ..., k1g ko by ka2qoo, kagio?, ..., kaqy o™ repeatedly in v(ki, ko) =

1
;’l}(qul, kQQQU) — gv(qul, O’kg) — v(k1q12, kz) +4 2av(k1q1, kQ). D

Example 2.3. Suppose that v(k1, k2) = kika is a ezact solution of (4), v(k1, k2) = 'y[ A kike+ A kiks] yields kikaqo —

(q1,1) (— 1)
2 -p
1 2
o, 1 2
Qo o
we gwe the MATLAB coding for (a) by taking ki = 1 = 4, k2 = ¢2 = 5, 8 = 3, a =2, m=20,4 x5 =

((1./(3). A 20). % (20. % (5. A 20))) — symsum((24./(3. A7)). * ((16. % (5. x (5. A (i — 1)))./3) + (L. (5. % (5. A (i — 1)))./3) —
(4. % (20. % ((5. A (i — 1))./3)))),4, 1, 20).

Bkiks = y[k1iqik2+ %kg —2k1k2]. Canceling k1ka on the both sides derives vy = . For numerical verification,

3. Delay g-heat Equation for Thin Plate when 7 is Constant

Let v(k1, k2, k3) be the temperature of a thin plate at position (k1,k2) and time k3. The proportional amount of heat flows

from left to right at k = (k1,k2,ks) is A wv(k), right to left A wv(k), top to bottom A wv(k) and bottom to top

(é,l,l) (q1,1,1) (1,92,1)
A v(k). By Fourier law of cooling and denoting A = A 4+ A + A + A the heat equation for the
(1,%,1) (q1q2)*  (a1,1,1) (é,m) (La2,1) (1,11
plate is
k
A vk ke, ks) =y A U(k1,k2,i) (13)
B(1,1,q3) a(q1,q2)E g

Theorem 3.1. Let m > 0 and g3 > 0 such that U(khkz,%) and the partial differences A v(k:l,kz,%s) =

alay 1)
u (k1 ke, %3) are known then we have
(a11)
m k‘3
v(k) = a v(khkz, )+’yZa u (ki ke, ). (14)
a(q1 ,1) oqs3
Proof. Taking A wv(£)= wu (£)in (13), we arrive
a(qit,l) Oé(qlial)
oK)=y AU (5) (15)
7B(Ll,qg)a(qli,l) ol
-1
By using the inverse principle of A in (15) we obtain (14). O
B(q3)

Consider the following notation which will be used in Theorem 3.2, v(k(1,2)q(1,2) >0<)i = v(kzlqli, ko, *) + v(k1, kagot, *) and

also v(k(2,3)4(2,3), *)= = v(*, kago™, k3) + v(*, k2, ksgs™).
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Theorem 3.2. Assuming (

13), then we have the following results
(a). U(k1,l€2,k3) ==

1 m kaqy "
Bfmv(kl,kzyks% ) — Z [v(kiqi, ko, pu )

= B
feagi—! feagi—
ok, kagd, 2 ) — dav(ky, by, =2 )], (16)
_ gm ks & i1 + ks
(b).  wv(ki, ko, ks) = B"v(k1, ke, an) + 3 B y[v(kigy ke, TU)
3 i=1 3
ok, kgt 22) — dew (b ke, )] (17)
q30 q30
1 ,k m k1
(c). vk, ko ks) = ——v(— k2, ksqi'o™) — 3 ﬁl (55 ko, kg o)
v 1 i=1"7 q1
. 1 k i—1 i—1 k i—1 _i— 1 G 4o i—1 i—1
_;,Yi—l |:'U(qz+17k27k3q3 o) )+v(q k2CI27k3CI3 o } ;72 n k2,]€3(]3 o ), (18)
1 m m _m - ﬁ i—1 1
(d). vk, k2, ks) = Wv(qul k2, kagito™) — Z 7Y v(kigi, ko, kags o)
1—1 i—1 i—1 i— 1 G da 1—1 i—1
—Z v 1[ kigit ke, kags o' TT) +u(kgls kags s kags o } Zw cv(kigi, ke, kg 'o" ). (19)
i=1
Proof. The proof and verification are as similar as in the case of long rod O
4. Delay g-heat Equation of Medium when ~ is Constant
By the Fourier law of cooling, the heat equation for medium in R? is
A vk =7 A v(k) (20)
B(aa,95) a(q,a2,93)* O
where A = A+ A+ A+ A+ A+ A and k= (ki, ke, k3, ks, k5).
(ara2,0)F  (a1) () (e2) () (e8) ()
Theorem 4.1. Assume that the function A v(E) = U (%) is known. Then (20) satisfies the relation
a(q1 g2,93)F a(q1,92,93)F
U(k) 7U(k171€27k37 b ’ ks )+’7i u (k17k27k37 b ks ) (21)
4™ 5™ — ala1,q2,93)F quo’ gs"o
Proof. Taking A v(E) = u (£) in (20), we get
a(q1,92,93)* a(q1,92,93)*
vk =y A7 u (E (22)
’yﬁ(q4,qs)a(quqz,q3)i o’
Then using the inverse principle in (22) we get (21). O

In the below theorem, we use the following notations:

k k
(k(1,2,3)q(:‘i,2,3)7 *, *) = v(qulv k2a k37 *, *) + ’U( ql ) k27 k37 *, *) + v(klv k2q2’ k37 *, *) + v(kla 2 k37 *, *)
1

k-
U(k17 k27 k3q37 *, *) + U(kh k27 qfdv *, *)
3
U(*, k(Q,S)Q(:g,;;)» *,

) = v(*kaqQa k37*7 *) + U(*v %a k37 *, *) + ’U(*, k27k3q37*7 *) + ’U(*,k‘z, @7*7 *)
2
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Theorem 4.2. If v(k) is a solution of the equation (20) and m > 0 and k = (k1, k2, k3, ka, ks) then the following relations

are equivalent:
m P
((l). ’U(k,k47 k5) = g%v(kvk4q4my k5‘15m) - Z % [v(in‘:7 k4q; ) 5?7 )
i=1

k —1 k i—1 k —1 ]{3 i—1 ]C i—1 k i—1
(ki 4Q4 ’ 545 ) (k i 4Q4 7 545 )f6a’u(k, Ragqy — ’ 545 )]’ (23)
o o o o
k
m i—1 k 5
(). ik kaks) = B0 (k, B —;2)+ZB y[u(k at i e
k4 k ]"v'4 ks k4 k
+'U(l€q§t,qi70, 7;5 )+U(kQ§E7Tv i )_66“)( y G 7;5 )]7 (24)
40 450 440 450 440 Qq50
(C). (k k47k5) 77nv(#7k4q41n0m7k5qgna—m) - Z %’U( 7 7k4ql 10 k5ql 10—1)
i=1
_Z:I'YZ{I [’U(qql-,%7k4qi_lai71,k5qé_1ai71)+v( 2 kagiloil ksql 1= 1)}
k4q§; Yo' ksl 'Y, (25)
(d). vk, ka ks) = S (kq1 Jkagta™ k5q§”am) — Z Sv (kql,k4q4 Yot ksqi™ 10’)
i=1
- - [ (quﬂ k4qiflgi—l’k5qé710i—1)+v(kqg:ql’kélqiflo_i—l’ksqéflgi—l)}
i=1
U 60( i i—1 i—1 i—1
—Zﬁv(k(h,kﬂh o' ksgs o', (26)
o1 )
Proof.  The proof and verification are as similar as Theorem 3.2. O

5. Conclusion

The newly introduced partial g-difference operator with its corresponding equations has many applications in the field of
finite difference methods and g-heat equations. The nature of propagation of heat through the rod is studied using partial
Fibonacci difference operator. The results obtained above gives us the tool to predict the temperature and also gives us the

possibility to determine the nature of the rod under study for better transmission.
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