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Abstract: In this paper, we study the generalized Hyers-Ulam-Rassias stability for the Quadratic type functional equation in IFNS.
fl@+y) = flz—y) =fQ2z+y) —4f(z) — f(y)-
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1. Introduction

The stability problems of functional equations originated from a question by S. M.Ulam [19] in the year 1940. The solution
for that question given by D. H. Hyers [5] in the year 1941, under certain statement. In 2008, on the stability of quadratic
mappings in random normed spaces was given some authors E.Baktash, Y. J. Cho, M. Jalili, R.Saadati, S.M.Vaezpour [4].
Fuzzy theory has become very interesting area of research and a lot of developments have been made in theory of fuzzy
sets to find the fuzzy classical set theory. There are many situations where the norm of a vector is not possible to find and
the concept of intuitionistic fuzzy norm to be more suitable in such cases. we can deal with such situations by modeling in
exactness through the intuitionistic fuzzy norm. The paper On the stability of the linear mapping in Banach spaces given by
Th. M. Rassias has provided a lot of influence in the development of what we call generalized Hyers-Ulam-Rassias stability of
functional equations. The stability concept that was introduced and investigated by Rassias is called the Hyers-Ulam-Rassias
stability. We refer the interested authors for more information to the papers [1, 2, 8, 9, 11-16] and references therein.

In the present paper, the authors finds the stability results concerning the following Quadratic functional equation

flx+y) - fle—y) = fRx+y) —4f(z) — f(y)

in intuitionistic fuzzy normed spaces (IFNS). We also study the intuitionistic fuzzy continuity through the existence of a
certain solution of a fuzzy stability problem for approximately Quadratic functional equation. Before going to find, first we

recall some notations and basic definitions here.
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1.1. Preliminaries

Definition 1.1. A binary operation * :

conditions:

(a).
(b).

(c).

(d). axb < cxd whenever a < c and b < d for each a,b,c,d € [0, 1].

* 18 associative and commutative
* 18 continuous

ax1=a foralla €0,1]

[0,1] x [0,1] — [0,1] is said to be a continuous t-norm if it satisfies the following

Definition 1.2. A binary operation ¢ : [0,1] x [0,1] — [0, 1] 4s said to be a continuous t-conorm if it satisfies the following

conditions:

(a).
(b)-
(c)-

(d). aob < cod whenever a < c and b < d for each a,b,c,d € [0,1].

o 18 associative and commutative
o 18 continuous

ao0=a for all a € [0,1]

Using the above two definitions, Saadati and Park [17] introduced the concept of intuitionistic fuzzy normed spaces as

follows:

Definition 1.3. The five-tuple(X, u, v, %,¢) is said to be an intuitionistic fuzzy normed spaces(IFNS) if X is a vector space,

* 18 continuous t-norm, ¢ is a continuous t-conorm and u,v are fuzzy sets on X x (0,00) satisfying the following conditions.

For every z,y € X and s,t >0

(a).
(b).
(c).
(d).
(e)-
(f)-
(9)-
(h).
(i).
(3)-
(k).
)

w(z,t) +v(z,t) <1

w(z,t) >0

uwz,t)=14fx=0

ulazx,t) =p (x, th) for each o« # 0
pl,t) * ply, 5) < plw +y,t+ s)
w(z,.) : (0,00) = [0,1] is continuous
tlirrolo w(z,t) =1 and }1_{1(1) u(z,t) =0
v(z,t) <1

v(z,t)=0iff x =0

v(iaz,t) =v (m, ﬁ) for each o 20
v(z,t)ov(y,s) >v(z+y,t+s)

v(z,.): (0,00) = [0,1] is continuous
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(m). tlin& v(z,t) =0 and }E)I(l) v(z,t) =1.
In this case (u,v) is called an intuitionistic fuzzy norm.

Let (X, u,v,*,0) be an IFNS. Then, a sequence z = (x,) is said to be intuitinistic fuzzy convergent to L € X if lim
w(xn — L,t) =1 and lim v(z, — L,t) = 0 for all ¢ > 0. In this case we write z, L asn — co. Let (X, p, v, %,0) be an
IFNS. Then z = (z5) is said to be intuitinistic fuzzy Cauchy sequence if lim p(zntp — Tn,t) = 1 and lim v(zn4p — Tn,t) =0
forallt > 0and p=1,2,.... Let (X, pu,v,*,0) be an IFNS. Then (X, u, v, *,¢) is said to be complete if every intuitinistic

fuzzy Cauchy sequence in (X, u, v, *,©) in intuitinistic fuzzy convergent in (X, p, v, %, ¢).

2. Intuitionistic fuzzy stability

The functional equation

fl@+y)— fle—y) =fRr+y)—4f(z) - f(y) (1)

is called an Quadratic functional equation, since the function f(z) = cz? is its solution of the above functional equation (1).
Thus, it is called the Quadratic functional equation and every solution of the Quadratic functional equation (1) is said to be
a Quadratic function. Every solutions of the Quadratic functional equation is said to be an Quadratic mapping. We start

with a generalized Hyers-Ulam-Rassias type theorem in IFNS for an Quadratic functional equation.

Theorem 2.1. Let X be a linear space and let (Z,u',v") be an IFNS. Let ¢ : X x X — Z be a function such that for some

a>2°

1 ((x,0), at)

RS
o
-

~
IV

v (p(z,0), at) (2)

|8
o
~— ~—
-
~—r+
IN

and

e (e () )
. W (T Y
lim o (4 —,—),t =0
nne T\ P\ gn e

for all z,y € X and t > 0. Let (Y,u,v) be an intuitionistic fuzzy Banach space and let f : X — Y be a p-approzimately

Quadratic mapping and that

p(2f(z+2y) + f(2z —y) —5[f(z +y) + f(z —y)] = 15f(y),t) > 1’ (@(z,y),t),

v (2f(z +2y) + f(2x —y) = 5[f (@ +y) + f@ — y)] = 15f(y),t) < V' ((x,1), 1) ®3)

for allt >0 and all x,y € X. Then there exists a unique Quadratic mapping B : X — Y such that

p (B~ 1@,1) 2o (o0, ©5)

v(B(z) - f(x),t) <V (&0(%0), w> W

for allx € X and all t > o.
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Proof. Puty=0in (3). Then for all z € X and ¢t > 0
p(f(22) = 4f(2), 1) > 1 (p(=,0),1)
which gives

[ (4f (g) - f(x),t) >/ (so (
1f (5) = f@.t) <v' (0 (5.0) 1) <V (0(,0), a1). (5)

v

/

Changes from = by 57 in (5), we get

(05 () 71 () %) 2 (o (.0) ) 2 (.0, ans

2 2
v (1 (ggr) —4'F (55) 47t) < v/ (0 (55:0) sat) <V (0(@,0),0" 1) . ()

2 2n )7 qntl
(071 (55) = 1 (5) i) ¥ 6t 00. ;

(11 () = 100 5 ) = T (97 () - #7 (3) ) 2 o00.0) an
i=0 =0

(0 () - 10 ) < T (#7r (55) - 9 (3) o) </t ®
=0 =0

for all z € X,t > 0 and n > 0 where 1—[;2—01 a; = ai*as* ... % an,]_[?z_ol bj = b1 0 bz o ... 0 by. By replacing x with 57+ in (8),

we have
n+m T m T = 47tmy ’ x ’
(107 () 10 () 5 ) s (0 (2.0 1) 2 (00000 and
§=0
n+m x m X — 4J+mt ’ X ’
v\ 71 () =471 (55) - 2 armn ) <7/ (2 (5720) 1) <V (w001
§=0
Thus,
ntm T m zy T 4t ,
u(‘* ) 1"t (5w) - X aj+1)>u<w<w’0>vt> and
J=m
n+m—1 ;
v (4”*'”1‘ (o) =171 (5) Jffl) < (p(,0).
J=m

for all x € X,t > 0,m > 0 and n > 0. Hence

(o) e E) i)

j=m i+l
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(e (57 1)) 29 (20t ’

j=m alt1

forallz € X,t >0,m >0 and n > 0. Since a > 4 and Z ( ) < o0, the Cauchy criterion for convergence in IFNS shows
that 4" f (2% ) is a Cauchy sequence in (Y, y, v). Since (Y u, ) is complete, this sequence converges to some point B(x) € Y.
Fix z € X and m =0 in (9), we have

n(47f (52) — f@)t) = (so(x,ox t) and

j=0 GQiFl

v(1'f (52) = f@)t) <V <s0(x,0)v Zn—lt4>

=0 aifl
for all t > 0 and n > 0. Therefore, we get

(8 o0 2 (B =10 (57) ) (17 (55) - 100 5) 2w (m,m, 22t> ,

=0 aifl
v(B(z) — f(x),t) <v <B(IE) —4"f (2%) ,%) ov (4nf (2%) — f(=), %) < (ap(m,o) 221‘/> ,

for large n. By taking the limit as n — oo and using the definition of IFNS, we obtain

n(B(@) — f(@),t) 2 1 (so(suox w> and

o (B) — 2.0 </ (o0, @ 52)

for all z € X,t > 0. Changes from x to 5 and y to 5%, in (3), we obtain

(0 (50) o (B0) i (2 s (550 o
V<4nf<x—2&-2y>+4nf<2$2:y>_5[4nf( 2+ )+4"f( 2_ ):|+4n15f(

for all z,y € X,t > 0. Since

li ’(4 (m y) t):l
aac\F Panoon ) ’
. 1 n r y _
v (4 S"(27@’%)’1‘/)_0’

for all z,y € X,t > 0. We notice that B satisfies (1). Therefore B is an quadratic mapping.
To prove the uniqueness of the quadratic mapping B, assume that there exists a quadratic mapping B’ : X — Y which

satisfies (4). For fix z € X, clearly 4"B (3% ) = B(z) and 4"B’ (%) = B'(z) for all n € N. It follows from (4) that

and similarly
20" (v — 4)t
v (B(m) — B/(x),t) < (np (z,0), %) .

Since limnﬁw% =ooasa >4, we get limp_oopt (gp (z,0), %) =1, and limn_ ot/ (c,o (z,0), %) =0.

Therefore p (B(x) — B'(z),t) = 1 and v (B(z) — B'(z),t) = 0, for all t > 0. Hence B(z) = B'(z). O

51
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In the next theorem, let us consider 0 < o < 4.

Theorem 2.2. Let X be a linear space and let (Z,1',v") be an IFNS. Let ¢ : X x X — Z be a function such that for some
0<a<4

1 ((22,0),1) > ' (ap(x,0),1) and v (p(22,0),t) < v/ (ap(x,0),1),
lim, o0 i1’ (0(2"x,2"%y),4™t) = 1 and limp— oo V' (p(2"x,2"y),4™t) = 0 for all z,y € X and t > 0. Let (Y,u,v) be an

intuitionistic fuzzy Banach space and let f: X — Y be a p-approximately quadratic mapping in the sense that

p{2f(x+2y) + f(2x —y) =5[f(z +y) + f(z —y)] = 15f(y, )} > 1’ (p(2,9),t) and
v{2f(z+2y) + f2x —y) = 5[fle+y) + flz —y)] = 15f(y, )} < v/ (o(2,9),1)
for all x,y € X and t > 0. Then there exists a unique quadratic mapping B : X — 'Y such that

1 (B(x) = f(z),t) > 4/ (W(%O)»w) and v (B(z) — f(z),t) <V <¢(x,0),@)

forallx € X andt > 0.

Proof. The proof of this theorem is similarly as Theorem 2.1. Here we outline the proof. Put y = 0 in (3) we get

H (@ - f(:t),t) > /Jl (o(x,0),t) and v (@ _ f(x),t) < (0(,0),4),

for all z € X and t > 0. So

p (2878 - st 2 i (pte0. ) ana v (LD gt} < (otwon L),

forallz € X and ¢t > 0. For each x € X,;n > 0,m > 0 and ¢ > 0, we reduces

n+m m
. (f(in+m$) _ f(imx)’t> > <s0(w, 0), Zn+7nt1a7> and

j=m 47+1

n+m m
(HE 1 ) (¢(x,0), +mf> o)

j=m 47+1T

for all x € X, t > 0, and m,n > 0. Thus, {f(iizx)} is a Cauchy sequence in intuitionistic fuzzy Banach space. There exist a

function B : X — Y defined by B(z) = limn o f(zzz) and put m = 0 in (10) we obtain

(4—a)t

5 ) and v (B(z) — f(z),t) <v' (w(%o)’@)

(B(@) — f(a),0) > i <<p (2,0),

for all z € X and ¢t > 0. Hence proved. O
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