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1. Introduction

In 1965, fuzzy sets were introduced by Zadeh [1]. Fuzzy sets have been introduced by Lotfi.A.Zadeh Fuzzy set. Dubois and

Prade has defined any of the fuzzy Number as a Fuzzy subset. Thomanson introduced Fuzzy matrices and discussed about

the convergence of powers of fuzzy matrix. A fuzzy matrix is a matrix with elements having values in the fuzzy interval.

In this paper the unit interval [0, 1] and the interval [−1, 1] are called fuzzy interval. Fuzzy matrices play on important

role in scientific development. In this paper, we recall the definition of Hexagonal fuzzy Number and some operations

on Hexagonal Fuzzy Number (HFNs). We presented some properties of Hexagonal Fuzzy Matrices (HFMs). Finally we

presented Conclusion is included.

2. Preliminaries

Definition 2.1. A fuzzy set is characterized by its membership function, taking values from the domain, space or universe

of discourse mapped into the unit interval [0, 1]. A fuzzy set A in the universal set X is defined as A = (X,µ(X);x ∈ X) .

Here, µA : A→ [0, 1] is the grade of the membership function and µA(X) is the grade value of x ⊂ X in the fuzzy set A.

Definition 2.2. A fuzzy set A is called normal if there exists an element x ⊂ X whose membership value is one, i.e.,

µA(X) = 1.

Definition 2.3. A fuzzy number A is a subset of real line R, with the membership function µA satisfying the following

properties:

∗ E-mail: johnson22970@gmail.com
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(1). µA(X) is piecewise continuous in its domain.

(2). A is normal, i.e., there is a x0 ∈ A such that µA(x0) = 1.

(3). A is convert, i.e., µA (λx1 + (1− λ)x2) ≥ min (µA(x1), µA(x2)) . For all x1, x2 ∈ X.

Due to wide applications of the fuzzy number, two types of fuzzy number, namely, triangular fuzzy number and trapezoidal

fuzzy number, are introduced in the field of fuzzy algebra.

Definition 2.4. A fuzzy number A = (a1, a2, a3, a4) is said to be trapezoidal fuzzy number if its membership function is

given by where a1 ≤ a2 ≤ a3 ≤ a4

µA(x) =



0 for x < a1
(x− a1)

a2 − a1
for a1 ≤ x ≤ a2

(a4 − x)

a4 − a3
for a2 ≤ x ≤ a3

0 for x < a4

Definition 2.5. A pentagonal fuzzy number defied as A = (a1, a2, a3, a4, a5), and its the membership function is given by,

µA(x) =



0 for x < a1
(x− a1)

a2 − a1
for a1 ≤ x ≤ a2

(x− a2)

a3 − a2
for a2 ≤ x ≤ a3

1 for x = a3
(a4 − x)

a4 − a3
for a2 ≤ x ≤ a3

(a4 − x)

a4 − a3
for a4 ≤ x ≤ a5

0 for x < a5

Definition 2.6. A fuzzy number AH is a hexagonal fuzzy number denoted by AH = (a1, a2, a3, a4, a5, a6) where

a1, a2, a3, a4, a5, a6 are real number and its membership function µAH(x) is given by

µA(x) =



0 for x < a1

1
2

(x−a1)
(a2−a1)

for a1 ≤ x ≤ a2
1
2

+ 1
2

(x−a2)
a3−a2

for a2 ≤ x ≤ a3

1 for a3 ≤ x ≤ a4

1− 1
2

(a4−x)
a4−a3

for a4 ≤ x ≤ a5
1
2

(a6−x)
a6−a5

for a5 ≤ x ≤ a6

0 for x > a6
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Definition 2.7. Hexagonal fuzzy number AH is the ordered quadruple P1(u), Q1(v), Q2(v), P2(u) for u ∈ [0, 0.5] and v ∈

[0.5, w] where,

P1(u) =
1

2

(u− a1)

(a2 − a1)

Q1(v) =
1

2
+

1

2

(v − a2)

(a3 − a2)

Q1(v) = 1− 1

2

(v − a4)

a4 − a3

P2(u) =
1

2

(a6 − u)

a6 − a5

Definition 2.8. The classical set Aα called alpha cut set is the set of elements whose degree of membership is the set of

element whose degree of membership in AH = (a1, a2, a3, a4, a5, a6) is no less than, α it is defined as

Aα = {x ∈ X/µAH (x) ≥ α} =


[P1(α), P2(α)] for α ∈ [0, 0.5)

[Q1(α), Q2(α)] for α ∈ [0.5, 1]

Definition 2.9. The α-cut of as normal hexagonal fuzzy number ÃH = (a1, a2, a3, a4, a5, a6) given by the definition(i.e)

w = 1 for all α ∈ [0, 1] is

Aα =


[2α(a2 − a1) + a1,−2α(a6 − a5) + a6] α ∈ [0, 0.5]

[2α(a3 − a2)− a3 + 2a2 − 2α(a5 − a4) + 2a5 − a4] α ∈ [0.5, 1]

3. Arithmetic operation of Hexagonal Fuzzy Number

The following are three operations that can be performed on hexagonal fuzzy number, suppose ÃH = (a1, a2, a3, a4, a5, a6)

and B̃H = (b1, b2, b3, b4, b5, b6) are two hexagonal fuzzy numbers then,

Addition: ÃH(+)B̃H = (a1 + b1, a2 + b2, a3 + b3, a4 + b4, a5 + b5, a6 + b6)

Subtraction: ÃH(−)B̃H = (a1 − b1, a2 − b2, a3 − b3, a4 − b4, a5 − b5, a6 − b6)

Multiplication: ÃH(∗)B̃H = (a1 ∗ b1, a2 ∗ b2, a3 ∗ b3, a4 ∗ b4, a5 ∗ b5, a6 ∗ b6)

3.1. Addition of two hexagonal fuzzy number

If ÃH = (a1, a2, a3, a4, a5, a6) and B̃H = (b1, b2, b3, b4, b5, b6) are two hexagonal fuzzy numbers for all α ∈ [0, 1]. Let us add

to the alpha cuts Aα and Bα of ÃH and B̃H using interval arithmetic

Aα+Bα =


[2α(a2 − a1) + a1,−2α(a6 − a5) + a6] + [2α(b2 − b1) + b1,−2α(b6 − b5) + b6] α ∈ [0, 0.5]

[2α(a3 − a2)− a3 + 2a2,−2α(a5 − a4) + 2a5 − a4] + [2α(b3 − b2)− b3 + 2b2,−2α(b5 − b4) + 2b5 − b4] α ∈ [0.5, 1]
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Let the example 1 such that, ÃH = (1, 2, 3, 6, 7, 8) and B̃H = (1, 2, 3, 5, 7, 9). For α ∈ [0, 0.5), Aα = [4α+ 2,−6α+ 17], Bα =

[4α+ 2,−6α+ 17]⇒ Aα +Bα = [8α+ 4,−6α+ 34]. For α ∈ [0.5, 1], Aα = [4α+ 2,−6α+ 17], Bα = [4α+ 2,−6α+ 17]⇒

Aα + Bα = [8α+ 4,−6α+ 34]. Since the both α ∈ [0, 0.5) and For α ∈ [0.5, 1] arithmetic intervals are same. Where

α = 0 A0 + B0 = [4, 34]. Like wise α = 0.5 A0.5 + B0.5 = [8, 28]. And for α = 1, A1 + B1 = [12, 22]. Hence

Aα +Bα = [2, 4, 6, 11, 14, 17] all the points coincides with the sum of the two hexagonal fuzzy number. Hence the addition

of two α-cuts lies within the interval.

3.2. Subtraction of two hexagonal fuzzy number

If ÃH = (a1, a2, a3, a4, a5, a6) and B̃H = (b1, b2, b3, b4, b5, b6) are two hexagonal fuzzy numbers for all α ∈ [0, 1]. Let us

subtract to the alpha cuts Aα and Bα of ÃH and B̃H using interval arithmetic

Aα−Bα =


[2α(a2 − a1) + a1,−2α(a6 − a5) + a6]− [2α(b2 − b1) + b1,−2α(b6 − b5) + b6] α ∈ [0, 0.5]

[2α(a3 − a2)− a3 + 2a2,−2α(a5 − a4) + 2a5 − a4]− [2α(b3 − b2)− b3 + 2b2,−2α(b5 − b4) + 2b5 − b4] α ∈ [0.5, 1]

Let the example 2 such that, ÃH = (1, 2, 3, 6, 7, 8) and B̃H = (1, 2, 3, 5, 7, 9). For α ∈ [0, 0.5), Aα = [0, 2α− 1], Bα =

[0, 2α− 1]⇒ Aα −Bα = [0, 4α− 1]. For α ∈ [0.5, 1], Aα = [0, 2α− 1], Bα = [0, 2α− 1]⇒ Aα −Bα = [0, 4α− 1]. Since the

both α ∈ [0, 0.5) and For α ∈ [0.5, 1] arithmetic intervals are same. Where α = 0 A0 + B0 = [0,−2]. Like wise α = 0.5,

A0.5 + B0.5 = [0, 0]. And for α = 1 A1 + B1 = [0, 2]. Hence Aα + Bα = [0, 0, 0, 1, 0,−1] all the points coincides with the

different of the two hexagonal fuzzy number. Hence the addition of two α-cuts lies within the interval.

3.3. Multiplication of two hexagonal fuzzy number

If ÃH = (a1, a2, a3, a4, a5, a6) and B̃H = (b1, b2, b3, b4, b5, b6) are two hexagonal fuzzy numbers for all α ∈ [0, 1]. Let us

Multiply to the alpha cuts Aα and Bα of ÃH and B̃H using interval arithmetic

Aα∗Bα =


[2α(a2 − a1) + a1,−2α(a6 − a5) + a6] ∗ [2α(b2 − b1) + b1,−2α(b6 − b5) + b6] α ∈ [0, 0.5]

[2α(a3 − a2)− a3 + 2a2,−2α(a5 − a4) + 2a5 − a4] ∗ [2α(b3 − b2)− b3 + 2b2,−2α(b5 − b4) + 2b5 − b4] α ∈ [0.5, 1]
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Let the Example 3 such that, ÃH = (1, 2, 3, 6, 7, 8) and B̃H = (1, 2, 3, 5, 7, 9). For α ∈ [0, 0.5), Aα ∗ Bα =

[(2α+ 1)(2α+ 1), (−2α+ 8)(−4α+ 9)]. For α ∈ [0.5, 1], Aα ∗ Bα = [(2α+ 1)(2α+ 1), (−2α+ 8)(−4α+ 9)]. Since the

both α ∈ [0, 0.5) and For α ∈ [0.5, 1] arithmetic intervals are same. Where α = 0 A0 ∗ B0 = [1, 72]. Like wise α = 0.5

A0.5 ∗ B0.5 = [4, 49]. And for α = 1 A1 ∗ B1 = [9, 30]. Hence Aα ∗ Bα = [1, 4, 9, 30, 49, 72] all the points coincides within

the approximate value of the two hexagonal fuzzy number. Hence the addition of two α-cuts lies within the interval.

Definition 3.1. A fuzzy matrix A = (aij)mn of order mxn is called a Hexagonal fuzzy matrix if the element of the matrix

are Hexagonal fuzzy number i.e., of the form (a1ij , a2ij , a3ij , a4ij , a5ij , a6ij). Through classical matrix algebra, then some

arithmetic operation of Hexagonal fuzzy number of the same order ; then the following results:

(1). A+B = (aij + bij)

(2). A−B = (aij − bij)

(3). For A = (aij)m×r and B = (bij)r×n, we have A.B = (cij)m×n, where cij =
n∑
k=1

aikbjk for i = 1, 2, 3, . . . ,m; j =

1, 2, 3, . . . , n.

(4). AT = n(aij), the transpose of A.

(5). kA = (kaij), where k is any scalar.

Some of the special type of Hexagonal fuzzy matrices corresponding to classical matrices are now introduction in this section.

However, in fuzzy matrices algebra, we define some other types of Hexagonal fuzzy matrices and their algebraic properties.

4. Properties of Hexagonal Fuzzy Matrices

Property 4.1. Let U = (uij) and V = (vij) be two square HFMs of the same order m; then, the following holds well.

(1). tr(U + V ) = tr(U) + tr(V ).

(2). tr(U) = tr(UT ).

(3). tr(U.V ) = tr(U)tr(V ).

Proof.

(1). Let U and V be two HFMs order m, where U = (u1ij , u2ij , u3ij , u4ij , u5ij , u6ij) and V = (v1ij , v2ij , v3ij , v4ij , v5ij , v6ij).

Now, tr(U) =
m∑
i=1

(Uii) =
m∑
i=1

(u1ii, u2ii, u3ii, u4ii, u5ii, u6ii) and tr(V ) =
m∑
i=1

(Vii) =
m∑
i=1

(v1ii, v2ii, v3ii, v4ii, v5ii, v6ii) Then,

tr(U + V ) =
m∑
i=1

(uii + vii) =
m∑
i=1

(uii) +
m∑
i=1

(vii)
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=

m∑
i=1

(u1ii, u2ii, u3ii, u4ii, u5ii, u6ii) +

m∑
i=1

(v1ii, v2ii, v3ii, v4ii, v5ii, v6ii)

tr(U + V ) = tr(U) + tr(V ).

(2). We know that the principle diagonal of a HFM remains invariant under transposition. Hence the proof obvious.

(3). We know that for any two HFM of the same order, their multiplication is well defined. If U = uij and V = vij then

Again , let R = rij , where Rij =
m∑
r=1

uirvrj , for i, j = 1, 2, ...,m. Now, tr(R) =
m∑
i=1

(rii) =
m∑
r=1

uirvrj . Again let,

S = sij = V.U, where sij =
m∑
r=1

virurj for i, j1, 2, ...,m. Therefore,

tr(S) = tr(V.U) =

m∑
r=1

Sii

=

m∑
r=1

(
m∑
i=1

(viruri)

)

=

m∑
r=1

(
m∑
i=1

(uirvri)

)
(interchanging the dummy i and r)

tr(V.U) = tr(U.V ) = tr(R).

Definition 4.2. The Hexagonal fuzzy Determination of a Hexagonal fuzzy matrix A of order n × n is denoted by det(A)

or |A| =
∑
σ∈sn

(sgnσ.
∏n
i=1 aiσi) , where aii = ((a1iσi, a2iσi, a3iσi, a4iσi, a5iσi, a6iσi)) are HFNs and Sn denotes the symmetric

group of all permutation, define of indices 1, 2, ..., n. Additionally, sgn is the signature of the permutation, defined as sgnσ =

1or− 1 if the permutation is even or odd, respectively. There are several products and addition of HFMs generates another

HFM. Thus, the determinant value of a HFM yields a pentagonal fuzzy number.

Property 4.3. If A is square HFM, then the determinant value of A equals to that of its transpose, i.e., |A| =
∣∣AT ∣∣ .

Proof. Let A = (aij) be a square HFM of order n and let R = AT be the transpose of A. Then, by the definition of

a hexagonal fuzzy determinant, we have |A| =
∑
σ∈sn

(sgnσ.
∏n
i=1 riσi) =

∑
σ∈sn

(sgnσ.
∏n
i=1 aiσi). Let Φ be a permutation on

1, 2, n such that Φσ = 1. I being identity permutation. Thus Φ = σ−1. Let σ(i) = j; then i = σ(j)−1 and aσ(i)i = ajσj , ∀ij.

Therefore,

|R| =
∑
σ∈sn

(sgnσ.

n∏
i=1

r1σ(i)i, r2σ(i)i, r3σ(i)i, r4σ(i)i, r5σ(i)i), r6σ(i)i)

=
∑
σ∈sn

(sgnσ.

n∏
i=1

a1jσ(j), a2jσ(j), a3jσ(j), a4jσ(j), a5jσ(j)), a6jσ(j))

=
∑
σ∈sn

(sgnσ.
n∏
i=1

a1iσ(i), a2iσ(i), a3iσ(i), a4iσ(i), a5iσ(i)), a6iσ(i)) (interchanging indices)

= |R| .

Property 4.4.

(1). If A and B are both strictly fuzzy triangular HFMs, then the block matrix

A C

0 B

 is nilpotent.
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(2). Generally


A11

A22 · · ·

Ann

 is nilpotent whenever Aiis are strictly fuzzy triangular HFMs.

Proof.

(1). Let us consider the concept of block matrix p of the form block matrix

A C

0 B

 , where A,B are Strictly fuzzy triangular

HFMs of order m,n respectively. If based on the property, A and B are both nilpotent for index m and n, respectively.

Now,

P 2 =

A C

0 B


A C

0 B

 =

A2 AC +BC

0 B2


P 3 =

A2 AC +BC

0 B2


A C

0 B


P 3 =

A3 A2C +B2C +ABC

0 B2


P 4 =

A4 A3C +A2CB +AB2C +B3C

0 B3


Thus, note that when we raise the power to P , the element P11 i.e., in general, we and P22 increase their power that

of element P12 i.e., in general, we have pk =

Ak a

0 Bk

 , with k being a positive integer and assuming a as value of

the element P21 in P k. If A and B are nilpotent for index m,n respectively. Therefore Am = 0, Bn = 0. Taking

λ = lcm(m,n) (say)

(pk)λ =

Akλ a

0 Bkλ

 =

0 a

0 0

 ,
which is a strictly fuzzy triangular HFM. Hence, P is a nilpotent HFM.

(2). It following from the previous properties.

Definition 4.5. A square HFM is A = (aij) of order n×n is called a constant HFM if all the rows are equal to each other,

i.e., (a1ij , a2ij , a3ij , a4ij , a5ij , a6ij) = (a1rj , a2rj , a3rj , a4rj , a5rj , a6rj) ∀ i, r, j. For example,

A =


(−1, 0, 1, 2, 4, 5) (0, 1, 2, 4, 5, 6) (1, 2, 3, 4, 5, 6)

(−1, 0, 1, 2, 4, 5) (0, 1, 2, 4, 5, 6) (1, 2, 3, 4, 5, 6)

(−1, 0, 1, 2, 4, 5) (0, 1, 2, 4, 5, 6) (1, 2, 3, 4, 5, 6)


Property 4.6. Let U and V be two constant HFMs of the same order. Then,the following holds.

(1). U + V is a constant HFM.

(2). U.V is also a constant HFM.

Proof.
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(1). U = (uij) and V = (vij), where (uij) = (u1ij , u2ij , u3ij , u4ij , u5ij , u6ij) and Vij = (v1ij , v2ij , v3ij , v4ij , v5ij , v6ij)

are two constant HFMs of order n. Then, (u1ij , u2ij , u3ij , u4ij , u5ij , u6ij) = (u1rj , u2rj , u3rj , u4rj , u5rj , u6rj) and

(v1ij , v2ij , v3ij , v4ij , v5ij , v6ij) = (v1rj , v2rj , v3rj , v4rj , v5rj , v6rj). Let,

R = (rij) = (uij + vij) = (u1ij , u2ij , u3ij , u4ij , u5ij , u6ij) + (v1ij , v2ij , v3ij , v4ij , v5ij , v6ij); i, r, j = 1, 2, ..., n

= (u1rj , u2rj , u3rj , u4rj , u5rj , u6rj) + (v1rj , v2rj , v3rj , v4rj , v5rj , v6rj) [because A, B are constant]

= r1rj , r2rj , r3rj , r4rj , r5rj , r6rj = crj ∀ i, r, j.

If thus, the rows of (U + V ) are similar to each other.

(2). Let,

R = (rij) = (uij − vij) = (u1ij , u2ij , u3ij , u4ij , u5ij , u6ij)− (v1ij , v2ij , v3ij , v4ij , v5ij , v6ij); i, r, j = 1, 2, ..., n

= (u1rj , u2rj , u3rj , u4rj , u5rj , u6rj)− (v1rj , v2rj , v3rj , v4rj , v5rj , v6rj) [because A, B are constant]

= r1rj , r2rj , r3rj , r4rj , r5rj , r6rj = crj ∀ i, r, j.

If thus, the rows (U − V ) are similar to each other.

5. Conclusion

In this paper, special attention is paid to the hexagonal fuzzy number(HFN) and the corresponding hexagonal fuzzy matrix

(HFM), along with the related mathematical expression. we studied various types of HFM and their properties (determinate,

trace, etc.). second , this paper address the nature of comparable HFM, with some interesting properties. There are several

opportunities to develop the applications of such Hexagonal fuzzy number. We are trying to investigate such application.
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