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1. Introduction

In this paper, we have taken the graph to be undirected, finite and simple graph.The concept of Star Colouring was introduced
by Grunbaum in 1973. In 2003, Nesetril and Ossona de Mendez proved that the star chromatic number to be bounded on
each proper minor closed class [2]. The complexity of star colouring was exhibited by Albertson et al in 2004. Cartesian
product of graphs have been described by Whitehead and Russel in 1912 according to Imrich and Klavzar [5]. The concept
of line graph was invented by H. Whitney in 1932. Here we constructed the Line graph L(G) formed from the Cartesian
product of cycle and path graphs and we obtained the bounds for L(G) using star colouring for various non-negative values

of m and n. We begin with some basic definitions and notations.

Definition 1.1. The Cartesian product of simple graphs G and H is denoted by G x H whose vertex set is V(G) x V(H)
and u = (u1,u2) and v = (v1,v2) are adjacent if w1 = v1 and uz s adjacent to vo in H or ui is adjacent to v1 in G and

U2 = vo in H.

Example 1.2.

V2

(g, vi) u,v1)

(uy.v2) (u2.v2)

GxH
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Definition 1.3. The line graph of a simple graph G is obtained by means of associating a verter with every edge of the
graph and connecting two vertices with an edge if and only if the corresponding edges of G have a vertex in common. The

Line graph of G is denoted by L(G).

Example 1.4.

s L(G)

Definition 1.5. Let G be a graph and let V(Q) be the set of all vertices of G and let {1,2,3.....k} be denote the set ofall
colours which are assigned to each vertex of G. A proper vertex colouring of a graph G is a mapping c: V (G) — {1,2,3...k}

such that c(u) # c(v) for all arbitrary adjacent vertices u,v € V(QG).

Definition 1.6. If G has a proper verter colouring then the chromatic number of G is the minimum number of colours

needed to colour G. The chromatic number of G is denoted by x(G).

Definition 1.7. A proper vertezx colouring of a graph G is called star colouring [2], if every path of G on four vertices i.e.,

every path on length 3 is not bicoloured.

Definition 1.8. The star chromatic number is the minimum number of colours needed to star colour G and is denoted by

xs(G).
Note 1.9.
(1). 6(G)-Minimum degree of a graph G.

(2). A(G)-Mazimum degree of a graph G.

2. Star Chromatic Number of L(C),, x C))

In this section we constructed the line graph of G formed from the Cartesian product of cycle graphs and we obtained the

bounds for the line graphs using the concept of star colouring.

Theorem 2.1. Let Cp, and C, be two cycle graphs of order m and n respectively and let G = Cy, X C), be the Cartesian
product of two cycle graphs and let L(G) be the line graph then the star chromatic number of L(G) is given by Xs[L(G)] =
5 Vm,n=3.

Proof. Let C,, and C,, be the cycle graphs of order m and n respectively. Let G = C,, x C,, be the Cartesian product of
two cycle graphs. Let L(G) be the line graph. Let U = {u1, u2,. .., un} be the vertex set of Cp, and W = {w1,wa, ..., w,}
be the vertex set in Cy,. The graph G has mn vertices and 2mn edges. By definition of line graph, L(G) has 2mn vertices

and it has 6mn edges. This theorem can be proved using two cases:
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Case 1: When m =n = even i.e., when m =n =2k +2,Vk=1,2,3.... Then,

(u1,w1) (ui,w2) . . . (u1,wars2)

(ug,w1)  (uz,w2) . . . (u2,W2ki2)
V(G) =

(U2k+27 wl) (U2k+2, wz) (U2k+2, w2k+2)

be the vertex set of order 4k*> + 8k + 4 and E(G) = {e1, ez, ..... ,esk2 r16krs) be the edge set of order 8k? + 16k + 8. By

definition of line graph,

VIL(G)] = {v]l = e1,v2 = e2, ooy UBK2416k+8 — €8k2+16k+8}

with 8%2 + 16k + 8 vertices and 24k? + 48k + 24 edges. In particular when m = 4,n = 4, the graph G has 16 vertices and
32 edges and the graph L(G) has 32 vertices and 96 edges. Here V[L(G)] = {v1,v2,...,v32}. Now we star colour the graph
L(G) as follows.

Assign colour 1 to the vertices v1, vs, v10, V12, V15, V19, V24, v31 and the vertices ve, v4, V7, V14, V17, V18, V21 are non-adjacent and
are assigned colour 2 and the vertices vs, vo, v11, V13, V16, V23 are assigned with colour 3 and the vertices ve, vs, v20, V22, V26, V2s
are assigned with colour 4.The remaining vertices va7, v2g9, V30 and vig are non-adjacent so we assign same colour 5 to these
vertices which satisfies the condition of star colouring. Hence the minimum number of colour needed to star colour the graph
L(G) is 5 i.e., xs[L(G)] = 5, for m = n =4 and k = 1. Proceeding in this way, for m and n are equal and even, we have the
star chromatic number of L(G) is 5 i.e., xs[L(G)] =5, when m=n=2k+2, Vk=1,2,....

Case 2: When m and n are odd and distinct i.e., if m =2k 4+ 1,n=2k+3Vk =1,2,....

(u1,w1) (ur,w2) . . . (u1,war+3)
(u2, ’wl) (U2, w2) - (U27 w2k+3)
V(G) =
(u2k+1,w1) (Uzk+1,w2) (U2k+1, Wok+3)

be the vertex set of order 4k + 8k + 3 and E(G) = {e1, €2, ....., sx2 16546} be the edge set of order 8k + 16k + 6. By

definition of line graph,

V[L(G)] = {Ul = €1,V2 = €2, ..., Ugk2 1 16k+6 — 68k2+16k+6}

with 8%k% + 16k + 6 vertices and 24k> + 48k + 18 edges. Suppose m = 3,n = 5 we have the graph G has 15 vertices and 30
edges and L(G) has 30 vertices and 90. Here V[L(G)] = {v1,v2,...v30} edges. We assign the colours as follows:

Assign colour 1 to the vertex set {v1,vs, v7, v11, V14, 17, v21 } and colour 2 to the set of vertices {v2, v4, vs, V9, V13, V19, V23 } and
the set of vertices {vs, vs, v10, V12, v15 } and {vie, v1s, V20, V22, V24 } are assigned with colour 3 and 4 respectively and remaining
vertex set {vag, Va7, V2s, V29, V30 } is assigned with colour 5 in which no path with 4 vertices are bi-coloured in L(G). Hence
we need five colour for proper star colouring. Therefore xs[L(G)] = 5. Proceeding in this manner, for m and n are odd and
distinct we have the star chromatic number of L(G) is 5 i.e., xs[L(G)] =5 for m =2k + 1,n =2k +3Vk =1,2,.... From
Case 1 and 2 we have, xs[L(G)] =5, Vm,n > 3. O
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Example 2.2. When m = 3 and n = 3. The Cartesian product of G = Cs x Cs is given in figure 1.

(uz,ws) (us,w3)

Figure 1. G =0C3xCs

The line graph of G = C3 x C3 is denoted by L(G) is shown in fig 2.

LA
L2 Ny
e

N

Figure 2. L(G)

From figures 1 and 2 the graph G has 9 vertices and 18 edges and the graph L(G) has 18 vertices and 54 edges. By proper
star colouring we have, c¢(v1) = c(vs) = c(v1l) = c(vid) = 1, ¢(v2) = ¢(vs) = c(v15) = 2, ¢(vs) = c(vs) = c(vg) = ¢(v13) = 3,

c(vg) = ¢(v10) = c(v12) =4, c(v7) = c(v16) = c(v17) = ¢(v18) =5 i.e., xs[L(G)] = 5 and x[L(G)] = 5.
Result 2.3.
(1). Whenm =4k andn=2k+1V k=1,2,.... x[L(G)] =4 and xs[L(G)] = 5.
(2). For all m,n > 2, x|[L(G)] = xs[L(G)] = 5.
Observation 2.4. From the above theorem we observed that,
e L(G) is a cyclic graph but not a tree
e L(G) is not a complete graph but a regular graph.
e L(QG) is not both Euler graph and Hamiltonian graph.
Observation 2.5.
o When m is even and n is odd X[L(Cm X Cpn)] < xs[L(Cm x Cpn)] = d[L(Cm X Cpn)] > A[L(Crm x C)]

o For every m,n > 2, x[L(Cm X Cr)] = Xs[L(Cm X Cr)] = 0[L(Cm x Cr)] > A[L(Cpy x Cr)].
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3. Star Chromatic Number Of L(P,, x P,)

In this section we constructed the line graph of G formed from the Cartesian product of path graphs and we obtained the

bounds for the line graphs using the concept of star colouring.

Theorem 3.1. Let P,, and P, be two path graphs of order m and n respectively and let G = Py, X P,, be the Cartesian product

of two path graphs and let L(G) be the line graph then the star chromatic number of L(Q) is given by xs[L(G)] = 5,Yn,m = 3.

Proof. Let P, and P, be the path graphs of order m and n respectively. Let G = P, x P, be the Cartesian product of
two path graphs. Let L(G) be the line graph. The vertex set of P, be U = {u1,uz,...,um} be the vertex set in P, and
the vertex set of P, be W = {w1,wa,...,wn}. The graph G has nm vertices and 2mn — (m + n) edges and the line graph
L(G) has 2mn — (m + n) vertices. This theorem can be proved in different cases:

Case 1: Whenm=n=oddie, m=n=2k+1Vk=1,2,....

(u1,w1) (ui,we) . . . (u1,wakt1)

(UQ,'LU:[) (UQ,wz) N (u27w2k+1)
V(G) =

(uokt1,w1) (U2rt1,w2) (U2k+1, Wak+1)

be the vertex set and E(G) = {e1, €2, ....., egp2 4814} be the edge set in G. By the definition of line graph, V[L(G)] = {v1 =
€1,VU2 = €2, e, Ugp2 1 ap—4 = €gk21gk_a) With 8k? 4 8k — 4 vertices. In particular, for m = n = 3, the graph G has 9 vertices
and 12 edges and the line graph L(G) has 12 vertices. Here V[L(G)] = {v1,v2,...v12}. Now we star colour L(G) as follows.
Assign colour 1 to the vertices v1,v7,v9 and colour 2 to the vertices va, vs, vs, v11 and colour 3 to the vertices vs, vs, vi2 and
colour 4 is assigned to only vip and assign colour 5 to the vertex vs which satisfies the star colouring concept. Therefore
Xs[L(G)] =5 for m =n = 3 and k = 1. Proceeding in this way for m and n are equal and odd, we have the star chromatic
number of L(G) is 5 i.e., xs[L(G)] =5 whenm=n=2k+1Vk=1,2,....

Case 2: When m iseven and nisodd ie., m=2k+2n=2k+1Vk=1,2,3....

(ul,wl) (ul,wg) N (u17w2k+1)
(uz,w1) (u2,w2) . . . (u2,wakt1)
VI(G) =
(U2k+27 wl) (U2k+27 'LU2) (U2k+2, w2k+1)

be the vertex set of order 4k? + 4k + 2 and E(G) = {e1,ea,...,esx2_1} be the edge set. By the definition of line graph,
VIL(G)] = {v1 = e1,v2 = ea, ..., Vgp2_1 = egp2_1 } with 8k — 1 vertices. Suppose m = 4,n = 3, the graph G has 12 vertices
and 17 edges and the line graph L(G) has 17 vertices. Here, V[L(G)] = {v1,v2,...v17}. Now we assign colour as follows.

Colour 1 is assigned to the vertices v1,v4, v7,v14,v17 and colour 2 is assigned to the vertices ve, v11, v16, and assigned colour
3 to the vertices vs, v13, v15, and assigned colour 4 to the vertices vs, vi0, vi2 and colour 5 is assigned to the remaining vertices

in which no path on four vertices are bi-coloured. O
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This is a proper star colouring and hence xs[L(G)] =5V n =4,m = 3 and k = 1. Proceeding in this way for m is even and
n is odd, the star chromatic number of L(G) is 5 i.e.,xs[L(G)] =5 when m =2k +2,n =2k +1Vk =1,2,.... From these

two cases we have, xs[L(G)] =5V n,m = 3.

Example 3.2. When n =5,m =3 The Cartesian product of G = Ps X Ps is given in figure 3.

1 (u;,wz) 2
(us,w4) S (us ,ws)
3 a (2, w2 ) s 7
(uz,w,) 10 (uz ,ws )
8 o (usjw;) 11 12
(us,wy) 15 (us ,ws )
13 14 (uaj,w, ) 16 17
(ua ,wy ) 20 (ua ,ws)
18 19 21 22
(us ,wy ) s 7W2 4 (us w3 )

Figure 3. G=P; x P;

Figure 4. G=Psx P;

The line graph of G = P5 x P3 is shown in figure 4. From figure 8 and figure 4 the graph G has 15 vertices and 22 edges
and the line graph L(G) has 22 vertices. By proper star colouring we have, c¢(v1) = c(vr) = c(vg) = c(vi7) = ¢(vig) = 1,
c(v2) = c(vs) = c(v20) = c(v22) = 2, ¢(vs) = ¢(vs) = c(vi2) = c(vis) = c(vig) = c(v21) = 3, ¢(vio) = c¢(viz) = c(vis) = 4,

c(va) = ¢(ve) = ¢(vi1) = c(via) =5 i.e., xs[L(G)] =5 and x[L(G)] = 5.

Theorem 3.3. Let P, and P, be two path graphs of order m and n respectively and let G = P, X P,, be the Cartesian product

of two path graphs and let L(G) be the line graph then the star chromatic number of L(G) is given by xs[L(G)] = 4, Vm,n = 2.

Proof. Let P, and P, be the two path graphs of order m and n respectively. Let G = Py, x P,, be the Cartesian product of
two path graphs. Let L(G) be the line graph. Let U = {u1,u2,...,um} be the vertex set of Cr, and W = {w1, w2, ..., wn}
be the vertex set of C,,. The graph G has nm vertices. We prove this theorem by the following cases:

Case 1: When m is even and n is odd ie., if m = 2k,n = 2k + 1Vk = 1,2,3,.... V(GQ) = {(us,w;)/1 < i < 2k;1 <
j<2k+1;¥Vk=12,...} be the vertex set and the edge set of G is E(G) = {e1,e2,.....,e42 1451} By the definition
of line graph, VIL(G)] = {v1 = e1,v2 = €2, ..., Ugp2 1 ap_1 = €42 1ap_1) With 4k? + 4k — 1 vertices. In particular, when
m = 2,n =5, the graph G has 10 vertices and 13 edges and the graph L(G) has 13 vertices. Here V[L(G)] = {v1,v2,...v13}.

Now we star colour the graphL(G) as follows:
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Assign colour 1 to the vertices v1,vs, v10,v13, and colour 2 to is assigned to the vertices va,v4, vs,vs,v12 and the vertices
v7,v11 are assigned with colour 3 and we, vg are assigned with colour 4. This is a proper star colouring and hence required
four colours. Therefore xs[L(G)] = 4 for all m = 2,n = 5 when k = 1. In general, for m and n are equal and odd we have
the star chromatic number of L(G) is 4 i.e.,xs[L(G)] =4 when m = 2k,n =2k + 1Vk =1,2,....

Case 2: When m and n are even and distinct i.e., if m = 2k,n =2k +2Vk =1,2,3,.... V(GQ) = {(us,wj)/1 <i < 2k;1 <
Jj<2k+2; Vk=1,2,.....} be the vertex set and the edge set of G is E(G) = {e1, €2, ....., €442 61 }. By the definition of
line graph, V[L(G)] = {v1 = €1,v2 = €2, e, Ugp2 166 = €ar246r} With 4k% + 6k vertices. For m = 4,n = 2; we have the
graph G has 8 vertices and 10 edges and the line graph L(G) has 10 vertices i.e., V[L(G)] = {v1, v2,...v10}. By proper star
colouring we have, the vertices vi,vs3,vg9 are assigned with colour 1 and assigned colour 2 to the vertices v, vs and v1o and
assign colour 3 to the vertices vs and vy and assigned colour 4 to the vertices v4 and vs which satisfies the condition of star
colouring and the minimum number of colour needed to star colour the L(G) graph is 4. Therefore xs[L(G)] = 4 for all
m =4,n =2 and k = 1. Proceeding in this way for all m and n are even and distinct, the star chromatic number of L(G)

is 4 i.e., xs[L(G)] = 4 when m = 2k,n =2k 4+ 2Vk = 1,2,.... Hence xs[L(G)] =4, ¥V m,n = 2. O

Example 3.4. When m = 4,n = 2. The Cartesian product of G = Py X P> is given in figure 5.

1
(up,wy) O W (u,w)
2 3 4
(uz,wy ) (uz wy)
5 6 7
(usw2) (us,w2)
8 10

(ugw 1 (uag,w 2)

Figure 5. G=Pix P,

From figure 5, the graph G has 8 vertices and 10 edges. The line graph of figure 5 is shown in figure 6.

Figure 6. L(G)

From figure 6, the line graph L(G) has 10 vertices. Therefore by proper star colouring, xs[L(G)] =4 and x[L(G)] = 4.
Result 3.5.

(1). For all m,n = 2,x[L(G)] = xs[L(G)] = 4.

(2). For all m,n > 2,x[L(G)] = xs[L(G)] = 5.
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Observation 3.6.

e For all values of m and when n = 2,

X[L(Pm X Pn)] = 8[L(Pm X Pp)]

Xs[L(Pm % Po)] < X[L(Pm x Po)] < A[L(Pr x P,)].

e form=n=2,

X[L(Prm X Po)] < Xs[L(Pm X Po)] = 6[L(Pom % P)] < A[L(Py x Py)]

e For allm andn =3,

X[L(Prm X Pn)] = Xs[L(Pm X Pn)] > 6[L(Pm x Py)].

X[L(Pm % Po)] < Xs[L(Pm X Pn)] < A[L(Pom % P,)].

4. Star Chromatic Number Of L(P,, x C)

In this section we obtained the line graph of G formed from the Cartesian product of path and cycle graphs and we determined

the bounds for the line graphs using the concept of star colouring.

Theorem 4.1. Let P,,, and C,, be two graphs of vertices m and n respectively and let G = Py, X C), be the Cartesian product
of two graphs and let L(G) be the line graph then the star chromatic number of L(G) is given by xs[L(G)] =5, for alln = 2

and m > 2.

Proof. Let P, and C,, be two graphs of order m and n respectively. Let G = P, x C,, be the Cartesian product of two
graphs. Let L(G) be the line graph. Let U = {u1,u2,...,um} be the vertex set in Cy, and W = {w1, w2, ..., wn} be the
vertex set in Cr. The graph G has mn vertices and 2mn — n edges. The line graph L(G) has 2mn — n vertices. We shall
prove this theorem in different cases:

Case 1: When m and n are even and distinct i.e., m = 2k,n =2k +2Vk =1,2,3,... V(GQ) = {(ui,w;)/1 <1 <2k;1<j <
2k +2;Vk = 1,2,...} be the vertex set and the edge set of G is E(G) = {e1, €2, ....., egp2 161 _2}- By the definition of line
graph, V[L(G)] = {v1 = e1,v2 = €2, ..., Ugp2 y6x—2 = €sp216k_2) With 8k2+46k —2 vertices. In particular, when m = 2,n =4
and when k = 1; we have G has 8 vertices and 12 edges and L(G) has 12 vertices. i.e., V[L(G)] = {v1,v2,...v12}. Now we
assign star colour as follows:

The vertices v1, v, v1o are assigned colour 1. Next assign colour 2 to the vertices v2, v4, v and colour 3 to the vertices vs, vi1
colour 4 to the vertices vs, v7, and the vertices vg,v12 are assigned with colour 5. HencexS[L(G)} =5forallm=2,n=4
and k = 1. Proceeding in this manner for n and m are even and distinct we have the star chromatic number of L(G) is 5
ie,xs[L(G)] =5 when m = 2k,n =2k +2Vk =1,2,....

Case 2: When m is even and n is odd i.e.,m = 2k,n =2k + 1; V(G) = {(us, w;)/1 <i <2k;1 < j<2k+2;VE=1,2,...}
be the vertex set and the edge set of G is E(G) = {ex1, €2, ....., €gp2 2k _1 - By the definition of line graph, V[L(G)] = {v1 =
€1,VU2 = €2, ..., Ugp2 1 op_1 = €8k2+2k—1} With 8k2 4+ 2k — 1 vertices. In particular, suppose m = 4,n = 3 and k = 1; the graph
G has 12 vertices and 21 edges and the graph L(G) has 21 vertices. i.e., V[L(G)] = {v1,v2,...v21}. Now we star colour
L(G) as follows:
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Assign colour 1 to the vertices vi,vs,v12,v20 and colour 2 to the vertices wa,wvs,v15,v21 and colour 3 to the vertices
Vs, V11, V14, V17 and the vertices vs, vg, v13, V16, V19 are assigned colour 4 and the remaining vertices wvg, v10, V1s, V21 are as-
signed with colour 5. Hence the minimum number of colours needed to star colour this graph is 5. Therefore xs[L(G)] =5
for all m =4 and n = 3 and Vm = 2,n > 2. Proceeding in this way,for m is even and n is odd we have the star chromatic

number of L(G) is 5 i.e.,xs[L(G)] =5 when m =2k,n =2k + 1Vk =1,2,.... O

Example 4.2. When m = 3,n = 3. The Cartesian product of G = P3 x C3 is shown in figure 7.

V3

(ug,wy) (ug,w;) (ug,w3)

Vg

(uz,Wh (ua,w3)

Vio Vig

(us,w3)

(us,ws) (us,w3)

Figure 7. P3xC3

The line graph of figure 7 is shown in figure 8.

Figure 8. L(G)

From figure 7 and figure 8 the graph G has 9 vertices and 15 edges and the line graph L(G) has 32 vertices. Therefore by
proper star colouring, c(vi) = c(vs) = c(vs) = c(vi3) = 1,¢(vr) = c(vis) = 2,¢(v2) = c(vg) = c(vi1) = 3,c(vs) = c(vio) =

c(vi2) =4, c(va) = ¢(vs) = ¢(v1a) = 5. Then the number of vertices is given by i.e., xs[L(G)] =5 and x[L(G)] = 4.
Result 4.3.

(1). When m =n = 3,x[L(G)] =4 and xs[L(G)] = 5.

(2). When m = 2 and for all values of n, x[L(G)] = 3 and xs[L(G)] = 4.

(3). For every n,m > 2, x[L(G)] = xs[L(G)] = 5.

Observation 4.4. When G = Py, X P, and G = P, X C, we observed that L(G) has the following properties:
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(1). It is a cyclic graph.

(2). It is not both complete graph and regular graph.
(3). It is not both Euler graph and Hamiltonian graph.
Observation 4.5.

o When m =2 and for n>2,

XIL(Pm x Cn)] < Xs[L(Pm x Cn)] < 8[L(Pm X Cn)] = A[L(Pr x Cy)]

o When m,n =3,

X[L(Pr x Cn)] < Xs[L(Prm X Cn)] = 8[L(Pr X Cn)] < A[L(P, x Cy)].

o For every n,m > 2.

XIL(Pm x Cpn)] = Xs[L(Pm X Cpn)] > 0[L(Pm % C)]).

XIL(Pp % Cn)] = Xs[L(Pm x Cn)] < A[L(Pp x Cy)].

5. Conclusion

In this paper we have established the chromatic and star chromatic number of line graphs formed from the Cartesian product
of path and cycle. We dissected the relationship between the star chromatic number and chromatic number with different

parameters. Subsequently this work can be additionally extended to simple graphs formed from various graph products.
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