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Abstract

In this paper we analyse the common fixed point theorem for four weakly compatible self maps

with (E.A) property of a G - fuzzy metric space. Some of the inclusions is given to prove the new

way of approach for common fixed point theorem.
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1. Introduction

Many mathematician scholars [2,4,6,7,9–11,14,18,19] generalized metric spaces in different approaches.

On the line of these the G-metric space given by Zead Mustafa and Brailey Sims [15, 16] is interesting.

The eminent researcher G. Jungck [5,13] first gave the frame of compatible mappings and later Jungck

and Rhoades [17] introduced the conviction of weakly compatible mappings as a generalization of

weakly commuting mappings. Recently, Aamri and Moutawakil [1] foreword the concept of (E.A)

property. In present paper we prove a common fixed point theorem for four weakly compatible self

maps with (E.A) property in a G- fuzzy metric space.

2. Preliminaries

Definition 2.1 ( [3]). Let X be a non empty set and let G : X × X × X → [0, ∞) be a function satisfying the

following properties

1. G (a, b, c) = 0 if a = b = c.

2. 0 < G(a, a, b) for all a, b ∈ X with a ̸= b.
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3. G(a, a, b) ≤ G(a, b, c) for all a, b, c ∈ X with b ̸= c.

4. G (a, b, c) = G (a, c, b) = G (b, c, a) = . . . , symmetry all three variables.

5. G (a, b, c) ≤ G (a, x, x) + G(x, b, c) for all a, b, c, x ∈ X.

Then the function G is called a generalized metric or a G- metric on X and the pair (X, G) is called a G - metric

space.

Definition 2.2 ( [3]). The G - metric space (X, G) is called symmetry if G (a, a, b) = G(a, b, b) for all a, b ∈ X.

Definition 2.3 ( [8]). A 3-tuple (X, G, ∗) is called a G - fuzzy metric space if X is an arbitrary non empty set, ∗

is a continuous t-norm and G is a Fuzzy set on X3 × (0, ∞) satisfying the following conditions for each t, s > 0.

1. G (a, a, b, t) > 0 for all a, b ∈ X with a ̸= b.

2. G(a, a, b, t) ≥ G(a, b, c, t) for all a, b, c ∈ X with b ̸= c.

3. G (a, b, c, t) = 1 if and only if a = b = c.

4. G (a, b, c, t) = G (p (a, b, c) , t), where p is a permutation function.

5. G (a, b, c, t + s) ≥ G (x, b, c, t) ∗ G (a, x, x, s) for all a, b, c, x ∈ X.

6. G (a, b, c, .) : (0, ∞) → [0, 1] is continuous.

Definition 2.4 ( [12]). A G - fuzzy metric space (X, G, ∗) is said to be symmetric if G (a, a, b, t) = G(a, b, b, t),

for all a, b ∈ X and for each t > 0.

Example 2.5. Let X be a non - empty set and let G be a G - fuzzy metric on X. Denote x ∗ y = xy for all

x, y ∈ [0, 1] for each t > 0. G (a, b, c, t) = t
t+G(a,b,c,t) is a G - fuzzy metric on X. Let (X, G, ∗) be a G - fuzzy

metric space. For t > 0, 0 < r < 1 and a ∈ X, the set BG (a, r, t) = {b ∈ X, G (a, b, b, t) > 1 − r} is called an

open ball with centre a and radius r.

A subset A of X is called an open set if for each a ∈ X, there exist t > 0 and 0 < r < 1 such that

B0 = (a, r, t) ⊆ A. A sequence {a0} in G - fuzzy metric space X is said to be G - convergent to a ∈ X if

G(an, an, a, t) → 1 as n → ∞ or each t > 0. It is called a G - Cauchy sequence if G(an, an, am, a, t) → 1 as

n, m → ∞ for each t > 0. X is called G - complete if every G - Cauchy sequence in X is G - convergent

in X.

Lemma 2.6. Let (X, G, ∗) be a G - fuzzy metric space, then G(a, b, c, t) is non - decreasing with respect to t for

all a, b, c ∈ X.

Lemma 2.7. Let (X, G, ∗) be a G - fuzzy metric space then G(a, b, b, t) ≤ 2G(b, a, a, t) for all a, b, t ∈ X.

Definition 2.8. Let f and g mapping from a G - fuzzy metric space (X, G, ∗) into itself. A pair of map { f , g}

is said to be compatible if lim
n→∞

G ( f gan, g f an, t) = 1, whenever {an} is a sequence in X such that lim
n→∞

f an =

lim
n→∞

gan = u for some u ∈ X and for all t > 0.
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Definition 2.9. Let (X, G, ∗) be a G - fuzzy metric space, suppose f and g be self maps on X. A point a in X is

called a coincidence point of f and g iff f an = gan. In this case, w = f an = gan is called a point of coincidence

of f and g.

Definition 2.10. A pair of self mapping { f , g} of a G - fuzzy metric space G (X, G, ∗) is said to be weakly

compatible if they commute at the coincidence point. That is, if f u = gu for some u ∈ X, then f gu = g f u.

It is to see that two compatible maps are weakly compatible but converse is not true.

Definition 2.11. A pair of self - mappings ( f , g) of a fuzzy metric spaces (X, M, ∗) is said to satisfy E.A

property, if there exists a sequence {an} in X such that lim
n→∞

M ( f an, gan, t) = 1 for some t ∈ X.

Example 2.12. Let X = [0, 1] with the usual metric space d, that is d (a, b) = |a − b|. Define M (a, b, t) =[
t

t+d(a,b)

]
for all a, b ∈ X and for all t > 0 and also define

f a =

 1 − a, if a ∈ [0, 1/2];

0, if a ∈ (1/2, 1].

ga =

 1
2 , if a ∈ [0, 1/2];
3
4 , if a ∈ (1/2, 1].

consider the sequence {an} =
{ 1

2 −
1
n

}
, n ≥ 2, we have lim

n→∞
f
( 1

2 − n
)
= 1

2 lim
n→∞

g
( 1

2 −
1
n

)
. Thus the pair

( f , g) satisfies E.A property. Further f and g are weakly compatible since a = 1
2 is their unique coincidence point

f g
( 1

2

)
= f

( 1
2

)
= g

( 1
2

)
= g f

( 1
2

)
, we further observe that lim

n→∞
d
(

f g
( 1

2 −
1
n

)
, g f

( 1
2 −

1
n

))
̸= 0, showing

that lim
n→∞

M ( f gan, g f an, t) ̸= 1, therefore the pair ( f , g) is non-compatible.

Definition 2.13 (A class of implicit relation [12]). Let φ be the set of all real continuous functions. F :

(R+)
5 → R non-decreasing in the first argument satisfying the following conditions:

a) For u, v ≥ 0, u(u, v, u, v, 1) ≥ 0 then u ≥ v.

b) F{u, 1, 1, u, 1} ≥ 0 or F{u, u, 1, 1, u} ≥ 0 or F{u, 1, u, 1, u} ≥ 0 Implies that u ≥ 1.

For example, define F (t1, t2, t3, t4, t5) ≥ 20t1 − 18t2 + 10t3 − 12t4 − t5 + 1 then F ∈ Φ.

3. Main Results

Theorem 3.1. Let A, B, S and T be self maps of a G - metric space (X, G, ∗) satisfying the following conditions:

i) A(X) ⊆ S(X) and B(X) ⊆ T(X) one of A (X) , B (X) , S (X) and T(X) is closed subset of X.

ii) G(Aa, Bb, kt) ≥ ϕ{G (Ta, Sb, t) , G (Aa, Ta, t) , G (Sb, Bb, t) , G(Ta, Bb, t), G(Aa, Sb, t)} for every a, b ∈

X and ϕ ∈ Φ.

iii) The pairs (A, T) and (B, S) are weakly compatible.
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iv) The pairs (A, T) or (B, S) satisfies the property (E.A).

Then A, B, S and T have a unique common fixed point in X.

Proof. We first show beyond doubt the existence of a common fixed point in one of the two cases of the

condition (v) and the other case follows similarly with some suitable changes. In case (B, S) satisfies

the property (E.A). Then there exists a sequence {an} in X such that lim
n→∞

Ban = lim
n→∞

San = w for some

w ∈ X. Since B (X) ⊆ T (X), there exists a {bn} in X such that,

lim
n→∞

Bbn = lim
n→∞

Tbn = w

We now prove that lim
n→∞

Abn = w. Let lim
n→∞

Abn = l and if l ̸= w then G(l, w, w) ̸= 0. From (iii), we

have,

G(Abn, Bbn, kt) ≥ ϕ(G (Tbn, San, t) , G (Abn, Tbn, t) , G (San, Ban, t) , G (Tbn, Ban, t) , G (Abn, San, t))

on letting n → ∞ we get,

G(l, w, kt) ≥ ϕ(G (w, wt) , G (l, w, t) , G (w, w, t) , G (w, w, t) , G(l, w, t))

= ϕ(0, G (l, w, t) , 0, 0, G (l, w, t))

≥ ϕ(G (l, w, t) , G (l, w, t) , G (l, w, t) , G (l, w, t) , G (l, w, t))

> G(l, w, t)

This is contradiction. Since l = w. Hence we have lim
n→∞

Abn = w. Suppose T(X) is closed subset of

X then there exists u in X such that tu = w. Therefore we have lim
n→∞

Abn = lim
n→∞

Ban = lim
n→∞

San =

lim
n→∞

Tbn = w = Tu. Now from (iii), we have,

G(Au, Ban, kt) ≥ ϕ(G (Tu, San, t) , G (Au, Tu, t) , G (San, Ban, t) , G (Tu, Ban, t) , G (Au, San, t))

On letting n → ∞ we get,

G(Au, w, w) ≥ ϕ(G (w, w, t) , G (Au, w, w) , G (w, w, w) , G (w, w, w) , G (Au, w, w))

= ϕ(0, G (Au, w, w) , 0, 0, G (Au, w, w))

≥ ϕ(G (Au, w, w) , G (Au, w, w) , G (Au, w, w) , G (Au, w, w) , G (Au, w, w))

> G (Au, w, w) .

This is a contradiction. Hence Au = w. Therefore Au = Tu = w. Since A(X) ⊆ S(X), then there exists

a point v in X such that Au = Su = w.



Common Fixed Point Theorem for Four Weakly Compatible... / P. Senthil Kumar et al. 37

Now we claim that Bv = w. If Bv ̸= w, then G (w, Bv, t) > 0. From (iii), we have

G(Au, Bv, kt) ≥ ϕ(G (Tu, Sv, t) , G (Au, Tu, t) , G (Sv, Bv, t) , G (Tu, Bv, t) , G (Au, Sv, t))

G(w, Bv, kt) ≥ ϕ(G (w, w, t) , G (w, w, t) , G (w, Bv, t) , G (w, Bv, t) , G (w, w, t))

= ϕ(0, 0, G (w, Bv, Bv) , G (w, Bv, Bv) , 0)

> ϕ(G (w, Bv, t) , G (w, Bv, t) , G (w, Bv, t) , G (w, Bv, t) , G (w, Bv, t))

> G(w, Bv, t)

This is a contradiction. Hence Bv = w. Thus Sv = Bv = w. Since the pair (A, T) is weakly compatible

then
∫

Tu = T
∫

u implies Aw = w. We now show that Aw = w. If Aw ̸= w then G (Aw, w, t) > 0.

From (iii), we have,

G(Aw, Bv, kt) ≥ ϕ(G (Tw, Sv, t) , G (Aw, Tw, t) , G (Sv, Bv, t) , G (Tw, Bv, t) , G (Aw, Sv, t))

G(Aw, w, kt) ≥ ϕ(G (Aw, w, t) , G (Aw, Aw, t) , G (w, w, t) , G (Aw, w, t) , G (Aw, w, t))

= ϕ(G (Aw, w, t) , G (Aw, Aw, t) , G (w, w, t) , G (Aw, w, t) , G (Aw, w, t))

≥ ϕ(G (Aw, w, t) , G (Aw, w, t) , G (w, w, t) , G (Aw, w, t) , G (Aw, w, t))

> G (Aw, w, t) .

This is a contradiction. Hence Aw = w. Thus Aw = Tw = w. Proving that w is common fixed point

of A & T. Since the pair (B, S) is weakly compatible then BSv = SBv ⇒ Bw = Sw. We now prove that

Bw = w. If Bw ̸= w, then G (w, Bw, t) > 0. From (iii), we have,

G(Aw, Bw, kt) ≥ ϕ(G (Tw, Sw, t) , G (Aw, Tw, t) , G (Sw, Bw, t) , G (Tw, Bv, t) , G (Aw, Sw, t))

G(w, Bw, kt) ≥ ϕ(G (w, Bw, t) , G (w, w, t) , G (Bw, Bw, t) , G (w, Bw, t) , G (w, Bw, t))

= ϕ(G (w, Bw, t) , 0, 0, G (Bw, Bw, t) , G (w, Bw, t))

≥ ϕ (G (w, Bw, t) , G (w, Bw, t) , G (w, Bw, t) , G (w, Bw, t) , G (w, Bw, t))

> G(w, Bw, t)

This is a contradiction, hence Bw = w. Thus Bw = Sw = w. Proving that w is common fixed point of

B and S. Showing that w is a common fixed point of A, B, S and T. The proof is similar in the other

cases of the condition (ii) with appropriate changes.

Uniqueness: Let w be the another common fixed point of A, B, S and T. If w ̸= x then G (w, x, t) > 0.

From (iii), we have G (w, x, t),

G(Aw, Bx, kt) ≥ ϕ(G (Tw, Sx, t) , G (Aw, Tw, t) , G (Sx, Bx, t) , G (Tw, Bx, t) , G (Aw, Sx, t))

≥ (G (w, x, t) , G (w, w, t) , G (x, x, t) , G (w, x, t) , G (w, x, t))
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= ϕ(G (w, x, t) , 0, 0, G (w, x, t) , G (w, x, t))

≥ ϕ(G (w, Bw, t) , G (w, Bw, t) , G (w, Bw, t) , G (w, Bw, t) , G (w, Bw, t))

> G(w, Bw, kt)

This is a contradiction, hence x = w. Therefore w is the unique common fixed point of A, B, S and

T.

Corollary 3.2. Let A, B and S be self maps of a G-metric space (X, G) satisfying the following points

(i) A(X) ⊆ S(X) and B (X) ⊆ S (X);

(ii) one of A (X) , B (X) and S(X) is closed subset of X;

(iii) G (Aa, Bb, kt) ≥ ϕ (G (Sa, Sb, t) , G (Aa, Sa, t) , G (Sb, Bb, t) , G (Sa, Bb, t) , G (Sa, Bb, t) , G (Aa, Sb, t))

for every a, b ∈ X and ϕ ∈ Φ;

(iv) The pairs (A, S) and (B,S) are weakly compatible;

(v) The pairs (A, S) or (B, S) satisfies the property (E.A).

Then A, B and S have a peculiar common fixed point in X.

Proof. On taking T = S in the Theorem 3.1, the corollary follows.

4. Conclusion

From the above theorems and proof we conclude that the new way of approach for common fixed

point theorem using G - fuzzy metric space have some unique manner for self mappings.
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