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Abstract

Our purpose in this present paper is to investigate generalized integration formulas containing the
extended generalized hypergeometric function and obtained results are expressed in terms of
extended hypergeometric function. Certain special cases of the main results presented here are also

pointed out for the extended Gauss” hypergeometric and confluent hypergeometric functions.

Keywords:  Extended hypergeometric function; Lavoie-Trottier Integral formula; Gauss
hypergeometric function.

2020 Mathematics Subject Classification: Primary 33C45; Secondary 33C60, 33B15, 33C05.

1. Introduction

Numerous applications of applied mathematics need scientists and engineers to use various types
of special functions. Continuous progress in mathematical physics, probability theory, and other
fields has resulted in the discovery of new classes of special functions, as well as their extensions
and generalizations. Recent research has focused on the study and creation of special functions, one of
which is often referred to as generalized hypergeometric functions. As a part of the theory of confluent
hypergeometric functions, these functions are significant special functions, and their closely related
variants are frequently employed in physics and engineering. Schwarz and Goursat investigated the
unique features of one-variable hypergeometric function. For further information on contemporary
research in the fields of dynamical systems theory, stochastic systems, non-equilibrium statistical
mechanics, and quantum mechanics, readers may consult the researchers” recent work [6-12] and
the sources given therein. Throughout this paper, we denote by IN, Z~ and C the sets of positive
integers, negative integers and complex numbers, respectively, and also let Ny := IN U {0} and

Z, := Z~ U{0}. The generalized hypergeometric function with p numerator and g denominator
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parameters ,F,(p;q € No) is defined by

a1,02,03, - - -, 4p o (a1;p)n-(a2)n-(a3)n - - - -(ar)n 2"
F z| = = 1
- |: by, by, ..., by Z] n; bl )n(b2)n - (b )n n! M)
P
) ]I;Il(a]) ol
= X7 )
n=0 H(ﬁ])n
j=1
= pF(ar,...,ap;B1,..., B4 2) 3)

The Pochhammer symbol («),(«, v € C) is defined, in terms of Gamma function I by
T
(Mu=4@i12(R+U€C\Z@UGC\WkaGC\Zav:®

(2), = a(w+1)(a+2)...(a+n—-1) (v=neN,a€C)
’ 1 (v=0,0 €C\Zy)

it being understood that (0)g = 1. Here it is supposed that the variable z, the numerator parameters

a1,...,&p; and the denominator parameters f, ..., B; take on complex values, provided that

(BieC\Zy;j=1,...,q9)

Then, if a numerator parameter is in Z, the series ,F; is found to terminate and becomes a polynomial
in z. With none of the numerator and denominator parameters being zero or a negative integer, the

series ,F; in 4.
(i) diverges forallz € C\ {0},if p > g+ 1;
(ii) converges forallz € C,if p <g;
(ili) converges for |z| < 1 and diverges for |z| > 1if p =g+ 1;
(iv) converges absolutely for |z| =1, if p =g+ 1 and R(@) > 0;
(v) converges conditionally for |z| =1(z # 1), if p=g+1and -1 < R(@) < 0;

9 4
(vi) diverges for |z| = 1,if p = g+ 1 and R(@) < —1, where @ = '21 Bi — 121 a; which is called the
= =
parametric excess of the series.

The extended generalized hypergeometric function is defined by Srivastava et al. [16] (See [5,14]:

(all p)1a2/a3/~~~/ > al/ (ﬂ3) (ar) z"
s = Z o

a2)n 4
by, by, ..., bs =0 b1 )n(b2)n - (b)n @
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where, in terms of generalized Pochammer symbol (y; p), [16]:

Ip(pto) (R(
— p)>0,u,0veC)
Wmh{ rw) ©)

(#)o, (p=0,u,0€C)

Here I',(z) is the generalized gamma function introduced by Chaudhry and Zubair [2] as follows:

® 4(z—1) ,—p— /tq : ,
() = Jo tE Vep=P/tdt, (R(p) >0,z €C) ©
I'(z),(p=0,R(z) >0)

The corresponding extensions of Gauss’s hypergeometric and confluent Hypergeometric functions are

as follows:
E (a1,p), ab i (al;?;;-(lx)nZ’: )
’5 n=0 n
and
E (a1, p) LU i (ﬂ1;P)ni (8)
11 ‘B ’ n=0 (:B)”l n!

where, o, € C. In this paper, we derives some new integral formulas involving the generalized
hypergeometric function 4. Further we give corollaries as special cases for the extended Gauss’
hypergeometric and confluent hypergeometric functions. For the present investigation, we need the

following result of Oberhettinger [12].

| @2yl = B+ 1,p) 9)

¢ >z (~) > -1, (®) > 0. For various other investigations involving certain special functions,
interested reader may be referred to several recent papers on the subject (see, for example, [1,3,4,17-19]

and the references cited in each of these papers.

2. Main Result

In this section, the generalized integral formulas involving the extended generalized hypergeometric
function defined in 4 are established here by inserting with the suitable argument in the integrand of

9 and we express the obtained result in terms of an extended Wright-type hypergeometric function.

Theorem 2.1. Let ay,a,...,ar,a,B,p € C;and by, by, ..., bs € C\ Zy; with R(p) > 0;R(a) > R(B) >



Some Integrals Involving Extended Hypergeometric Function / Rama Devi Vishwakarma & Rajeev Shrivastava 130

0;p > 0and z > 0. Then the following formula holds true:

o a,p),a»,as,...,a
/ (& —2)zPL,F (1), 2,3 Vi
0 b1,ba, ..., bs
wrpl (@ +1T(B) B, (a1,p),az,as,...,a,
=G mﬁLlFerl ;& (10)

(0(—|—,3+1),b1,b2,...,b5

Proof. From the definition (4), we have

(a1,p),a2,83,...,4r B i (a1; P)n-(a2)n-(a3) - . . (@r)n 2"

rFs ;Z =
[
by, b, ..., b = ()u(b2)n-.(bs)y n!

Let us consider the Left side of (10),

© ﬁ 1 ﬂl, a21ﬂ3/~~/ar
(—2)*z sz »dz

bll b2/ . ‘/

°° (a1; P)n-(a2)n.(a3)y ... (ar)n 2"
f, @2 Z BB () 1

i al/ ) (a3)n-'-(ar)n /oo(é:_z)ocZ,BJrnfle
0

o

n=0 (bZ) - (bs)an!
By applying (9) we have
P VR ey AR o

el (a+1)T - n(a1; p)n-(a2)n-(83)n - (@r)n
_g+ﬁ (oc+[3+l n;) oc+[3+1)( )(bz)n...(bs)nn!ér

gaﬂiw B, (a1, p),az,as,...,a,
(lx +‘B+ 1)/b1/b2,. . ‘IbS

;¢

This complete prove of Theorem 2.1. O

Theorem 2.2. Let ay,ay,...,ar,&,B,p € C;and by, by, ..., bs € C\ Zy; with R(p) > 0, R(«x) > R(B) >
0;p > 0and z > 0. Then the following formula holds true:

*© _ (all P),ﬂz,ﬂg,...,ar
/ (§—2)"z"" L F, ;(E—2z) pdz
’ bu by, ..., b
wapgl (@ +1)0 (a+1),(ar,p), a2,a3,...,a
=¢ H%M’“F s+ 14 (12)

(0(+ﬁ+1),b1,b2,...,b5
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Proof. From the definition (4), we have

F (alfp)/QZ/a?)/-..,ﬂr .y o i (al;p)n(az)n.(a?))n (ar)n Zﬂ
rts ; = '
b11b2/~--/bs n=0 (bl)n(bZ)n--.-(bs)n n:

Let us consider the Left side of (12),

(all P)/ az,as,...,0qr

[Te-2rm (E-2) fd

_ [ _ p)¥gh1 = (@15 P)n-(a2)n-(a3)n - - - (ar)n (§ — 2)" »
/0 =2 L = ... () P

By applying (9) we have,

MRS (a1; p)n-(a2)n-(a3)n - - - (ar)n) A4 n
€+ 2 (bl) (Z)n ( )nn' B( + +1/ﬁ)€ (13)
N F((x+1 2 (a4 1) (a1 p)n-(a2)n-(a3)n - - - (ar)n oy
=&F ((x+ﬁ+1 ;O @+ B+ Dn(b1)n(b2)n - (B! ©
o a+1),(ay,v),a,as,...,a,
Cﬁﬁr((a:z)i(f))rﬂpsﬂ L p) et G

(lX +‘B—|— 1),b1,b2,. .., bs
This complete prove of Theorem 2.2. O

Theorem 2.3. Let ay,ay,...,ar,&,B,p € C;and by, by, ..., bs € C\ /Zy; with R(p) > 0, R(«x) > R(B) >
0;p > 0and z > 0. Then the following formula holds true:

/oo(ér —z2)"2PLF, (01,p), 82: 83, ;2(6—z) pdz
0 by, by, ..., bs
_ ot T'(x+1)T(B) (o +1),(a1,p), az,a3,...,4, ; <i) 14)

(zx—i—ﬁ—i—l)rﬂ s+1 (“H;H),(”g”)),bl,bz,...,bs

Proof. From the definition (4), we have

(a1,p),a2,03,...,4r ® (ay;p)n-(a2)n-(a3)n - - (ar)n 2"
bl/b2/~~~/bs
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Let us consider the Left side of (14),

/OO(C —2)%P L F, (51,p), 62: 83,6 ;2(E—z) p dz
‘ b1, b, ..., b
B g1 (a1;p)n-(a2)n-(a3)n - . - (ar)n 2"(§ — 2)"
/0 & Z 60w (62)m -~ (02)m a
By applying (9) we have,
O Y o e v SRR T 5

_C“+ﬁr(“+1 )i “+1)”/( )n/(all ) (a2) (a3)n~~(ar)n <§>n
Ta+B+1) = <a+ﬁ+1> (vc+,3+2> (5w (B2) - (b) ! 4

ga+ﬁr("‘+1)r(ﬁ) (x+1),(a1,p),az,a3,...,a <§>
T(v LR T+l (s
F(a+pB+1) <a+/25+1) , <H§+z>),b1,bz,...,bs

4

This complete prove of Theorem 2.3. O

3. Extension

In this section we prove some extension formulae of Theorem 2.1, Theorem 2.2 and Theorem 2.3 by

using the property of Beta function,
B(a,p) = B(a+1,8) + B(a, f +1) (16)

Theorem 3.1. Let ay,ay,...,ar,&,B,p € C;and by, by,...,bs € C\ Zy; with R(p) > 0; R(«) > R(B) >
0;p > 0and z > 0. Then the following formula holds true:

®© a1, p)azas, ..., a
/ (& —z)*zP1FT () "oz bz
0 bl/bZI"'/bS

(,B)/ (all P)l az,qaz,...,0r
= &""PB(a +2,B)r1Fen 14

((X—F,B—FZ),bl,bz,...,bs

(B+1), (a1, p),a2,83,...,a

(DC-{—ﬁ—f—Z),bl,bz,...,bs
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Proof. From the Definition (4), we have

(alrp)/QZ/a?)r---/ar . . i (al;p)n.(ﬂz)n.(a3)n... (ar)n Zn
by, by, ..., b n=0

Let us consider the Left side of (17),

00 ai,p),az,as,...,a
:/ (&—z)"zF'F (010, 2.3 " zbdz
0 bl,bz,...,b)
_ ﬁ 1 al/ (El3) (ar)n idz
/0 n; b]) (bz) (b )n n!

=S (a ;p)n~(ﬂ )n.(ﬂ )n"'(ar)n 0 . .
n;) 1(b1)n(b22)n..?(bs)nn! /0 (6 —2)"zP" 1z

By using (9) and (16) we have

_ 'éar>"B(oc +1,B4+n)¢"

fl’)” (B(w+2,B+n)+Bla+1,B+n+1)&"
' P)n- ne--(@r)n (B)n
= (b)aD2)n ... (bs)an!  (a+B+2),

o — (a1, p)n-(a2)n-(a3)n - - (@r)n  (B+Du .y
FEPBa 1,84 1) EO 1(b1)n(b22)n..?(bs)nn! CEY EEI]

_ €a+ﬂr(“+l) (B) i (B)n(@1; p)(82)- (83 ) - (@r)n_sen
F(a+p+1) = (@+B+1)u(b1)n(b2)n - .. (bs)an!

g?’l

(ﬁ)/ (ab P),tlz, as,...,aq,
= Ca+ﬁB(uc+2,ﬁ),+1FS+1 .z

(Dﬁ+ﬁ+2>,b1,b2,...,bs

(B+1), (a1, p) az,a3,...,a
+3PB(aw+1,8+ 1)1 Fon ' ;G

(a+ﬁ+2),b1,b2,...,bs

This complete prove of Theorem 3.1.

(18)

Theorem 3.2. Let ay,ay,...,ar,a,B,p € C;and by, by, ..., bs € C\ Zy; with R(p) > 0;R(x) > R(B) >

0;p > 0and z > 0. Then the following formula holds true:

o0 (ull P)/aba?ﬂ---/ar
/0 (& —2)"zP"\F, ;(E—z) pdz
bl/bZI' . ‘/bs
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(DC + 2)/ (al, p)ra2/ a?)/ .. /ai’
= {""PB(a+2,B)r11Fsi1 { ;G
b

(a+pB+2),by,by,...

(e+1),(m,p), a2,a3,...,4,
+€“+:BB<DC+1,,B+1)7+]_FS+1 { /’é (19)
b

(06+ﬁ+2),b1,b2,..., B

Proof. From the Definition (4), we have

= (a1,p),a2,a3,..., a, . _ i(al;p)n.(az)n.(ag)n...(ar)ni
b11b2/~--/bs )

Let us consider the Left side,

_/ Z'B 17’ s {(allp)la21a3/---/ar ;(é‘z)}dz

b, by, ..., b)
) et 5 OO0 )0 G2
= [ (@ayatn ) Sl s e B B
-1 2)) €2

By using (9) and 16) we have

 P)n-(a2 co(an)y
= (bl)n( ) (bs)nn!
— (a1; p)n-(a2 o (ar)n
- Z::() O YO

s P)n-(a2)n-(a3)n - - (ar) )B(

i ai;
00

n=0

[ee]

crp y (00

n=0 bl)n ) bS)

(
+W”§ @) >)< >an> <“7))B(¢x+n+1,,5+1)§”

o (a1; P)o(@2)u (@) (ar)) (- 2),
‘§+ﬁB("‘+2'ﬁ>,§ B (7P oo 8 ey .1

PB4+ 1,8+1) ) (a1, p b)l X0 )> (QS)nbs)n;(jr)n) (a(i;i);)ngn

a+n+2,6)¢"

gn

n=0

(lx + 2)/ (all p)ra2/ a3/ sy ar
= CaJrﬂB(“"i_zfﬁ)r—&-lFerZ { ;C
,b

(a+B+2),by,by,...,bs

([X + 1)’ (alf p),ﬂz,ag,,. <o, ay
+é’“+,BB(UC+1,IB+1)r+1FS+2 { /C
b

(0(+‘B+2),b1,b2,..., s

This complete prove of Theorem 3.2.

(20)
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Theorem 3.3. Let ay,ay,...,ar,&,B,p € C; and by, by,...,bs € C\ Zy; with R(p) > 0; R(«) > R(B) >
0;p > 0and z > 0. Then the following formula holds true:

o (alr P)zﬂZ/HS;n-/ar
/0 (¢ — Z)“Zﬁ_lrps ;2(8—z) ¢ dz
bl/bZI' . '/bS

(6 +2),(B), (a1, p), 22,05, ;<é>

= PB(a+2,B),+1Fs12 1 .
(%) 7 “+g+ IblleI . -/bs

1), 1),(ay,p),a,as,...,a,
Bt L 1) 4 O DB ) ;<§> o

4
<“+/23+1> 7 0"",[23"'2/ bl/ b2/ cecy bS

Proof. From the Definition (4), we have

(a1,p),a2,83,...,ar i al, ) (a3) (ar)nz

rts ;Z

blleI"'/bS n=0

Let us consider the Left side of (21),

o0 ai,p),an,as,...,a
= 0 (C_Z)“ZﬁilrFs (o1, p)r 2,23 ' ;2(E—2z) pdz

bl/b2/”~/bs

_ [ (a1, P)n-(a2)n-(a3)n - - - (ar)n 2" ( — 2)"
_/0 (¢ — zﬁ 17; ! (b1 (b2)n .. (b ) - dz

= o (01 P)n-(82)n-(83)n - - (ar)n [ — F)atn ptn=17,
_n;() (bl)n(bz)n....(b) n! /0 (€ —2) 14

By using (9) and (16) we have

_ xatp 2 (a; p)n-(a2)n-(a3)n - - - (ar)n) L Ly
& = (bl) 2)n - - -(bs)nt! Bla+n+1,p+n)g (22)

a+p = (a1;)n-(a2)n-(a3)n - .. (ar)n) . } e ) )
¢ ; bl) G (bt BEFA+2p+n)+Blatn+1p+n+1)jg

wip o (@ p)u(a2)n.(a3)n ... (ar)n) )
= Z 1) (2)n - - -(bs) ! B(a+n+2,B+n)¢

4P Z ﬂ1,(b1) ((bZ)) (03)(bs-)~n<n! )n) Bla+n+1,p+n+1)¢"

wip v (315 P)n-(a2)n-(a3)n - - - (ar)n) (lx+2) (B)n 2
=&ty 1(b1) TG T26)7 o (21512 ¢

(@ +1)u(B+1)n
92n <a+§+2>

é’n

O B LB+
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_ za+ o (a1, p)n-(a2)n-(a3)n - - - (ar)n) (& +2)u(B)n n
=8B 2 ) L et (55) (242) d

2

§“+5B a+1, :B+1 i al’ ) (a3) "‘(af’)n) (’X+1)n(,5+1)n

n=0 @) . (bs)n! ZM(H?U Cwﬁﬂ

é’n

(a+2),(B), (a1, p

) az,az, ...,
= (.?“—HSB(“ +2, ﬁ)r+1Fs+2 . ) o ; (i)
(szr ) (M3+ )IblrbZ/ bs
)
B
2

cey

+&FB(a+1,B+1)r11Fsr2

(a+1),(B+1),(m,p),a2,as,...,4, ,(i)

(a+§+l)/(rx+ +2 ) by, bo, ..., b

This complete prove of Theorem 3.3. O

4. Corollaries

On taking suitable values of r = 1 and s = 1 in Theorem 2.1, Theorem 2.2, Theorem 2.3, Theorem 3.1,

Theorem 3.2 and Theorem 3.3 we get following corollaries;

Corollary 4.1. Let aj,a,«,B,p € C; and by, by € C\ Zy; with R(p) > 0;R(a) > R(B) > 0;p > 0 and
z > 0. Then the following formula holds true:

/000(5—2)“25—121-"1 1(7611,}?),112 ;z dz-C“Jrﬁlm 5 B (a1, p), a2 "

(a+p+1),b
Corollary 4.2. Let aj,ar,a,B,p € C; and by, by € C\ Z; with R(p) > 0;R(a) > R(B) > 0;p > 0 and
z > 0. Then the following formula holds true:
00 (a1,p), a2 T(a+1)T (a+1),(a1,p), a2
/0 (&—2)*2F R (6 —2) (:Hﬁm F3 ;¢
b (a+p+1),b

Corollary 4.3. Let aj,a2,«,B,p € C; and by, b, € C\ Z; with R(p) > 0;R(a) > R(B) > 0;p > 0 and
z > 0. Then the following formula holds true:

/Ooo(g—z)"‘zﬁlzl-"l (31.p), 22 ;2(E—2z) p dz
b

_ gt F(a+DI(B) . (a+1),(a1,p), a2 (g)
"\ 4

R R NE T

Corollary 4.4. Let ay,a,«,B,p € C;and by € C\ Z; with R(p) > 0, R(a) > R(B) > 0;p > 0and z > 0.
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Then the following formula holds true:

/Oo(g - Z)“Z‘Bilel (all p),az 5z dz = gvﬁ‘ﬁB(lX + 2, ,B)SFQ (;B)/ ([Zl, p)/az ,é
O b (x+p+2),b
+ & PB(a 41,8+ 1)35 (1), (a1, p). o2 P (23)
(Dé + :B + 2)/ bl

Corollary 4.5. Let ai,a,a,8,p € C; and by € C\ Z,; with R(p) > 0;R(x) > R(B) > 0; p > 0 and
z > 0. Then the following formula holds true:

[e0] , , 2 , )
/0 (—2)2P R (@1, p)r 22 ;(E—z) pdz = FTPB(a+2,8)2F; a+2) (a,p),az
by

;¢
lX—l—,B—i—z b1

(

(

(a+1),(a1,p), a2
+PB(a+ 1,8+ 1)3F ;Co (24)

(a+p+2),b

Corollary 4.6. Let ay,aox, B, p € C;and by € C\ Z; with R(p) > 0; R(«x) > R(B) >0, p > 0and z > 0.
Then the following formula holds true:

/OOO(C—Z)“zﬁ_lel (0.p). ;2(E—2z) pdz

by
= & HPB(a +2, B)3F3 (+2). (B). (o, p), 2 ;<i)
a+p+1 a+p+2 b
(g1) =22
B+ 1, B+ 1)5F (a+1),(B+1), (a1, p) a ”(i) 25)

(%) by
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