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Abstract

Our purpose in this present paper is to investigate generalized integration formulas containing the

extended generalized hypergeometric function and obtained results are expressed in terms of

extended hypergeometric function. Certain special cases of the main results presented here are also

pointed out for the extended Gauss’ hypergeometric and confluent hypergeometric functions.
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1. Introduction

Numerous applications of applied mathematics need scientists and engineers to use various types

of special functions. Continuous progress in mathematical physics, probability theory, and other

fields has resulted in the discovery of new classes of special functions, as well as their extensions

and generalizations. Recent research has focused on the study and creation of special functions, one of

which is often referred to as generalized hypergeometric functions. As a part of the theory of confluent

hypergeometric functions, these functions are significant special functions, and their closely related

variants are frequently employed in physics and engineering. Schwarz and Goursat investigated the

unique features of one-variable hypergeometric function. For further information on contemporary

research in the fields of dynamical systems theory, stochastic systems, non-equilibrium statistical

mechanics, and quantum mechanics, readers may consult the researchers’ recent work [6–12] and

the sources given therein. Throughout this paper, we denote by N, Z− and C the sets of positive

integers, negative integers and complex numbers, respectively, and also let N0 := N ∪ {0} and

Z−
0 := Z− ∪ {0}. The generalized hypergeometric function with p numerator and q denominator
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parameters pFq(p; q ∈ N0) is defined by

pFq

 a1, a2, a3, . . . , ap

b1, b2, . . . , bq

; z

 =
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . .(ar)n

(b1)n(b2)n . . . (bs)n

zn

n!
(1)

=
∞

∑
n=0

p
∏
j=1

(αj)n

q
∏
j=1

(β j)n

zn

n!
(2)

= pFq(α1, . . . , αp; β1, . . . , βq; z) (3)

The Pochhammer symbol (α)ν(α, ν ∈ C) is defined, in terms of Gamma function Γ by

(α)ν =
Γ(α + ν)

Γ(α)
(α + ν ∈ C \ Z−

0 , ν ∈ C \ {0}; α ∈ C \ Z−
0 , ν = 0)

(α)ν =

 α(α + 1)(α + 2) . . . (α + n − 1) (ν = n ∈ N, α ∈ C)

1 (ν = 0, α ∈ C \ Z−
0 )

it being understood that (0)0 = 1. Here it is supposed that the variable z, the numerator parameters

α1, . . . , αp; and the denominator parameters β1, . . . , β j take on complex values, provided that

(β j ∈ C \ Z−
0 ; j = 1, . . . , q)

Then, if a numerator parameter is in Z−
0 , the series pFq is found to terminate and becomes a polynomial

in z. With none of the numerator and denominator parameters being zero or a negative integer, the

series pFq in 4.

(i) diverges for all z ∈ C \ {0}, if p > q + 1;

(ii) converges for all z ∈ C, if p ≤ q;

(iii) converges for |z| < 1 and diverges for |z| > 1 if p = q + 1;

(iv) converges absolutely for |z| = 1, if p = q + 1 and R(ϖ) > 0;

(v) converges conditionally for |z| = 1(z ̸= 1), if p = q + 1 and −1 < R(ϖ) ≤ 0;

(vi) diverges for |z| = 1, if p = q + 1 and R(ϖ) ≤ −1, where ϖ =
q
∑

j=1
β j −

p
∑

j=1
αj which is called the

parametric excess of the series.

The extended generalized hypergeometric function is defined by Srivastava et al. [16] (See [5,14]:

rFs

 (a1, p), a2, a3, . . . , ar

b1, b2, . . . , bs

; z

 =
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . .(ar)n

(b1)n(b2)n . . . (bs)n

zn

n!
(4)
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where, in terms of generalized Pochammer symbol (µ; p)v [16]:

(µ; p)v =


Γp(µ+v)

Γ(v) , (R(p) > 0, µ, v ∈ C)

(µ)v, (p = 0, µ, v ∈ C)
(5)

Here Γp(z) is the generalized gamma function introduced by Chaudhry and Zubair [2] as follows:

Γp(z) =


∫ ∞

0 t(z−1)e−p−p/tdt, (R(p) > 0, z ∈ C)

Γ(z), (p = 0,R(z) > 0)
(6)

The corresponding extensions of Gauss’s hypergeometric and confluent Hypergeometric functions are

as follows:

2F1


(a1, p), α

β

; z

 =
∞

∑
n=0

(a1; p)n.(α)n

(β)n

zn

n!
(7)

and

1F1


(a1, p)

β

; z

 =
∞

∑
n=0

(a1; p)n

(β)n

zn

n!
(8)

where, α, β ∈ C. In this paper, we derives some new integral formulas involving the generalized

hypergeometric function 4. Further we give corollaries as special cases for the extended Gauss’

hypergeometric and confluent hypergeometric functions. For the present investigation, we need the

following result of Oberhettinger [12].

∫ ∞

0
(ξ − z)αzβ−1dz = ξα+βB(α + 1, β) (9)

ξ > z, (∼) > −1, (⊙) > 0. For various other investigations involving certain special functions,

interested reader may be referred to several recent papers on the subject (see, for example, [1,3,4,17–19]

and the references cited in each of these papers.

2. Main Result

In this section, the generalized integral formulas involving the extended generalized hypergeometric

function defined in 4 are established here by inserting with the suitable argument in the integrand of

9 and we express the obtained result in terms of an extended Wright-type hypergeometric function.

Theorem 2.1. Let a1, a2, . . . , ar, α, β, p ∈ C; and b1, b2, . . . , bs ∈ C \ Z−
0 ; with R(p) > 0;R(α) > R(β) >
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0; p ≥ 0 and z > 0. Then the following formula holds true:

∫ ∞

0
(ξ − z)αzβ−1

rFs


(a1, p), a2, a3, . . . , ar

b1, b2, . . . , bs

; z

 dz

= ξα+β Γ(α + 1)Γ(β)

Γ(α + β + 1) r+1Fs+1


β, (a1, p), a2, a3, . . . , ar

(α + β + 1), b1, b2, . . . , bs

; ξ

 (10)

Proof. From the definition (4), we have

rFs


(a1, p), a2, a3, . . . , ar

b1, b2, . . . , bs

; z

 =
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n

(b1)n(b2)n . . . .(bs)n

zn

n!

Let us consider the Left side of (10),

∫ ∞

0
(ξ − z)αzβ−1

rFs


(a1, p), a2, a3, . . . , ar

b1, b2, . . . , bs)

; z

 dz

=
∫ ∞

0
(ξ − z)αzβ−1

∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n

(b1)n(b2)n . . . (bs)n

zn

n!
dz

=
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n

(b1)n(b2)n . . . (bs)nn!

∫ ∞

0
(ξ − z)αzβ+n−1dz

By applying (9) we have

ξα+β
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n)

(b1)n(b2)n . . . (bs)nn!
B(α + 1, β + n)ξn (11)

= ξα+β Γ(α + 1)Γ(β)

Γ(α + β + 1)

∞

∑
n=0

(β)n(a1; p)n.(a2)n.(a3)n . . . (ar)n

(α + β + 1)n(b1)n(b2)n . . . (bs)nn!
ξn

= ξα+β Γ(α + 1)Γ(β)

Γ(α + β + 1) r+1Fs+1


β, (a1, p), a2, a3, . . . , ar

(α + β + 1), b1, b2, . . . , bs

; ξ


This complete prove of Theorem 2.1.

Theorem 2.2. Let a1, a2, . . . , ar, α, β, p ∈ C; and b1, b2, . . . , bs ∈ C \ Z−
0 ; with R(p) > 0;R(α) > R(β) >

0; p ≥ 0 and z > 0. Then the following formula holds true:

∫ ∞

0
(ξ − z)αzβ−1

rFs


(a1, p), a2, a3, . . . , ar

b1, b2, . . . , bs

; (ξ − z)

 dz

= ξα+β Γ(α + 1)Γ(β)

Γ(α + β + 1) r+1Fs+1


(α + 1), (a1, p), a2, a3, . . . , ar

(α + β + 1), b1, b2, . . . , bs

; ξ

 (12)
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Proof. From the definition (4), we have

rFs


(a1, p), a2, a3, . . . , ar

b1, b2, . . . , bs

; z

 =
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n

(b1)n(b2)n . . . .(bs)n

zn

n!

Let us consider the Left side of (12),

∫ ∞

0
(ξ − z)αzβ−1Fr

s


(a1, p), a2, a3, . . . , ar

b1, b2, . . . , bs)

; (ξ − z)

 dz

=
∫ ∞

0
(ξ − z)αzβ−1

∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n

(b1)n(b2)n . . . (bs)n

(ξ − z)n

n!
dz

=
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n

(b1)n(b2)n . . . (bs)nn!

∫ ∞

0
(ξ − z)α+nzβ−1dz

By applying (9) we have,

= ξα+β
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n)

(b1)n(b2)n . . . (bs)nn!
B(α + n + 1, β)ξn (13)

= ξα+β Γ(α + 1)Γ(β)

Γ(α + β + 1)

∞

∑
n=0

(α + 1)n(a1; p)n.(a2)n.(a3)n . . . (ar)n

(α + β + 1)n(b1)n(b2)n . . . (bs)nn!
ξn

= ξα+β Γ(α + 1)Γ(β)

Γ(α + β + 1) r+1Fs+1


(α + 1), (a1, p), a2, a3, . . . , ar

(α + β + 1), b1, b2, . . . , bs

; ξ


This complete prove of Theorem 2.2.

Theorem 2.3. Let a1, a2, . . . , ar, α, β, p ∈ C; and b1, b2, . . . , bs ∈ C \ /Z−
0 ; with R(p) > 0;R(α) > R(β) >

0; p ≥ 0 and z > 0. Then the following formula holds true:

∫ ∞

0
(ξ − z)αzβ−1

rFs


(a1, p), a2, a3, . . . , ar

b1, b2, . . . , bs

; z(ξ − z)

 dz

= ξα+β Γ(α + 1)Γ(β)

Γ(α + β + 1) r+1Fs+1


(α + 1), (a1, p), a2, a3, . . . , ar(

α+β+1
2

)
,
(

α+β+2
2

)
), b1, b2, . . . , bs

;
(

ξ

4

) (14)

Proof. From the definition (4), we have

rFs


(a1, p), a2, a3, . . . , ar

b1, b2, . . . , bs

; z

 =
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n

(b1)n(b2)n . . . .(bs)n

zn

n!
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Let us consider the Left side of (14),

∫ ∞

0
(ξ − z)αzβ−1

rFs


(a1, p), a2, a3, . . . , ar

b1, b2, . . . , bs

; z(ξ − z)

 dz

=
∫ ∞

0
(ξ − z)αzβ−1

∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n

(b1)n(b2)n . . . (bs)n

zn(ξ − z)n

n!
dz

=
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n

(b1)n(b2)n . . . .(bs)nn!

∫ ∞

0
(ξ − z)α+nzβ+n−1dz

By applying (9) we have,

= ξα+β
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n)

(b1)n(b2)n . . . .(bs)nn!
B(α + n + 1, β + n)ξn (15)

= ξα+β Γ(α + 1)Γ(β)

Γ(α + β + 1)

∞

∑
n=0

(α + 1)n, (β)n, (a1; p)n.(a2)n.(a3)n . . . (ar)n(
α+β+1

2

)
n

,
(

α+β+2
2

)
n

, (b1)n(b2)n . . . .(bs)nn!

(
ξ

4

)n

= ξα+β Γ(α + 1)Γ(β)

Γ(α + β + 1) r+1Fs+1


(α + 1), (a1, p), a2, a3, . . . , ar(

α+β+1
2

)
,
(

α+β+2
2

)
), b1, b2, . . . , bs

;
(

ξ

4

)
This complete prove of Theorem 2.3.

3. Extension

In this section we prove some extension formulae of Theorem 2.1, Theorem 2.2 and Theorem 2.3 by

using the property of Beta function,

B(α, β) = B(α + 1, β) + B(α, β + 1) (16)

Theorem 3.1. Let a1, a2, . . . , ar, α, β, p ∈ C; and b1, b2, . . . , bs ∈ C \ Z−
0 ; with R(p) > 0;R(α) > R(β) >

0; p ≥ 0 and z > 0. Then the following formula holds true:

∫ ∞

0
(ξ − z)αzβ−1Fr

s


(a1, p), a2, a3, . . . , ar

b1, b2, . . . , bs

; z

 dz

= ξα+βB(α + 2, β)r+1Fs+1


(β), (a1, p), a2, a3, . . . , ar

(α + β + 2), b1, b2, . . . , bs

; ξ


+ ξα+βB(α + 1, β + 1)r+1Fs+1


(β + 1), (a1, p), a2, a3, . . . , ar

(α + β + 2), b1, b2, . . . , bs

; ξ

 (17)



Some Integrals Involving Extended Hypergeometric Function / Rama Devi Vishwakarma & Rajeev Shrivastava 133

Proof. From the Definition (4), we have

rFs


(a1, p), a2, a3, . . . , ar

b1, b2, . . . , bs

; z

 =
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n

(b1)n(b2)n . . . .(bs)n

zn

n!

Let us consider the Left side of (17),

=
∫ ∞

0
(ξ − z)αzβ−1Fr

s


(a1, p), a2, a3, . . . , ar

b1, b2, . . . , bs)

; z

 dz

=
∫ ∞

0
(ξ − z)αzβ−1

∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n

(b1)n(b2)n . . . (bs)n

zn

n!
dz

=
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n

(b1)n(b2)n . . . (bs)nn!

∫ ∞

0
(ξ − z)αzβ+n−1dz

By using (9) and (16) we have

= ξα+β
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n

(b1)n(b2)n . . . (bs)nn!
B(α + 1, β + n)ξn (18)

= ξα+β
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n

(b1)n(b2)n . . . (bs)nn!
[B(α + 2, β + n) + B(α + 1, β + n + 1)]ξn

= ξα+βB(α + 2, β)
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n

(b1)n(b2)n . . . (bs)nn!
(β)n

(α + β + 2)n
ξn

+ ξα+βB(α + 1, β + 1)
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n

(b1)n(b2)n . . . (bs)nn!
(β + 1)n

(α + β + 2)n
ξn

= ξα+β Γ(α + 1)Γ(β)

Γ(α + β + 1)

∞

∑
n=0

(β)n(a1; p)n.(a2)n.(a3)n . . . (ar)n

(α + β + 1)n(b1)n(b2)n . . . (bs)nn!
ξn

= ξα+βB(α + 2, β)r+1Fs+1


(β), (a1, p), a2, a3, . . . , ar

(α + β + 2), b1, b2, . . . , bs

; ξ


+ ξα+βB(α + 1, β + 1)r+1Fs+1


(β + 1), (a1, p), a2, a3, . . . , ar

(α + β + 2), b1, b2, . . . , bs

; ξ


This complete prove of Theorem 3.1.

Theorem 3.2. Let a1, a2, . . . , ar, α, β, p ∈ C; and b1, b2, . . . , bs ∈ C \ Z−
0 ; with R(p) > 0;R(α) > R(β) >

0; p ≥ 0 and z > 0. Then the following formula holds true:

∫ ∞

0
(ξ − z)αzβ−1

sFr


(a1, p), a2, a3, . . . , ar

b1, b2, . . . , bs

; (ξ − z)

 dz
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= ξα+βB(α + 2, β)r+1Fs+1


(α + 2), (a1, p), a2, a3, . . . , ar

(α + β + 2), b1, b2, . . . , bs

; ξ


+ ξα+βB(α + 1, β + 1)r+1Fs+1


(α + 1), (a1, p), a2, a3, . . . , ar

(α + β + 2), b1, b2, . . . , bs

; ξ

 (19)

Proof. From the Definition (4), we have

rFs


(a1, p), a2, a3, . . . , ar

b1, b2, . . . , bs

; z

 =
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n

(b1)n(b2)n . . . .(bs)n

zn

n!

Let us consider the Left side,

=
∫ ∞

0
(ξ − z)αzβ−1

rFs


(a1, p), a2, a3, . . . , ar

b1, b2, . . . , bs)

; (ξ − z)

 dz

=
∫ ∞

0
(ξ − z)αzβ−1

∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n

(b1)n(b2)n . . . (bs)n

(ξ − z)n

n!
dz

=
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n

(b1)n(b2)n . . . (bs)nn!

∫ ∞

0
(ξ − z)α+nzβ−1dz

By using (9) and 16) we have

= ξα+β
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n)

(b1)n(b2)n . . . (bs)nn!
B(α + n + 1, β)ξn (20)

= ξα+β
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n)

(b1)n(b2)n . . . (bs)nn!
[B(α + n + 2, β) + B(α + n + 1, β + 1)]ξn

= ξα+β
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n)

(b1)n(b2)n . . . (bs)nn!
B(α + n + 2, β)ξn

+ ξα+β
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n)

(b1)n(b2)n . . . (bs)nn!
B(α + n + 1, β + 1)ξn

= ξα+βB(α + 2, β)
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n)

(b1)n(b2)n . . . (bs)nn!
(α + 2)n

(α + β + 2)n
ξn

+ ξα+βB(α + 1, β + 1)
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n)

(b1)n(b2)n . . . (bs)nn!
(α + 1)n

(α + β + 2)n
ξn

= ξα+βB(α + 2, β)r+1Fs+2


(α + 2), (a1, p), a2, a3, . . . , ar

(α + β + 2), b1, b2, . . . , bs

; ξ


+ ξα+βB(α + 1, β + 1)r+1Fs+2


(α + 1), (a1, p), a2, a3, . . . , ar

(α + β + 2), b1, b2, . . . , bs

; ξ


This complete prove of Theorem 3.2.
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Theorem 3.3. Let a1, a2, . . . , ar, α, β, p ∈ C; and b1, b2, . . . , bs ∈ C \ Z−
0 ; with R(p) > 0;R(α) > R(β) >

0; p ≥ 0 and z > 0. Then the following formula holds true:

∫ ∞

0
(ξ − z)αzβ−1

rFs


(a1, p), a2, a3, . . . , ar

b1, b2, . . . , bs

; z(ξ − z)

 dz

= ξα+βB(α + 2, β)r+1Fs+2


(α + 2), (β), (a1, p), a2, a3, . . . , ar(

α+β+1
2

)
, α+β+2

2 , b1, b2, . . . , bs

;
(

ξ

4

)
+ ξα+βB(α + 1, β + 1)r+1Fs+2


(α + 1), (β + 1), (a1, p), a2, a3, . . . , ar(

α+β+1
2

)
, α+β+2

2 , b1, b2, . . . , bs

;
(

ξ

4

) (21)

Proof. From the Definition (4), we have

rFs


(a1, p), a2, a3, . . . , ar

b1, b2, . . . , bs

; z

 =
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n

(b1)n(b2)n . . . .(bs)n

zn

n!

Let us consider the Left side of (21),

=
∫ ∞

0
(ξ − z)αzβ−1

rFs


(a1, p), a2, a3, . . . , ar

b1, b2, . . . , bs

; z(ξ − z)

 dz

=
∫ ∞

0
(ξ − z)αzβ−1

∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n

(b1)n(b2)n . . . (bs)n

zn(ξ − z)n

n!
dz

=
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n

(b1)n(b2)n . . . .(bs)nn!

∫ ∞

0
(ξ − z)α+nzβ+n−1dz

By using (9) and (16) we have

= ξα+β
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n)

(b1)n(b2)n . . . .(bs)nn!
B(α + n + 1, β + n)ξn (22)

= ξα+β
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n)

(b1)n(b2)n . . . .(bs)nn!
[B(α + n + 2, β + n) + B(α + n + 1, β + n + 1)]ξn

= ξα+β
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n)

(b1)n(b2)n . . . .(bs)nn!
B(α + n + 2, β + n)ξn

+ ξα+β
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n)

(b1)n(b2)n . . . .(bs)nn!
B(α + n + 1, β + n + 1)ξn

= ξα+β
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n)

(b1)n(b2)n . . . .(bs)nn!
B(α + 2, β)

(α + 2)n(β)n

22n
(

α+β+2
2

)
n

ξn

+ ξα+β
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n)

(b1)n(b2)n . . . .(bs)nn!
B(α + 1, β + 1)

(α + 1)n(β + 1)n

22n
(

α+β+2
2

)
n

ξn
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= ξα+βB(α + 2, β)
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n)

(b1)n(b2)n . . . .(bs)nn!
(α + 2)n(β)n

22n
(

α+β+1
2

)
n

(
α+β+2

2

)
n

ξn

+ ξα+βB(α + 1, β + 1)
∞

∑
n=0

(a1; p)n.(a2)n.(a3)n . . . (ar)n)

(b1)n(b2)n . . . .(bs)nn!
(α + 1)n(β + 1)n

22n
(

α+β+1
2

)
n

(
α+β+2

2

)
n

ξn

= ξα+βB(α + 2, β)r+1Fs+2


(α + 2), (β), (a1, p), a2, a3, . . . , ar(

α+β+1
2

)
,
(

α+β+2
2

)
, b1, b2, . . . , bs

;
(

ξ

4

)
+ ξα+βB(α + 1, β + 1)r+1Fs+2


(α + 1), (β + 1), (a1, p), a2, a3, . . . , ar(

α+β+1
2

)
,
(

α+β+2
2

)
, b1, b2, . . . , bs

;
(

ξ

4

)
This complete prove of Theorem 3.3.

4. Corollaries

On taking suitable values of r = 1 and s = 1 in Theorem 2.1, Theorem 2.2, Theorem 2.3, Theorem 3.1,

Theorem 3.2 and Theorem 3.3 we get following corollaries;

Corollary 4.1. Let a1, a2, α, β, p ∈ C; and b1, b2 ∈ C \ Z−
0 ; with R(p) > 0;R(α) > R(β) > 0; p ≥ 0 and

z > 0. Then the following formula holds true:

∫ ∞

0
(ξ − z)αzβ−1

2F1


(a1, p), a2

b
; z

 dz = ξα+β Γ(α + 1)Γ(β)

Γ(α + β + 1) 3F2


β, (a1, p), a2

(α + β + 1), b
; ξ


Corollary 4.2. Let a1, a2, α, β, p ∈ C; and b1, b2 ∈ C \ Z−

0 ; with R(p) > 0;R(α) > R(β) > 0; p ≥ 0 and

z > 0. Then the following formula holds true:

∫ ∞

0
(ξ − z)αzβ−1

2F1


(a1, p), a2

b
; (ξ − z)

 dz = ξα+β Γ(α + 1)Γ(β)

Γ(α + β + 1) 2F3


(α + 1), (a1, p), a2

(α + β + 1), b
; ξ


Corollary 4.3. Let a1, a2, α, β, p ∈ C; and b1, b2 ∈ C \ Z−

0 ; with R(p) > 0;R(α) > R(β) > 0; p ≥ 0 and

z > 0. Then the following formula holds true:

∫ ∞

0
(ξ − z)αzβ−1

2F1


(a1, p), a2

b
; z(ξ − z)

 dz

= ξα+β Γ(α + 1)Γ(β)

Γ(α + β + 1) 3F3


(α + 1), (a1, p), a2(

α+β+1
2

)
,
(

α+β+2
2

)
), b

;
(

ξ

4

)
Corollary 4.4. Let a1, a2, α, β, p ∈ C; and b1 ∈ C \Z−

0 ; with R(p) > 0;R(α) > R(β) > 0; p ≥ 0 and z > 0.
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Then the following formula holds true:

∫ ∞

0
(ξ − z)αzβ−1

2F1


(a1, p), a2

b1

; z

 dz = ξα+βB(α + 2, β)3F2


(β), (a1, p), a2

(α + β + 2), b1

; ξ


+ ξα+βB(α + 1, β + 1)3F2


(β + 1), (a1, p), a2

(α + β + 2), b1

; ξ

 (23)

Corollary 4.5. Let a1, a2, α, β, p ∈ C; and b1 ∈ C \ Z−
0 ; with R(p) > 0;R(α) > R(β) > 0; p ≥ 0 and

z > 0. Then the following formula holds true:

∫ ∞

0
(ξ − z)αzβ−1

2F1


(a1, p), a2

b1

; (ξ − z)

dz = ξα+βB(α + 2, β)2F3


(α + 2), (a1, p), a2

(α + β + 2), b1

; ξ


+ ξα+βB(α + 1, β + 1)3F2


(α + 1), (a1, p), a2

(α + β + 2), b1

; ξ

 (24)

Corollary 4.6. Let a1, a2α, β, p ∈ C; and b1 ∈ C \ Z−
0 ; with R(p) > 0; R(α) > R(β) > 0; p ≥ 0 and z > 0.

Then the following formula holds true:

∫ ∞

0
(ξ − z)αzβ−1

2F1


(a1, p), a2

b1

; z(ξ − z)

 dz

= ξα+βB(α + 2, β)3F3


(α + 2), (β), (a1, p), a2(

α+β+1
2

)
, α+β+2

2 , b1

;
(

ξ

4

)
+ ξα+βB(α + 1, β + 1)3F3


(α + 1), (β + 1), (a1, p), a2(

α+β+1
2

)
, α+β+2

2 , b1

;
(

ξ

4

) (25)
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