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Abstract

Let R be a ring with center Z(R). In the present paper, we obtain some results in connection with
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1. Introduction

The concept of bi-derivation was introduced by Maksa in [8]. It is shown in [9] that bi-derivations
are related to general solution of some functional equations. Some results concerning symmetric
bi-derivations in prime rings can be found in [10,11,13]. Some theorems on symmetric generalized
biderivations of prime ring are proved in [1,7]. Daif, Haetinger and Tammam El-Sayiad showed that
any reverse biderivation on R prime ring is also a biderivation in [12]. Lateron, Many results have
been found concerning reverse biderivations [2,6]. C.Jaya Subba Reddy et. al. [3-5,14], have studied
some results concerning reverse biderivations on prime and semi prime rings. In the present paper,
we obtain some results in connection with the symmetric generalized reverse biderivations on prime

ring R.

2. Preliminaries

Let R be a ring and Z(R) be its center. Remember that R is prime if xjRx, = {0} implies x; = 0 or
xp = 0 for any x1,x2 € R. Also, R is semi-prime if x1Rx; = {0} implies x; = 0 for any x; € R. For
x1, X2 € R, the notation [x1, x2] denotes the commutator x;x, — xpx7. Recall that a map D from R x R

into R is termed symmetric if D(x1,x2) = D(xp,x1) for all x1,x, € R. A symmetric biadditive map
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(symmetric in both arguments) D from R x R into R is termed a biderivation if

D(x1x2,x3) = D(x1,x3)x2 + x1D(x2,x3) and D(x1,x2x3) = D(x1,x2)x3 + x2D(x1, x3)

for all x1,x2,x3 € R. Several authors have studied biderivations and investigated properties of
biderivations. During the course of time, researchers have introduced the definitions of reverse
biderivation, left (similarly right) biderivation, and Jordan left (similarly right) biderivation. A

biadditive map D from R x R into R is termed a symmetric reverse biderivation if

D(x1x2,x3) = D(x2,x3)x1 + x2D(x1,x3) and D(x1, x2x3) = D(x1,x3)x2 + x3D(x1, x2)

for all x1, x2, x3 € R. A biadditive map ¢ : R X R into R is termed a symmetric generalized biderivation

if there is a biderivation D : R X R into R such that

S(x1x2,x3) = 6(x1,x3)x2 + x1D(x2,x3) and  &(x1, x2x3) = 5(x1,x2)x3 + x2D(x1, x3)

for all x1,x2,x3 € R. A biadditive map J : R x R into R is termed a symmetric generalized reverse

biderivation if there is a reverse biderivation D : R x R into R such that

S(x1x2,x3) = 6(x2, x3)x1 + x2D(x1,x3) and  &(x1, x2x3) = 5(x1,x3)x2 + x3D(x1, x2)

for all x1,x2,x3 € R. A mapping f : R — R defined by f(x) = D(x,x) for all x € R, where D :
R x R — R is a symmetric and biadditive (i.e., additive in both arguments) mapping, is called the trace
of D. An additive mapping / : R — R is called a left (resp. right) multiplier of R if h(x1x2) = h(x1)x2
(resp. h(x1x2) = x1h(xp)) for all x1,x, € R. A biadditive mapping D : R x R — R is said to be a
left (resp. right) bi-multiplier of R if D(x1, x2x3) = D(x1, x2)x3 (resp. D(x1x2,x3) = x1D(x2,x3)) for all
x1,%2,x3 € R. A biadditive mapping D : R x R — R s said to be a reverse left (resp. right) bi-multiplier

of R if D(x1,x2x3) = D(x1,x3)x2 (resp. D(x1x2,x3) = x2D(x1,x3)) holds for all x1,x2, x3 € R.

3. Main Results

Theorem 3.1. Let R be a prime ring of characteristic not two. U be an ideal of R and n > 1, a fixed integer.
Consider 61,62,63,...,6n : R X R — R are symmetric generalized reverse biderivations with associated reverse

biderivations D1, Dy, D3, ..., D, : R X R — R respectively such that

01(x1,x1)02(y1,y1)03(21,21) - . . 6n (w1, u1) =0, Vx1,y1,21,...,u1 € U.

Then one of the following holds:

1. 51(3(1,3(1) =0,V x1 € U.
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2. All 6,11(u1,u1) act as a reverse left bimultiplier on R, for all n > 1.

Proof. We shall use Mathematical Induction to prove this theorem. Let n = 1, then we get 6; (x1,x1) =0

and hence proved. Let n = 1,2, then we get

01(x1,x1)02(y1,y1) =0 V x1,y1 € U 1)

By linearizing in y1, we get, 61(x1, x1)(d2(y1, 1) + 02(y1,21) + 62(21, 1) + 92(21,21)) = 0. Using (1) and
the fact that Char R # 2, we get

01(x1,x1)02(y1,21) =0 V x9,11,21 € U. )

Replace z; by rz; in the above equation and using (2), we get, 61(x1, x1)z1D2(y1,7) =0 V x1,y1,z1 € U
and r € R. By the primeness of R, we get either d1(x1,x1) = 0 or Da(y1,7) = 0. If §1(xq,x1) = 0, then
we are done. Suppose

Dy(y1,7r) =0V yy€elUandr € R 3)

Replacing r by rx; in 62(y1,7) and using (3), we get d2(y1, rx1) = d2(y1, x1)r. Therefore &, acts as a left

reverse bimultiplier. Suppose n = 1,2,3

61(x1,%1)02(y1,41)03(21,21) =0 V x1,51,z10 €U (4)
Linearizing in z; and using (4), we get

261 (x1,x1)02(y1,¥1)03(z1,u1) =0
51 (Xl,xl)éz(yl,y1)53 (Zl, 1/[1) =0 (Since Char R 75 2) (5)

Replacing uq by sup in (5) and using (5), we get d1(x1,x1)02(y1,y1)u1D3(z1,8) = 0, V x1,y1,21,11 €
U and s € R. Using the primeness of R, we have 61(x1,x1)02(y1,1) = 0 or D3(zy,s) = 0. If
01(x1,x1)02(y1,y1) =0,V x1,y1 € U, then the result is evident. Suppose that

D5(z1,s) =0,Vz; € U,s € R (6)

Replacing s by st in d3(z1,s) using (6), we get, d3(z1,st) = d3(z1,t)s. Therefore 3 acts as a reverse left
bimultiplier. Let the statement be true for n = k. That means if 6;(x1,x1)%2(y1,y1) - - - 6 (u1,u1) = 0,

then
1. 51(361,3(1) =0, Vxyelu

2. Opy1(u1, uq) act as a reverse left bimultiplier on R, for all n > 1
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Let us prove for n = k + 1. Suppose

01(x1,%1)02(y1,y1)03(z1,21) - . . Ok (11, 11) 01 (v1,01) =0 Y x1,y1,21, 01,11 € U (7)

Linearizing (7) in v; and using the fact that Char R # 2, we get

01(x1,x1)02(y1,y1)03(21,21) - . - O (w1, u1 )01 (01, w1) =0,  Vxq,y1,21,...,u1,01, w1 € U 8)

Replacing w; by tw; and using (8), we get, d1(x1,x1)d2(y1,¥1)03(21,21) .. 0k (U1, u1)w1Dgyq(v1,t) = 0,
Y X1, Y1,21, ---,U1,01, W1 € Uand t € R. By primeness of R, we have, 51(x1,xl)éz(yl,yl)ég,(zl,zl)
...0k(u1,u1) = 0 or Dyiq1(v1,t) = 0. Suppose that 61 (x1, x1)d2(y1,y1)03(21,21) - .. (11, u1) = 0, then

the result is evident. Suppose that

Dk+1(?}1,t) =0, VvuelandteR 9)

Replacing t by tp in dx,1(v1,t) and using (9), then we get, & 1(v1, tp) = dky1(v1, p)t. Therefore 6y q

acts as a reverse left bimultiplier. This completes the proof of the theorem. O

Theorem 3.2. Let R be a prime ring of characteristic not two and k > 1, a fixed positive integer. Consider

symmetric reverse biderivations D, : R X R — R forn =1,2,3, ...,k such that

Di(x1,x1)Da(y1,y1), D3(z1,21) ... Du(u1,u1) =0

forall x1,y1,2z1...,u1 € R. Then it follows that D,, = 0O for some n.

Proof. We prove the theorem by Mathematical Induction. For n = 1, we have

Dq(x1,x1) =0, Vx; € R and hence D; =0 (10)

For n = 2, we have

Dy(x1,x1)Da(y1,11) =0 V x1,1 € R (11)

By linearizing y; and using the fact that Char(R) # 2, we get

Di(x1,x1)D2(y1,21) =0 V x1,y1,z1 € R (12)

Put z; = uz; in (12) and using (12)

Di(x1,x1)z1D2(y1,u) =0 V x1,y1,2z1,u € R
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In particular, Dy (x1, x1)z1D2(x1, x1) = 0 which implies D; = 0 or D, = 0. For n =3

D;(x1,x1)Da(y1,y1)D3(z1,21) =0 V x1,¥1,21 € R (13)

By linearizing (13) in z; and using the fact that Char(R) # 2, we get

D1 (x1,x1)D2(y1,y1)D3(z1,w) =0 V x1,y1,z1,w € R (14)

Replacing z; by uz; and using (14)

Di(x1,x1)D2(y1,y1)z1D3(u, w) =0 V x1,y1,21,u,w € R

By the Primeness of R, we get either Dj(x1,x1)D2(y1,¥1) = 0 or Ds(u,w) = 0. Suppose
D1(x1,x1)D2(y1,y1) = 0, then by the previous case, we have either D; = 0 or D, = 0. Suppose
Ds(u,w) = 0, which means D3 = 0. Hence the theorem is proved for n = 3. Let the theorem be true
for n = k. If we consider D1 (x1,x1)D2(y1,y1)D3(z1,21) ... Dx(u1,u1) = 0, then D; = 0 or D, = 0 or
D3 =0...Dy =0,V x1,y1,21,...,u1 € R. For n = k4 1, by hypothesis, we have

Di(x1,x1)D2(y1,¥1)D3(z1,21) . .. Di(u1, u1) Dyy1(v1,01) =0 V x1,y1,21,..., 41,01 €R (15)

By linearization in v; and using the fact that Char(R) # 2

D1 (x1,x1)D2(y1,y1)D3(z1,21) - . . Di(u1, u1) Dy (01, w1) =0 YV xq,y1,21,..., 41,01, wp € R (16)

Replacing v; by v1t and using (16), we get

D1 (x1,x1)Da(y1,y1)D3(z1,21) - . . Di(u1, u1)tDgyq (v1,w1) =0 YV x1,y1,21,...,U1,01, w1, t € R

By the primeness of R, we have either Di(x1,x1)Da(y1,y1)D3(z1,21) ... Dx(uq,u3) = 0 or
Diy1(v1,w1) = 0. Suppose Di(x1,x1)D2(y1,y1)D3(z1,21) ... Dx(u1,u1) = 0, then by the previous
discussion, we have D; = 0 or D, = 0 or ... or Dy = 0. Suppose Dy, 1(v1,w1) = 0, and in particular

Dy11(v1,v1) = 0 then Dy 1 = 0. Hence, the theorem is proved. O
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