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Abstract

In this paper, we prove that the disjoint union of cycle and complete bipartite graph, jewel graph
and sunlet graph, cycle and alternate helm, jewel graph and complete bipartite graph, swastik graph

and path, and gear graph and sunlet graph are absolute mean graceful graphs.
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1. Introduction

We begin with simple, finite and undirected graph G = (V(G), E(G)) with p vertices and g edges.
For all standard terminology and notations we follow Harary [7]. A graph labeling is an assignment of
values to the vertices or edges or both subject to certain conditions [10]. For various graph labeling
problems and references we refer to Gallian [5]. Labeling of graphs is a potential area of research
due to its diversified applications. Some of the applications are reported in Bloom and Golomb [3]
and Yegnanarayanan and Vaidhyanathan [11]. The concept of B-valuation was introduced by Rosa
[10]. Later on, Golomb [6] referred to this as graceful labeling. Kaneria and Chudasama [8] have
introduced absolute mean graceful labeling with the flavour of graceful labeling, which is defined
as follows. A function f is called an absolute mean graceful labeling of a graph G with g edges, if
f:V(G) — {0,£1,%2,...,+q} is one-one and the edge labeling function f*: E(G) — {1,2,...,4}
defined as f*(uv) = [‘f(”)zﬂ] is bijective, for every edge uv € E(G). If a graph G admits absolute
mean graceful labeling, then it is called absolute mean graceful graph [8]. Kaneria and Chudasama [4,8]
have proved some standard graphs are absolute mean graceful and also investigated some absolute
mean graceful graphs in the context of duplication of graph elements. While Kaneria et al. [9] have
investigated absolute mean graceful graphs in the context of path union of graphs. Akbari et al. [1]
have proved that jewel and jelly fish related graphs are absolute mean graceful. While the same authors

in [2] have investigated some absolute mean graceful graphs in the context of barycentric subdivision.
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In this paper we discuss absolute mean graceful labeling of some disconnected graphs. For all the

undefined terminologies reader can refer [7] and [5].

2. Main Results
Theorem 2.1. The disjoint union of cycle C,, and complete bipartite graph K,, , is absolute mean graceful graph,
Vm > 2,n,r € N.

Proof. Let cycle be C, and complete bipartite graph be K,,. Let V(Cy) = {ui, uz,u3, ..., un},
E(Cn) = {uuin/1 < i < m}U{uuy}, and V(K,,) = {v1,02,03,...,0,, w1, W2, W3,..., W},
E(Ky;) = {viw;j/1 <i<n,1<j<r} Let G = CyUK,, be disjoint union of these two graphs. To
obtain vertex labeling function f: V(G) — {0,£1,£2,..., £g} we take following cases.
Case1 m =0 (mod 2)

(—1)i*1(g —2i +2), ifi=12,..., 242

fu) = ,

(-1 g—2m+2i—1), if i="02 06 gy

Subcase 1 m =0 (mod 4)
nr—1, ifi=1;
f(vi) =

nr—2ri+2r, ifi=2,3,...,n.

flw;)) = —nr+2i—2, fori=1,2,...,r.

Subcase 2 m = 2 (mod 4)

f(v)) =nr—2ri+2r, fori=1,2,...,n.
—nr+1, ifi=1,

fw;) =
—nr+2i—2, ifi=273,...,r.

Case2 m =1 (mod 2)

(=1)i*1 (g —2i +2), ifi=1,2,..., %%
fui) =

(—1) (g —2m +2i — 1), if =" m5 gy

Subcase 1 m =1 (mod 4)

nr, ifi=1;

nr—2ri+2r+1, if i=23,...,n.
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flw)) =—nr+2i-3, fori=1,2,...,r.

Subcase 2 m = 3 (mod 4)

f(vj)) =nr—2ri+2r+1, fori=1,2,...,n.

—nr, ifi=1;
fw;) =
—nr+2i—3, ifi=23,...,r.

By defined pattern of vertex labeling function f, it can be seen that f is one-one. It is easy to check that
the edge labeling function f* is bijective. Therefore, the disjoint union of cycle and complete bipartite

graph G = C,, U K,,, is absolute mean graceful graph. O

Example 2.2. Absolute mean graceful labeling of the graph Cg U K35 is shown in Figure 1.

Figure 1: Cg U K35 and its absolute mean graceful labeling

Theorem 2.3. The disjoint union of jewel graph ], and sunlet graph graph S,, is absolute mean graceful graph,
Vm € IN,n > 2.

Proof. Let jewel graph be J,, and sunlet graph be S,,. Let V(J,,) = {x,y,u,v,u;/1 <i < m}, E(Jn) =
{xy, ux,vx, uy, uu;,ou;/1 < i < m}, and V(S,) = {v1,02,03,...,02}, E(Sn) = {vjvis1/1 <i < n}U
{v1v,} U{vjv,4i/1 < i <n}. Let G = J,, US, be disjoint union of these two graphs. We define vertex

labeling function f: V(G) — {0,£1,+2,...,£q} as follows.

f(x) =—q;

fly)=a—4%

flu)=9-3;

flo)=q-1

flu)=—q+4i+2, fori=1,2,...,m

Case1 n =0 (mod 2)
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—1)i+1(2n—2i—|—4), ifi=23,...,n

(

f(0i) =< (=1)i(4n —2i+6), ifi=n+1n+2;
(
(

Case2 n =1 (mod 2)

(1) 2n—2i+4), ifi=12,...,1

f@) = (-0 (n —2i+4), i i=ntlnt2,.., 3

(—1)"*1(4n — 2i), if § =308 347 on,

By defined pattern of vertex labeling function f, it can be seen that f is one-one. It is easy to check

that the edge labeling function f* is bijective. Therefore, the disjoint union of jewel and sunlet graph

G = ] U Sy, is absolute mean graceful graph. O

Example 2.4. Absolute mean graceful labeling of the graph J4 U Sg is shown in Figure 2.

Figure 2: J4 U Sg and its absolute mean graceful labeling

Theorem 2.5. The disjoint union of cycle C,, and alternate helm AH, is absolute mean graceful graph, Ym,n >

2.

Proof. Let cycle be C, and alternate helm be AH,. Let V(Cpn) = {uy,upus, ..., um},
E(Cn) = Awui1/1 < i < m}U{uuy,}, and V(AH,) = {v0,01,02,03...,03,},
E(AH,) = {vjvi+1/1 <i < 2n} U{v102,} U{vov;/i=1,3,...,2n — 1} U {viv2n+%/i =2,4,...,2n}. Let
G = C, U AH, be disjoint union of these two graphs. To obtain vertex labeling function

f:V(G) = {0,£1,£2,...,+q} we take following cases.

Case1 m =0 (mod 2)

m—2

(=1)"7 (g —2i +2), ifi=1,2,..., 152
flui) = L
()7 (g —2m+2i—1), if i="5210

Subcase 1 n =0 (mod 2)
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Subcase 2 n =1 (mod 2)

Case 2 m =1 (mod 2)

Subcase 1 n =0 (mod 2)

;

4,

(—1)i(4n —2i +2),
-2,

(—1)(2i - 1),

6n —2i — 2,

2i —3n—7,

4n — 8§,

4dn — 3,

4,

(—1)/(4n —2i +2),

0,

(~1)i(2i ~1),
6n — 2i,

n,

2i —3n — 4,
4n — 8§,

4n — 3,

(—1)" (g —2i +2),

1

(-7t (g—2m+2i—1), ifi="3 15 om.

(—1)!(4n +3 —2i),

if i =0;

ifi=12,...,n
ifi=n+1;
ifi=n+2,n+3,...,2n;
ifi=2n+12n+2,...,%;

if i =042 i 3n —2;

ifi=3n-1;
if i = 3n.
if i=0;

ifi=1,2,...,n
ifi=n+1;

fi=n+2,n+3,...,2n

if i=2n+12n+2,..., 2,

if i:#;

if =208 e . 3n —2;
if i=3n-1;

if i =3n.

ifi=12,...,2;

if i=0;

ifi=12,...,m;
ifi=n+1;
ifi=n+2,n+3,...,2n;
if i=2n+12n+2,...,%;
if i =202 i 3n —2;
if i=3n-1;

if i = 3n.
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Subcase 2 n =1 (mod 2)

5, if i=0;

(-1)i(4n+3-2i), ifi=12,...,m

1, ifi=n+1;

(—1)1(2i), ifi=n+2,n+3,...,2n
flvi) = q6n—2i—1, if i=2n41,2n+2,..., %1,

8, if i = 25,

2i —3n—7, if i =208 oS 3n —2;

4n — 10, if i =3n-1;

4n — 3, if i =3n.

By defined pattern of vertex labeling function f, it can be seen that f is one-one. It is easy to check
that the edge labeling function f* is bijective. Therefore, the disjoint union of cycle and alternate helm

G = C,, U AH, is absolute mean graceful graph. O

Example 2.6. Absolute mean graceful labeling of the graph C; U AHjg is shown in Figure 3.

-39

—36 —35

Figure 3: C; U AHg and its absolute mean graceful labeling

Theorem 2.7. The disjoint union of jewel graph |, and complete bipartite graph K, , is absolute mean graceful

graph, Vm,n,r € IN.

Proof. Let jewel graph be J,, and complete bipartite graph be K;,,. Let V(J,) = {x,y,u,v,u;/1 < i <
m}, E(Jm) = {xy, ux,vx,uy,uu;,ou;/1 < i < m}, and V(K,,) = {v1,02,03,...,0n, W1, W2, W3, ..., W},
E(K,,) = {viwj/l <i<mnl<j<r} Let G = ], UK,, be disjoint union of these two graphs. We
define vertex labeling function f: V(G) — {0,£1,+2,...,£q} as follows.

flx)=—q;
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By defined pattern of vertex labeling function f, it can be seen that f is one-one. It is easy to check that
the edge labeling function f* is bijective. Therefore, the disjoint union of jewel and complete bipartite

graph G = |, UK, , is absolute mean graceful graph. ]

Example 2.8. Absolute mean graceful labeling of the graph J4 U Ky 3 is shown in Figure 4.
—25
” 4’ oy 13 -7 -1 5
14 12 10
-8

Figure 4: ] U K43 and its absolute mean graceful labeling

Theorem 2.9. The disjoint union of Swastik graph SW,, and path Py, is absolute mean graceful graph, Vim,n > 2.

Proof. Let Swastik graph be SW, and path be P,. Let V(P,) = A{ug,upuz, ... uy},
E(Pw) = {wittis1/1 < i < m},and V(SW,) = {v;;/i =1,2,3,4;j = 1,2,...,4n}. Let G = P,, U SW, be
disjoint union of these two graphs. We define vertex labeling function f: V(G) — {0,£1,£2,...,+q}

as follows.

f(u;) = (=1)'(16n+i—1),for i =1,2,...,m.

(=) (12n+2j—2), if j=1,2,...,2n+1;

f(o1)) = '
(—=1)*1(20n —2j+3), if j=2n+2,2n+3,...,4n.
(—1)/(12n +3), if j=1;
(=1 (G —2), if j=2,3,...,2n;

f(oz)) = ,
(~1*(G-1), if j=2n+1,2n+2,...,4n—2;
(=1)t1(2j —4n+1), if j=4n—1,4n.
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(—1)/ (4n + ), if j=1,2,...,2n;
flo3)) = (=1)(4n+j+1), if j=2n+1,2n+2,...,4n—1;

(-1)y*1(12n — 1), if j=4n.

[(—1)1'(1271—2]'%—1), it j=12,...,2n—-1;
f(U4,j) =

(—1)/(12n — 2j), if j=2n2n+1,2n+2,...,4n.

By defined pattern of vertex labeling function f, it can be seen that f is one-one. It is easy to check
that the edge labeling function f* is bijective. Therefore, the disjoint union of path and swastik graph
G = P, U SW, is absolute mean graceful graph. O

Example 2.10. Absolute mean graceful labeling of the graph SW, U Py is shown in Figure 5.

28 ~30 39
& 2 2%6@ 31 @®-32
29
99 1
16 33
o ¢ o ®
—23 _
~19 s /' > -2 @-34
21 7
15@—2C o0 @3
-5 4
—14 12 —11

Figure 5: SW, U P4 and its absolute mean graceful labeling

Theorem 2.11. The disjoint union of gear graph Gy, and sunlet graph S, is absolute mean graceful graph,
Vm,n > 2.

Proof. Let gear graph be G, and sunlet graph be S,. Let V(G,,) = {uo, u1, u,u3,...,uzm}, E(Gn) =
{ujui1/1 < i < 2m} U{uuzy}, and V(S,) = {v1,02,03,...,024}, E(Sn) = {vivisa/1 < i < n}U
{v19,} U{vjv,4i/1 < i <n}. Let G = G, US, be disjoint union of these two graphs. We define vertex
labeling function f: V(G) — {0,+1,+2,...,+q} as follows.

(—1)i(g—2i+2), ifi=1,2,...,m+1;
fui) = q—4m, if i=0;
(—1)i(q—4m+2i—1), ifi=m+2,m+3,...,2m
Case1 m =0 (mod 2)

Subcase 1 n =0 (mod 2)



On Absolute Mean Graceful Labeling of Disjoint Union of Some Graphs / Akbari et al. 69

,

2n+1, ifi=1;

(-1)i(2n —2i+3), ifi=2,3,...,n

—(2n+1), if i=n+1;
floi) = i+1 3n+2
(=1)"*'(4n —-2i+3), ifi=n+2,n+3,..., "

' e Bntd.

(=1)'(n—4), if i =3t

(—1)*1(4n —2i43), if i= 36 348 oy

Subcase 2 n =1 (mod 2)

(

2n+1, if i =1;
(=1)i(2n—2i+3), ifi=2,3,...,n;
—(2n+1), if i=n+1;
(—1)i(4n—2i+3), ifi=n+2,n+3,..., %L,

j e 3nl,
(—=1)*(n—1), if i =,

i ; e+ 3n+3 3n+5
(—1)/(4n —2i+3), if i=38,345  on,

Case 2 m =1 (mod 2)

Subcase 1 n =0 (mod 2)

)i+l (2n —2i+2), ifi=1,2,...,42;

1)i(4n—2i4+2), ifi=n+1n+2,..., 2%

(—
f(vi) = .
(—
(-1

)

i2n—2i+2), if i="221248 oy
)
)

Hl(4n —2i42), if i=30H 36 oy,

Subcase 2 n =1 (mod 2)

)it (2n—2i+2), ifi=12,...,n

¢ 2 3n+3.
Ditn—2), i = 243,

(—
f(vi) = .
(—
(—

)

)i (4n—2i+2), ifi=n+1n+2,..., 22
)
)

0 :_ 3n45 3nt7
1) (4n —2i42), if i=30 38 op,

By defined pattern of vertex labeling function f, it can be seen that f is one-one. It is easy to check that
the edge labeling function f* is bijective. Therefore, the disjoint union of gear graph and sunlet graph

G = G, US,, is absolute mean graceful graph. O

Example 2.12. Absolute mean graceful labeling of the graph Gg U Sg is shown in Figure 6.
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2 \ <8 =16
-2 16

-30 27 —29 8 -1

Figure 6: Go U Sg and its absolute mean graceful labeling

3. Conclusion

In this paper, some disconnected absolute mean graceful graphs are investigated. To establish general

characterizations for disconnected absolute mean graceful graphs is an open area of research.
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