International Journal of Int. |. Math. And Appl., 12(2)(2024), 95-103
W attematics #ud cts Applications Available Online: http://ijmaa.in
ISSN: 2347-1557

A Study of Appell Function of Two Variables Using Hurwitz - Lerch Zeta Function of Two

Variables

Archna Jaiswal*, S. K. Raizada'

1 Department of Mathematics and Statistics, Dr. Rammanohar Lohia Avadh University, Ayodhya, Uttar Pradesh, India

Abstract

Firstly, the Appell’s Hypergeometric Function of two variables F,[a, by, by; ¢1, ¢2; X1, x2] is introduced
using Hurwitz-Lerch Zeta Function of two variables ¢, 4, b, byic;c, (¥1,X2,8, p). Then several integral
representations and differential formula are investigated for this function F,[a, by, by; ¢1, ¢2; X1, X2].
The function F[a,by,by;c1,c0; %1, %] that we have introduced & defined here has also been
represented in term of generalized Hypergeometric Function ,F,;. To strengthen our main results,

we have also considered some important special cases.

Keywords: Generalized Hurwitz-Lerch Zeta Function; Gamma Function; Beta Function;
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1. Introduction

A class of Mathematical Functions that arise in the solution of various classical problems of
mathematical physics are termed as Special Functions, for example some Special Functions arise in
solving the equation of heat flow or wave propagation in cylindrical co-ordinates, and in many other
such physical problems. Special functions have also applications in number theory, for example the
Hypergeometric functions are useful in constructing conformal mapping of polygonal regions whose
sides are circular areas. In the recent past, some applications are also seen in quantum mechanics and
in the angular momentum theory for example Gegenbauer polynomials are used in the developments
of four -dimensional spherical harmonics. In 2012, Pathan and Dawan [11] have given further
Generalization of Hurwitz-Lerch Zeta Function as:

2 (1), (32), (01),,, (B2),, (30)™ (32)™

Payaz by baicy,co (X1, X2,8,P) =
ay,az,01,02,¢1,C2 7 797 nllnzzzo nl!nzl(cl)nl (CZ)nz <n1+n2+p)s

@)

(al,az,bl,bzEC;s,xl,xzeC)p, Cc1,C1 75 {0,—1,—2,...} when ]xl\ < 1 and |x2] < 1, and
R (s+c1+ca3 —ay—0by —by) > 0 when |x;| = 1 and |xz] = 1. Also, in the year 2014 has HM.
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Srivastava [8] has given a new family of the A— Generalized Hurwitz-Lerch Zeta Function with

applications as:
1/ c _p\ b
¢Z(x, s, p; C) = F(S)‘/O £ 1 exp <—pt — tTl) . (1 — Xe t) dt (2)

(min{R(p),R(s)} > 0; R(c) > 0;a > 0;b € C). Srivastava and Choi [9] have given series associated

with the Zeta and Related Functions in the year 2001 by the following equation:

pa—0=3 Dot nay, (1 <la) ®

n=0

Also, Srivastava and Choi [10] have given Zeta and g-Zeta Functions and associated series and Integrals
in 2012. Srivastava, Saxena and Pogany [12] have given Integral and computational representations of

the extended Hurwitz-Lerch Zeta function in 2011:

0,0,k . > (a)pn(b)tm x"
it = £ Ol o

4)
a,becpcec|zy;p o keRT;

k—p—oc>—-1whens,x €C;
k—p—0=—1ands € c when |x| < §* = p Lo 7k,

k—p—oc=—1and R(s+c—a—"b) >1when |x| =%

Properties & particular cases of Hurwitz-Lerch Zeta function are found in [9,13,14] various type of
generalizations, extensions of Hurwitz-Lerch Zeta function can be also found in [8,10,12,15,16,17,18].
More details about generalizations, extensions, properties and cases of hypergeometric functions are
found in [2-6]. Zeta function is one of the special functions that is widely used in number theory and
is defined as [8]:
= 1
¢(s,p) = 7;) m;

For p = 0 the zeta function reduces to Riemann Zeta Function [8]:

R(s) > 1 ©)

pe) =Y 1 R >1 ©
n=1

The Hurwitz - Lerch Zeta Function is defined as [9,10]:

[ee]

plzsp) =Y o

L Gt p)s @

(p € c\zp;s € C) when |x| < 1and R(s) > 1 when |x| = 1. The Generalization of Hurwitz - Lerch Zeta

Function is defined [8]:
(b)pn x"
(C)on (n+p)*

o (x5 p) =Y (®)
n=0
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(r€C\Zp;s€C),(beC)and (p,0 € RT)p <o whens,x € C;o=cands € Cwhen |x| < 1,p=0¢
and R(s +c—0b) > 0 when |x| < 1. Motivated by the above recent works, in the field of applications
of special functions and their extensions and generalizations, the authors in the present paper have
defined the Appel Hypergeometric Function of two variables in terms of Hurwitz-Lerch Zeta Function

of two variables by the following equation:

[ee]

a)pin, (M1 + 12 +p)°
Z ( ) 1‘2;1)( 1(a2)2 p) (Pﬂl,ﬂz,b],bz}Cl,Cz (Xl,XQ,S, P) ©)

Fyla,by,bo;c1,c0, %1, %2 =
1’11,1’1220

(a1,a2,b1,bp € C;s,x1,x2 € C)p, c1,c1 # {0,—1,-2,...}R(c) > 0, R(b) > 0 when |x;1| < 1, |xz| <
1 and |x1|+ |x2] < 1 and R(s+¢1 +cp —a; —ax — by —by) > 0 when |x;| = 1,|x] = 1, where
Pay a0 b bricicr (X1,X2,8,p) is the generalized Hurwitz-Lerch Zeta Function of two variables defined by

Pathan and Dawan [11] by (1):

2. Preliminaries

Definition 2.1. The Hypergeometric Function yF;(a,b; c; x) is defined as [1]:

|x| < 1and R(c) > 0,R(b) > 0.
Definition 2.2. The Generalized Hypergeometric Function is defined as [1]:
oo M
pFy (41,02, ... ap; by, by, .. bg; x n;) qu)):n!' (11)
where Pochhammer Symbol are defined for n € C:
1 (n=0;a #0)

1. (a)n — F(u+n) —

T = {1,2,3...} and Z; =

a(a+1)(a+2)—{a+(n—-1)} (neN;aeC)
{0,—-1,-2,...}.
2. (@)pym = (@)u(a+n)y,ne Nac C;N={1,23...}and Z; ={0,—-1,-2,...}.

Definition 2.3. The Appell’s Hypergeometric Functions F, of two variables that was introduced by Poul Appell
(1880) [3-81:

i (@)ny+ny (01), (B2),, (x1)™ (x2)™

12)
T )y )y, m! m (

E (a, by, by;c1,c0;x1,%0) =
|x1] + |x2| < 1and R(c) > 0,R(b) > 0.

Definition 2.4. The integral representation of the Pochhammer symbol (a1),, & (a2),, is defined as:

(1), Tm/ ytm e vy (13)
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1 [e°]
(a2),,, = TTzz/o R (14)

Definition 2.5. The following identity
(@)1 =a(a+1), (15)

Several Integral Representations, and Differential Formula are obtained for our function introduced in
(9). In this next section we mention some of the known formulae and results which we need in the

proofs of our main results.

3. Main Results

3.1 Integral Representations

Theorem 3.1. The following integral representation for F; [a, by, by; c1, ¢2; X1, X2| holds true:

F, [g, by, bo;c1,00; %1, xz] = /00 /00 ;yal—lzaz—le—(y-&-ﬂ X
0 l"all"az

(a)n1+n2 (Tl] + 1y + P)

n1,12=0 [(al)nl (a2)n2]

(Pﬁl az,b1,ba;cico (X1]/, X22,8, P) dydz (16)

where R(c) > 0, R(b) > 0 provided |x1| < 1 and |x2] < 1; R(s) > 0, R(a) > 0 provided |x1| < 1 and
|x2| < 1; R(s) > 1, provided x; = 1 and x, = 1.

Proof. Using (12) and multiplying and dividing by {(al)n1 (”2);12} on right hand side we get:

©  (a)y, +ny(b b ™ "2 (a a
FZ [ﬂ, bl,bz; c1,Co; Xl,XZ] _ Z ( )nl 2( 1)111 ( 2)712 (xl)' (XZ)' ( 1)1’1] ( 2)712 (17)
momeo (€1) 1y (2),, m!  m! (a1), (a2),,
Using (13) and (14) for (a1),, and (a2),, on right -hand side of (17) we get:
e} a b b 5] ny
PZ [a, bl, bz,' C1, Cos X1, xz] _ Z ( )n1+712 ( 1)711 ( 2)1”12 (xl)' (XZ)'
nq,m=0 <a1)1’11 (az)}’lz (Cl)nl <C2)n2 ny: na:
L ® ar+ni—1,-y 1/00 ar+npy—1_—z
X Tar /0 Y e dyFaz A z e *dz (18)
Interchanging the order of integration and summation on the right - hand of (18) we get:
a b b
[a blleICLCZ/xl/xZ / / - 1-. ( )711+”2( 1)n1( 2)712 |1 '
f1182 nz =0 (ﬂm (a2),, (c1),, (c2),,, ™"
)y (y)™ 227 (x02)™ e~ V) dydz (19)
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Again, multiplying and dividing by {(al) ny (82),, (1 412+ p)’ } on right hand side of (19) we get:

] (e8] s b b
FZ [a/ bl/ bz; Cl/ CZ; xl/ xz] — / / ;yﬂlfleZ*lef(y‘i‘Z) Z (aai’l] + n2 ( 1)7’!1 ( 2)”2
0 Jo Tmlay iz (a (a2),, (€1),, (e2),,

1 " s |:(a1)n1 (a2),, (m +n2 + P)s]
o) a2) |:(a1)n1 (a2),,, (”1+”2+P)S]

] dydz (20)

On comparison with (1)

- (a)erﬂz (nl + 12+ p)s

n1,n2=0 [(al)m (aZ)nz}z

X Pay,a,b1 bricrcr (xly' X2Z2,5, P) dydz (21)

[ee] o0 1
F la, by, by; 01,00, %1, % :/ / _ = mlyml,—(y+z)
2 [a,b1,by; c1, ¢2; %1, X2 0 o Tar e

Hence we get the desired result, that is (16), which is wanted to prove. O

3.2 Differential Formula

Theorem 3.2. The following differential Formula for F, [a, by, by; ¢1, ¢2; X1, X2] holds true

52 d a ajarbyb
s (Rl by bya, o, nll = ) (@), 1201026112 (n1+ny+p—+2)°
xl x2 711,712:0 (al)n1+1 (a2)n2+2 C1CZ
X Py +1,ay4+1,b1+1 ba+ Ty +1,c0+1 (X1, X2,8, p +2) (22)

where R(c) > 0, R(b) > 0 provided |x1| < 1 and |x2] < 1; R(s) > 0,R(a) > 0 provided |x1| < 1 and
|x2| < 1; R(s) > 1, provided x; = 1 and x; = 1.

Proof. Partial derivative of (12) with respect to x, yields:

5 2 (@ (01),, (b2),, (x1)™ 2 (x2)™ "
— B [a, by, by;c1,00;x1, %0} = L 2 23
§x2 { 2 [ 1 2 1 2 1 2]} nl,nzzzo (C]_)nl (CZ)nz nl! nZ! ( )
And again, partial derivative of above (23) with respect to x; yields:
52 (@), (01),, (D2),, myma (1) (x2)™
Fyla,by,by;cq,00;x1, %0} = 1 2 24
6x16x2 {E2[a by, bajer, c;31, 2]} nl,nZZ::O (C1>n1 (cz)n2 np! 1! (24)
Or ) )
52 > (ﬂ)n1+n2 (bl)n (bz)n (xl)nli (x2>n27
Fy[a,by,by;cq,c0;x1,%0]} = 1 2 25
snow, (Rlbrbma e ]l = Y T ) T i1 @
Replacing 17 by (11 + 1) and 1, by (12 4+ 1) on right - hand side of above (25) we get:
2 ©  (a b b " "
0 {F2 [(1, b],bQ,’ e1, C xl/x2]} _ Z ( )n1+n2+2 ( 1)n1+1 ( 2)n2+1 (xl) (XZ) (26)
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Multiplying and dividing by {(”1)n1 (@), (m+n+p+ 2)5} on right hand side of (26) we get:

b2 {F2 [Cl by, by; c1, 25 X1 x2]} _ i (a)ﬂ1+n2+2 (bl)nlJrl (bZ)n2+l (xl)nl (xz)nz
5x1§x2 nq,my=0 (Cl)n1+1 (62)1’12+1 (nl)' (nZ)'

y (ﬂl)n1+1 (”2)n2+1 (711 +ny+p+ 2)5

(27)
(al)n1+l (az)l’lz-‘rl (nl + np + p + 2)5
Or,
_ i (”)n1+nz+2 (xl)nl (XZ)HZ (al)erl (az)ﬂz+l (bl)n1+l (bz)nz+1 (1’11 tmtp+ 2)5 (28)
niio (81) 41 (82) 0 (m1)! (12)! (€1)m11 (€2) 111 (nm +ny+p+2)°
Or,
— i (W nimrz (@041 (32) 0,40 (01510 (82) 1 (60)™ (22)"™ (11 + 12 + p +2)° (29)
im0 (A1) 11 (82) 5,11 (€1) 11 (€2) 41 (m)! (n2)! (m1 +n2+ p +2)°
Using the identity (15) on above (29) we get:
52 =~ (@) ny4np+2  ara2b1b2
Fy[a,b1,by; 1,005 %1, %20] } = -
0x10x2 {E] I} nl,nzz:o (a1)y,41 (82) 41 €102
y (a1 +1), (a2+1), (b1+1), (ba+1), (x))" (x2)™ (n1+ny+p+2)° (30)
(c1+1), (2+1), (n1)! (n2)! (m +na+p+2)°
On comparison with (1)
52 2 (@) ny+np420142b1b2
E |a, by, by;c1,00;x1, %0]} = — ni+ny+p+2)°
S 2 B L @)y a0 .
X Pay 41,00 +1b1+1,by+ Loy +1,c0+1 (X1, X2,8, P + 2) (31)
[
4. Special Cases
Case 1: If we put a = a1 = a = 1 in (9) we obtain:
O (ng+np)! (m +na+p)°
F[1,by,by;c1,00:x1,%0) = ) (1 o)t (1 4112+ p) P11, byscr,cr (X1,%2,8, P) (32)

11751
1y.112=0 nq:1Mo.

(b1,by € C;s,x1,x2 €c) and p,c1,c1 # {0,—1,-2,...} when |x;] < 1 and |x] < 1 and
R(s+c1+cy—b1 —b2) >0when |x1] =1and |x| = 1.

Case 2: If we put by = c1, by = 3 in (9) we obtain:

i S
Fla;xi,x] = ) (@), (M1 + 12+ p)

11,12=0 (al)nl (az)nz

$ay 0y (xll X2,5, p) (33)
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(a1,a2 € ¢;5,x1,x2 €c) and p # {0,—1,—2,...} when |x1| < 1 and |xz| < 1 and R(s —a; —az) > 0
when |x;| = 1 and |x2| = 1, where ¢g, 4, (x1,X2,5,p) is generalized Hurwitz - Lerch Zeta function in
[11].

Case3: Ifa =a1 =ap =1 and by = c1, b, = ¢ in (9) we obtain:

i (ny +n2)! (ng +np+p)°

Fllix, x) = 1715

$11 (x1,%2,8, p) (34)

711,112:0
(s,x1,x2€c) and p # {0,—1,-2,...} when |x;] < 1 and |x2|] < 1 and R(s) > 0 when |x;| = 1
and |x| = 1, where Pay,, (x1,x2,5,p) is Hurwitz - Lerch Zeta function of two variables of ¢(x,s, p) is
defined in [9, 10].

Case 4: If by — oo in (9) we obtain:

Fla, by, by;c1,c0;x1,%2] = bliin F |a, by, bo; C1,02;2,X2} (35)
1 o0

_§ @ (), ()" ()" 6

n1,12=0 (Cl)nl (Cz)n (1’11) (le)

@ @un 0y, ()" ()" (@) @)y, Ontm2tp?]
mieo (€ (@) (E0IE [ (a1), (a2),,, (m + 12+ p)’]
F[a, by, by; c1,c0;x1, 2] = i (a)nﬁ(nz §n1<+ ;Zz +p) Py nbercs (X1, X2,8,P) (38)
n1,nmy=0 n

(a1,a2,b € C; s,x1,x2 € C) and p,c1,c1 # {0,—1,—-2,...} when |x;] < 1 and |xz] < 1 and
R(s+c1+cx—a;—ap—by) >0when |x1] =1and |x] = 1.

Case 5: If by — 00,by — o0 in (9) we obtain:

Fla, by, by;cico;x1,%2] = , %112 F |a, by, bo; C1C2, b zj (39)
1,02—0

o]

Y (@), (x1)™ (X2)"™

11,11=0 (c1)p, (e2) 2 (121)! (122)!

_ i (@) nymp (1) (22)" |:<a1)n1 (a2),,, (n1 +mna + p)s]
o (€0 (€2)ey (0 02)! (@), (a2),, (1 42 + )]
F [a, by, by; c109; %1, x2) = i (@), +<an12) (nz;z—)nz + p)s%l/amcz (x1,X2,5,p) (40)

ny,n=0

(a1,a0 € C;s,x1,x0 € C) and p,c1,c1 # {0,—1,-2,...} when |x] < 1 and |x] < 1 and

R(s+c14cy—a;—ap) > 0when |x;| =1and |x| = 1.

5. Conclusion

We have introduced the Appell’s Hypergeometric Function of two variables in terms of Hurwitz -

Lerch Zeta Function of two variables and thereafter we have obtained Integral representation and
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differential Formula for this function F [a, by, by; c1, ¢2; X1, x2]. And then some of the special cases of our
main results are also considered which give rise to some other new interesting results.

Integral representation:

[ee] [ee] 1
F la, by, by;c1,c00; %1, % :/ / = ymlym—1,—(y+2)
2 [a, b1, by; cq, 025 %1, X2 o Jo Fal[azy

= (@)nyny (1 + 12+ p)°

WD () e

Payazby by c1c0 (xly/ X2, 5, P) dydz

(i) R(c) > 0,R(b) > 0 provided |x1] < 1and |x2| < 1;
(i) R(s) > 0,R(a) > 0 provided |x;] < 1and |x2] < 1;
(iii) R(s) > 1, provided x; =1 and x, = 1.
In the course of our above study, we have also obtained Differential Formula for

F [a, b1, by; C1, Co; x1, x2].
Differential Formula:
52 ad

bob
{1: [a, by, by; ey, C2; X1, xz]} — Z (ﬂ)n1+nz+2€l1ﬂ2 202 (”1 +m+p+ 2)5
ng,nzfo (al)nl-‘rl (az)n2+2 C1C2

0x20X7
X Dy, 410y +1,by+1 b+ 131+ 1,00+1 (X1, X2,8, P+ 2)
(i) R(c) > 0,R(b) > 0 provided |x1] < 1and |x;| < 1;
(i) R(s) > 0,R(a) > 0 provided |x;] <1and |x2] < 1;
(iii) R(s) > 1, provided x; =1 and x, = 1.

Lastly to strengthen our main results we have given and discussed some special cases.
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