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Abstract

The Laplace transform, Elzaki transform, and Sumudu transform methods are used in this paper
to solve initial value problems directly without having to convert them to ordinary differential
equations. One of the three methods can be used to solve initial value problems using these
transformation techniques. By applying the relevant transform to the governing equation and
initial conditions, initial value problems can be addressed using the Laplace, Elzaki, and Sumudu
transform methods. By doing this, problems can be solved without having to convert them to ODE
form. Transforming the initial value problems directly leads to solutions being obtained in one of
the three proposed approaches: Laplace, Elzaki, or Sumudu. The added complexity of transforming

problems to ODEs before using transforms to find solutions is avoided by this reformulation.
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1. Introduction

In differential equations, a boundary value problem consists of a differential equation coupled with
additional constraints known as boundary conditions. Abaker [1] defined a solution to a boundary
value problem as one that meets both the governing differential equation and the specified boundary
conditions [1]. The passage (2015) establishes that a boundary value problem is a combination of a
partial differential equation and boundary conditions [5]. Furthermore, they presented a definition of
a solution to such a problem that meets not only the differential relationship but also the boundary
constraints. Boundary value problems commonly arise in various fields of physics, as physical
differential equations inherently involve boundary conditions. For example, problems dealing with
wave equations, such as finding normal modes, are often framed as boundary value problems. A

boundary value problem must be well-posed to be applicable. A well-posed problem has a few key
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properties: there exists a unique solution given the inputs, and the solution continuously depends on
the inputs. A well-posed problem has a few key characteristics: there is a unique solution available
based on the inputs, and the solution constantly relies on the inputs. Being well-posed is essential for
a boundary value problem to be useful in practical applications., the solution to the problem could be
unstable or non-existent. Therefore, boundary value problems regularly arise in physics due to their
foundations in differential equations. It also emphasizes the importance of a problem being
well-posed for solutions to be meaningful and relevant to application.

Integral transforms have solved boundary value problems for many authors by using double Alzaki
transforms. Faiza and colleagues [2] utilized the double Alzaki transform technique to solve
one-dimensional boundary value problems involving wave and heat equations without having to
convert them to ordinary differential equations. By utilizing this transform approach, boundary value
problems can be solved without determining the complete integral solution. The Double Alzaki
Transform is a reliable and convenient way to address boundary value problems. Two examples from
other sources were presented by the authors to demonstrate the scheme. By applying the transform to
these test cases embodied in the wave and heat equations, while circumventing the intermediate step
of reducing to ODE form, the study validated the appropriateness and usability of this method for
boundary value problem-solving. This study, we use [7] Double Alzaki, Laplace [6, 12] and Sumudu
Transforms [18] to solve initial and boundary value problem, that is Homogeneous & Inhomogeneous
Wave Equation. Henceforth the different problems of initial and boundary value are solved without
converting it into Ordinary Differential Equation. So, this method is very reliable & convenient for
solving initial and boundary value problem, the scheme is tested through two different examples

which are being referred from.

2. Main Result

Example 2.1. Consider the homogeneous wave equation in the form:

utt = uxx - 3”; (1)
With initial conditions
U(x,0) =0, U;(x,0) = 2cos x, (2)
and boundary conditions
Uu(o,t) = sin2t, U,(0,t) =0, 3)

By taking the double Laplace transform of equation (19), we get

s’F(p,s) = sF(p,0) - ap(a’?o) = p*F(p,s) = pF(0,5) -

dF(0,s)
ax _3F(p15) (4)
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The single Laplace transform of initial conditions gives

_ dF(p,0) _ 2p
F(p,0) =0, o el ©)
The single Laplace transform of boundary conditions
2 JF(0,s)
F(O,S) - mr ox =0 (6)
By substituting (23) & (24) into equation (22), we get
2 2
2 _ R . S
s"F(p,s) —sF(p,0) 1P F(ps) = 54 —3E(p.s)
2 2 _ 2p  2p
= s F(ps) = pFps) +3F(ps) = 3 — 2
2 2 _ 2p(s*+3-p?)
= (s —p +3)F(p,s) = (P2 +1) (s +4)
That is
_ P 2
F(p’s)_p2+1'32+4 @

Applying inverse double Laplace transform of equation (25) gives the solution of wave equation (19) in the form

U (x,t) = cos x sin 2. (8)

By taking the double Elzaki transform of equation (19), we get

T(u,v) 0T (u,0) T(u,v) aT(0,v)

T T(u,0) —v IR S T(0,v) —u o 3T (u,v) )
The single Elzaki transform of initial conditions gives
B oT(u,0)  2u?
T(u,0) =0, T (10)
The single Elzaki transform of boundary conditions gives
203 9T (0,v)
By substituting (28) & (29) into equation (27), we get
2 3
T(u,v) 2u® T(u,v) 2v 3T(u,v)

02 _vuz—i—l w2 402 +1
N <u2—v+302u2> T(u,0) = 20u? 208

21?2 w2 +1 402 +1
203u4 2u?v°

2 2.2 _
= (u* —v+3v°u )T(u,v)—u2+1—4vz+1
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2u03( u? 4 3v%u® — 0?)
(21 1) @2 +1)

ou? 203

w2+ 1740241

= (u* — v+ 3v%u?) T(u,0) =

T(u,v) (12)
Applying inverse double Elzaki transform of equation (30) gives the solution of wave equation (19) in the form

U(x,t) = cos xsin 2t. (13)

By taking the double Sumudu transform of equation (19) we get

1 1 1oM(u,0) 1 1 10M(0,v)
;M(H,U) - ;M(U,O) - ET = ;M(u,v) - ﬁM(OIU) - 77 - 3M(u,v) (14)
The single Sumudu transform of initial conditions gives
dM(u,0) 2
= = 1
The single Laplace transform of boundary conditions
Y oM(0,v)
M(0,v) = T a0 P 0 (16)
By substituting (33) & (34) into equation (32), we get
1 1 2 1 1 20
M) =597 = aMw o) = g — M o)
1 1 1 2 1 20
= ?M(l/l,v) — ﬁM(H,’U) +3M(l/l,v) = 51 T uz — ﬁl +402
1 2 1 20

N u? — v + 30%u?
v2u?

> M(u,v)

T ol+u? u21+ 402

1 20212 1 203u?

Tol4+u2 u21+402

20 (u? —v? + 30%u?)
(1+u?) (1+40?)

1 20

T 141214402

= (u? — v* + 30*u?) M(u,0)

M(u,v) (17)
Applying inverse double Sumudu transform of equation (36) gives the solution of wave equation (19) in the form
U(x,t) = cosxsin2t. (18)

Example 2.2. Solve the inhomogeneous wave equation

Utt - uxx + U =2sinx (19)
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With initial conditions

u(x,0) =sinx, u(x,0)=1 (20)

and boundary conditions

u(0,t) =sint, uy(0,t) =1 (21)

By taking the double Laplace transform of equation (19), we get

2 _ _ 2 s
s°F(p,s) — sF(p,0) n p°F(p,s) + pF(0,s) + py + F(p,s) ST 12 (22)
The single Laplace transform of initial conditions gives
1 OF(p,0) 1
The single Laplace transform of boundary conditions
1 JF(0,s) 1
FOs) = s24+17 ox s (24)
By substituting (23) & (24) into equation (22), we get
1 1 1 1 1 2
2 I Lt _t_ s
SEps) =s apg =, TP RS p g g 5+ Eps) = S
2 s 1 1
2_ .2 _ T
= (=P 1) Eps) s(p2—|—1)+p2—|—1 s+p s2+1
1 1
A S URITEESY >

Applying inverse double Laplace transform of equation (25) gives the solution of Klein Gordon equation (19) in
the form

U(x,t) = sinx + sint. (26)

By taking the double Elzaki, transform of equation (19) we get,

T(u,v) oT(u,0) T(u,v) aT(0,v) v?u’
-T — — T T =2 27
v? (w,0)—v ot Z T (0,0) +u ax (,0) 14 u? @7)
The single Elzaki transform of initial conditions gives
u® 0T (u,0) ’

T(u,0) = 21 T u (28)

The single Elzaki transform of boundary conditions gives

3
T

T(0,0) = —2 oTOv) _ 2 (29)

1402 ox
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By substituting (28) & (29) into equation (27), we get

T(u,v) u’ »  T(u,0) o ) v*u?
2 w241 T T + 1402 +uv”+T(w,0) :21—|—u2
20%u° u2ov? u?ev®
2 2, .22 3.4, .3 4
— T = — _
= (u® —v* +u’v”) T(u,v) 1+u2+u2+1 vt +vu T
w302 (u? — 0% + u?v?
= (u? —* +u*0?) T(u,0) = ( T uZ;_ )
u3p? (u2 — v+ uzvz)
(1+22)
u3v? u?v3
T(u,v) = 0
(MU) 1+u2+1+02 (3)

Applying inverse double Elzaki transform of equation (30) gives the solution of Klein Gordon equation (19) in
the form
U(x,t) = sinx +sint. (31)

By taking the double Sumudu transform of equation (19) we get

1 1 1oM(u,0) 1 1 10M(0,v) 2u
?Mﬁl,v) - ?M(u,O) - *T - ﬁM(u,U) + EM(O,U) + 77 —|— M(Ll,v) — m
(32)
The single Sumudu transform of initial conditions gives
M(u,0) = 4~ MO0 _, (33)
w4 ot 7
The single Laplace transform of boundary conditions
v oM(0,v)
By substituting (33) & (34) into equation (32), we get
1 1 u 1 1 1 v 1 2u
G ’ T Th Ty [ 4 T T 7M 7 5 "y [ 4 - 7 = T
UZM(uv) vur+1 v u? (uv)+u202+1+u+M(uv) (14 u?)
204 +udv? uto?
2 _ 2 .22 —
= (u* —v* +v°u?) M(u,v) = 2 (11 1) +— (35)
1 v3u? B u?v?
uzv? +1 u
20%u3 + u® 03
2_ .2, .22 _ 2 2
= (u* —v* +v°u’) M(u,v) = A+ U — g o
u
M(u,v) = 36
(u U) uz _|_ 1 0211 ( )

Applying inverse double Sumudu transform of equation (36) gives the solution of Klein Gordon equation (19) in
the form
U(x,t) = sinx + sin t. (37)
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3. Conclusion

In this paper, the method of Laplace transform, Elzaki transform and Sumudu transform has been
successfully applied to find the solutions of the homogeneous and inhomogeneous wave equation
with initial conditions and boundary conditions by applying double and single Laplace transform,
Elzaki transforms and Sumudu transform and inverse double Laplace transform, Elzaki transform
and Sumudu transform.The paper concludes by summarizing the methodology and the solutions
obtained using Laplace, Elzaki, and Sumudu transforms for the given examples. Overall, the paper
demonstrates the utility of Laplace, Elzaki, and Sumudu transforms in solving initial and boundary
value problems directly without converting them into ODEs, providing a reliable and convenient

approach for solving such problems.
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