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Abstract

In this paper we extend the results of [1] by using semidirect products to find the matrix
representations of group algebras of the alternating group A4 and the symmetric group S4, when

the groups A4 and S4 are presented by more than two generators.
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1. Preliminaries

Let F be a field. A ring A is an algebra over F (briefly F-algebra) if A is a vector space over F and the
following compatibility condition holds (sa).b = s (a.b) = a.(sb) for any a,b € A and any s € F. A
is also called associative algebra (over F). The dimension of the algebra A is the dimension of A as a

vector space over F.

Theorem 1.1 ([3]). Let A be a n-dimensional algebra over a field F. Then there is a one to one algebra

homomorphism from A into M, (F), the algebra of n-matrices over F.

Let G = {91=14,...,9»} be a finite group of order n and F a field. Define
FG = {mg +axg+---+augn:a; € F}. FG is n-dimensional vector space over F with basis G.
Multiplication of G can be extended linearly to FG. Thus FG becomes an algebra over F of dimension

n. FG is called group algebra. The following identifications should be realized.
(i) Orgc = O0rc =0 for any g € G.
(ii) 1rgc = grc = g for any ¢ € G. In particular 1l = 1rc = 1.

(iii) arlg = arc forany a € F.

Let G be a group. Assume that H<1G, K < G, HNK = {1}, and G = HK. Suppose that K acts on H

by automorphisms of H. Then there exists a homomorphism ¢ : K — Aut(H). Assume the action is
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by conjugation. Then for k € K and h € H we have
kh = ¢ (k) (h) = khk™*

G is a semidirect product of H and K by ¢ and is denoted by G = Hx 4K [2]. A group G is metacyclic
group if it has a cyclic normal subgroup N such that G/ N is cyclic. Equivalently G has cyclic subgroups
H and K such that H <G and G = HK. If HN K = {1} also, then G is called a split metacyclic group.

A circulant matrix M on parameters ag, a1, . .., 4,1 is defined as follows

ag  Ap_1 - @
M (ag,a1,...,8,-1) = @ o v A2
| An_1 app - ap |
This matrix may be denoted in terms of its columns by [col (ag) |col (a,—1)| ... |col(a1)]. M is said to be

circulant block matrix if it is of the form M (M, My, - - - , M) i.e it is circulant blockwise on the blocks

My, My, -, M,. Thus

]\/[1 Mn Ce ]\/[2

M M M

M = 2 1 3
L Mn Mn—l Ml i

2. Main Results

Theorem 2.1 ([1]). Let F be a field and G = (a:a™ = 1) a cyclic group of order n. Then any element
apl +aqa+ - - +a,_qa ! of FG can be represented with respect to the ordered basis {1,tx, . ,0(”*1} by the

circulant matrix M (ap,ay, ..., a,-1).

Note that if the order of the basis elements is changed we obtain a different matrix of representation.
The new matrix is obtained by suitable interchanging of the columns of the matrix M (ag, a1, ...,a,-1)

with the same notations used in [1] we have

Theorem 2.2 ([1]). Let F be a field and G a split metacyclic group. the representation of the general element
m—1n—1 . m— .
Y. Y aja'pl in FG is given by the circulant block matrix M (M(ﬂio),Mﬁ(ail), .., MP 1(al~(m_1))); i =
j=0 i=0

0,1,...,n— 1.01']' e F.

For more complicated finite groups we use the circulant block matrices to do the required
representations. Now, we extend this method by using semidirect products to do the representations

for some finite groups involving more than two generators.

Theorem 2.3. Let F be a field and G be a group, and suppose that G is an internal semidirect product of H
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and cyclic group K = (7y) by ¢. Then the matrix representation [u] of the general element u in FG is given as
)

N ]
follows: [u] = ] ] o bl
i [um]v’”’l um]vmfz SR

Proof. Let G be an internal semidirect product of H and a cyclic group K = () by ¢. G = HxyK,
¢ : K — Aut(H) is homomorphism, ¢ () (k) = yhy~!. Suppose that H = {hy,hy,..., h,}, K =
Cu () = {1, Y, .- ,’ym_l} then the general element u in FG is

u=ahml+ahl +---+a,h,1 +a,1hy + apiohoy+ ...

o Bahny + doppt Y A azphay A+ Ay
Now we can write v as u = uy + U + - - - + u,;,, where

U = aiml+ ahyl +--- +a,h,1

Uy = Ay 7y + appohoy + - - - + aghyy

Um = a(m—l)(nJrl)hl')’m_l + o Ay

The matrix representation [u] of u:

m—1

[u] = M([w1], [u2]”, ..., [um]™ )
Where 7' : H — H is the automorphism 7' = ¢ (7') (k) = y'hy~" and

[u;] = [col (h1) |col (h2)]...|col (hy)],
(] = [col (7)) Icol (7 (h2)) ... eol (7' ()]

Then the matrix representation [u] of u is given as follows

[ ] [l [u2]" |
wo | et (1]
T LA ™ [11]
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3. Applications

We use Theorem 2.3, to compute the matrix representations of FA4 and FS4, where Ay and Sy are

presented as follows.

(1) Ay= (B, y:0*=p>=1"=1,Ba=ap,ya =By, 7B =apy)
= {1 B,ap,v,av, By, apy, v’ o, By, aBpy’}
As = (G2 (&) X C2 (B)) 9 Cs (7).

The general element of FAy is u = al + ba + ¢ + daB + ey + fay + gBy + hapy + iv? + jay? + kBy?> +
laBy?; a,b,...,1 € F. Let uy = al +ba + cB+dap, up = ey + fay + gBy + haPy, uz = iy + jay®> +
kBy? + laBy?. Then u = uy + up + us.

By Theorem 2.3, matrix representation of u is

2

(] [ua]” ua]”
= | (" ] us)”
] ()" ]
- o
b d c
(] =
c d a b
I d c b a |

Ay = (Co () x C2(B)) %9 C3(7), ¢C3 () :— Aut(H) is a homomorphism, ¢ () : C2 (a) x C2 (B) —
Cy (a) x Cp (B) an automorphism, ¢ (7) (1) =91y ' =99* =1, ¢ (7) (&) = yay ™!, = yay? = pyy* =
B¢ (v)(B) = vyt = B> = apry* = aB, ¢ (7) (aB) = yapy~' = yapy* = ByBy* = Bapyy’ =
xBp = a.

(2] = [eol (1) |col (a)| col (B) |col (ap)]
(2] = [col (1) |col (B) |col (aB) |col(a)]

_ ) ) f_
f g e
U] =
f h
I h e g |
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1

Pa(?) " = ap, ¢ (1) (B) = VA7) =, ¢ (47) (aB) = Pap(+?) ' = 5.

[uz] = [col (1),col («),col (B),col (af)]
[u3]72 = [col (1), col (aB),col (a),col(B)]

i l ik
ik i l
us] " =
ko I i
[ i kg
4 b ¢ d i1k e ¢ b f |
b a d ¢ ki l f h g e
c d a b kg [ i g e f h
d ¢ b a [ i kg h f e g
e ¢ h f a b ¢ d i I 5 k
h b d k l
Then [u] = f & f ! ‘ J l
g e f h c d a b kg [ i
h f e g d ¢ b a [ i kg
i l ik e h f a b ¢ d
j k i l f h g e b a d ¢
k l i g e f h c a
| ! ko j h f e g d b |

) Sa={(a,B,7,0:0> =B =9"=0"=1,pa=aB,yu=pv,7f = apy,da = ad,of = apd, oy = 7*5)

Sy = AyxpCy (0), where C; (0) acts on Aut (A4) by conjugation.

Let ug, be the general element of FSy, us, € FSy, us, = ua, (a1,az,...,a12) + ua,(b1,b2,...,b012)0,
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[u54] = M([MA4 (ﬂl,ﬂz, Ce ,a]z)] , [MA4(b1, bz, Ce ,bu)]‘s).

a1 az as ay a9 dip dip a1 as az dag 4de

as ag a1 ap az as g 4

| |
a2 a1 ag 4as \ aijp 411 49 a4 ! ae as az ds
| a1 410 a12 A9 !

| |

a4 as az a1 aip a9 aix a4y as ae as ay

as az as ae a1 az as ag Ag a2 4ip 411

|

g ag ay as | a4y a1 ag 43 ayp a4y A9 A1

[l/lA4 (611,...,5[12)] = ‘
|

|
|

az 4as ae as as ag a az ! a1 dip 412 49
|

as ae as az ay as az a a2 dg9  d11  aio

ag dip dip 411 as az 4as ae a az az a4

a1 410 412 a9 azy  4as ae as as ag ap az

\ |

aip 411 49 aip \ ae as az as ! a a ag az
| |
\ |

aip a9 4l aipo as ae¢ a5 azy a4 az a M

¢ (6) : Ay — A4 an automorphism, 516! = 616 = 1, sad ! = sad = w, 561 = 6B5 = aB, SuBs~! =
SaBs =B, 6757 =676 = 2, bayd ! = dayd = ay?, 6Bys ! = 6ByS = aBy?, saBys ! = sapyd = B2,
5726 = 6925 = v, Say?6! = Say?5 = ay, B30 = 6BY*S = aPry, SaBy St = dapyrS = By.

[a, (b1,...,b12)] = [col (1),col (a),col (B),col (aB),col (y),col (ay),
col (B) , col (aBy) , col (v*) , col (ay*) , col (By*) , col (aBy?)]
[tia, (b, ..., b12)]° = [col (1), col (&), col (2B),col (B),col (42),col (ar?),

col (/3')/2) , col ([3')/2) ,col (7y), col (ary), col (aBy), col (B)]
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by by by b3
b by bz by

bs b7 bs bsg | by bia b bio
be bs bs by | b bun b by
b; bs bs b | bu b by bip
by bz b b bs bse b7 bs | b by b bn
bs by be bs by bix b b
bip bin b be
by b by b2
biz by b bn

by by by b
by b1 by by
bs by by b
by by b b

|
|
[uA4(b1,. . .,blz)](s =

by bs bg bg |

bs bs by bs |

by by by b3 | bs b, bg bg

bip b1 bip by by by by by | bg bg bs by
biir bio bo b2 |
|

bip by by b

b3 by by by b; bs by bg
by bz b1 b bs bs by bs

Thus

[a, (a1,...,a12)] [ua,(by,...,b12)]°

]
[MA4(b1,...,b12)]5 [MA4 (al,...,au)]
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