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Abstract

In this paper, the authors established the general solution and generalized Ulam - Hyers stability of
an mixed type n dimensional additive quadratic functional equation in Banach spaces using Hyers
method. The stability results are proved in two ways by considering 7 is an even and odd positive
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1. Introduction

The stability problem of functional equations initiated from a question of S.M. Ulam [28] concerning
the stability of group homomorphisms. D.H. Hyers [18] contributed a first positive partial reply to
the question of Ulam for Banach spaces. Hyers’ theorem was generalized by T. Aoki [2] for additive
mappings, Th.M. Rassias [24] and ].M. Rassias [23] for linear mappings by considering an unbounded
Cauchy difference. A generalization of all the above results was achieved by P. Gavruta [15] by
replacing the unbounded Cauchy difference by a general control function in the spirit of Rassias
method. In 2008, a special case of Gavrutas theorem for the unbounded Cauchy difference was
obtained by Ravi et.al., [26] by considering the summation of both the sum and the product of two
norms in the sprit of Rassias approach.

The famous Additive Functional Equation and Quadratic Functional Equation are

flutv) = f(u)+ f(o), ey
flu+0)+ f(u—0) =2f(u) +2f (0). &)
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The solution and stability of the above functional equations and several other types of functional
equations in various settings are given in [1,12,19-21,25,27]. In 2005 and 2006, K.W. Jun, HM. Kim
[16,17] introduced and discussed the general solution and the generalized Hyers-Ulam stability for the

following additive and quadratic type functional equations

flxtay) +af (x—y) =f(x—ay)+af (x+y);a# =101, ®)
f(Z) F-2Yf)= Y flut) @
= = <i<j<n

and investigated the generalized Hyers-Ulam-Rassias stability. The general solution and generalized

Hyers - Ulam stability of the succeeding mixed type additive-quadratic functional equations

fRx+y)+ f(2x —y) =2f(x+y) +2f(x —y) +2f(2x) — 4f(x), (5)
fQx+y)+f(2x—y) = f(x+y) + f(x —y) +2f(2x) — 2f(x), (6)

f(—x1)+f<2X1—éxi> +f<zéxi> +f<xl+éx1> f<—x1 Zé%’)
Y

—f <x1—ixi> —f (—x1+ Xi
= i=2

~3f (xn) (z) , %
gx+y)+g(x—y) =28(x) +gy) +8(-y), ®)
;0 [f (x2i + x2i41) + f (321 — X2i41)] = g [2f (x2i) + f (x2i41) + f (= 22i11))] )
fRx+y) - fQRx—y) =2[f(x+y) - flx =y = f(y) + f(=y) (10)

flr= 0+ f -0+ fla -0 =37 (FTETE ) (BELEE)
() ()

h(x+2y+3z) +h(x+2y —3z) + h(x —2y +3z) + h(—x+2y +3z) = h(x +y + 2)
+h(x+y—z)+h(x—y+z)+h(—x+y+2z)+2h(y)
+4h(z) +5[h(y) + h(—y)] + 14[h(z) + h(—2)] (12)

were explored by A. Najati, M.B. Moghimi [22], M.E. Gordji et. al., [14], M. Arunkumar, S. Karthikeyan
[3], M. Arunkumar, ].M. Rassias [4], M.Arunkumar [5], M. Arunkumar et.al., [7-9]. In this paper, the
authors established the general solution and generalized Ulam - Hyers stability of an mixed type n

dimensional additive quadratic functional equation

f2 <2M1 + iw) + f12 <2M1 - iw) = fi (iw)
i—2

=2 i=1
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n

+f12 (Ml - ZW) + f12(2u1) + (fr2(u1) + fra(—u1)) (13)

i=2

where 7 is positive integer with n > 2 in Banach spaces using Hyers method. The stability results are

proved in two ways by considering 7 is an even and odd positive integer.

2. General Solution of (13)

In this section, we present the general solution of the n dimensional additive quadratic functional

equation (13).

Theorem 2.1. If an odd function fio : U — V satisfies the functional equation (1) if and only if f1, : U — V

satisfies (13) for all u, v, u1,uy,- - - ,u, € U where U and V be real vector spaces.

Proof. By data fio : U — V satisfies the functional equation (1), that is

f12<u + 7)) = flz(u) —|—f12(0>;v u,v e U. (14)

It is easy to verify from (14) that

f12(0) = 0; f12(2u) = 2f1a(u); f12(3u) =3f12(u); fr2(Ku) = Kfo(u);V u € U. (15)

Replacing u by 2u in (14) , one can have

f12(2u + U) = f12(2u) —|—f12(U);V u,v € U. (16)
Replacing v = —v in (16) and using (15), one can arrive
f12(2u — 7)) = f12(2u) — f12<7));v u,v € U. (17)

Adding (16), (17) and using (15) as well as (14), one can obtain

f122u+v) + f12(2u —v) = fio(u+v) + fro(u —v) + f12(2u);V u,v € U. (18)

Adding f1(u) on both sides of (18), one can get

f12Qu+v) + fr2(2u —v) + fio(u) = fro(u+v) + fro(u — v) + f12(2u) + fro(u);V u,o € U.  (19)

Using (15), the above equation (19) can be rewritten as

f12(2u + 7)) —|—f12(2u — Z)) = f12(1/l + Z)) —|—f12(u — U) +f12(21/l) —|—f12(u) —|—f12(—u);v u,v e U. (20)
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Finally replacing u by u; and v by up + - - - 4+ u, in (19), we arrive (13).
Conversely, by data fi, : U — V satisfies the functional equation (13). If we interchange u3 = - - - u, =0

in (13), and using oddness of fi, in (13), one can see
f12 (2u1 + Mz) + fi2 (2u1 — uz) = f12 (u1 + uz) + f12 (Ml —up) + f12(2u1);v ui, upy € U. (21)
It is easy to verify from (21) that

f12(0) = 0; f12(2u) = 2f12(u); f12(3u) =3f12(u); fr2(Ku) = Kfa(u);V u € U. (22)

Setting u; by % and up by u — v in (21) and using (22) as well as oddness of fi», one can arrive

4f1p(u) +4f12(v) = fr2(8u —v) — fio(u —3v) + 2f1p(u+0);V u,v € U. (23)
Setting u by 2 and v by =%52 in (32) and using (22) as well as oddness of fi,, one can have
2f12(u+v) +2f12(u —v) = fro(u +20) + fro(u —20) +2f12(u);V u,v € U. (24)
Interchanging u and v in (24) and using oddness of f15, one can get
f12(2u 4+ v) — f12(2u —v) = 2f1p(u+0) — 2f12(u — v) — 2f12(v);V u,v € U. (25)
Using oddness of fi,, the above equation (25) can be rewritten as
fr2Qu+v) — fi2(2u —v) = 2f12(u +v) —2f12(u —v) — fi2(v) + fr2(—v);V u,v € U. (26)

By Lemma 2.1 of [7], we arrive our result. Hence the proof is complete. O

Theorem 2.2. If an even function fio : U — V satisfies the functional equation (2) if and only if fio : U — V

satisfies (13) for all u, v, uy,up,- -+ ,u, € U where U and V be real vector spaces.

Proof. By data fip : U — V satisfies the functional equation (2), that is
fr2(u+0) + fio(u —v) =2f1p(u) + 2f12(v);V u,v € U. (27)
It is easy to verify from (27) that

flz(O) = 0; f12(21/l) = 4f12(u); f12(3u) = 9f12(u); flz(Ku) = K2f12(u);v uec u. (28)
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Replacing u by 2u in (27) and using (29), (27) as well as evenness of fi,, one can have

f12(2u + 7)) —|—f12(2u — Z)) = f12(M + Z)) —|—f12(u — U) +f12(21/l) —|—f12(u) —|—f12(—u);v u,v e u. (29)

Finally replacing u by u; and v by up + - - - 4+ u, in (29), we arrive (13).
Conversely, by data f1, : U — V satisfies the functional equation (13). If we interchange u3 = - - - u, =0

in (13), and using evenness of fi, in (13), one can see

f12 (2Quy + uz) + f12 (2Quy — un) = frz (w1 +uz) + fr2 (w1 — uz) + f12(2u1) + 2f12(u1); Vv ug,up € U. (30)
It is easy to verify from (30) that
f12(0) = 0; fra(2u) = 2f1a(u); f12(3u) = 3f12(u); fra(Ku) = Kfip(u);V u € U. (31)
Using (31) in (30), one can obtain

f12 (2uy + 1/[2) + f12 (Quy — upy) = fi2 (u1 +u2) + f12 (1/[1 —up) + 6f12(u1);v ui, ux € U. (32)

By Theorem 2.1 of [13], we arrive our result. Hence the proof is complete. O

In order to explore the generalized Ulam - Hyers stability theorems, let we take a mapping fi, : W; —

Ws by

D flz(ul,uz,ug,...,un) :f12 <2M1 + 2Mi> +f12 <2u1 — iui) —f12 (iui)

i=2 i=2 i=1

i=2

n
— fi2 <u1 - Zm) = f12(2u1) = (fr2(u1) + fro(—u1))
for all uq,up, us, ..., u, € Wi where WW; be a normed space and WV, be a Banach space.

3. Stability Theorems for n is an Even Positive Integer

In this section, we provide the stability of n dimensional additive quadratic functional equation (13)

for n is an Even Positive Integer.
Theorem 3.1. If A, A : W} — [0, 0) are functions which satisfies

DMy My yyn oo DT
llm )\( u]/ uZI l/l3, 7 ul’l) — 0 (33)

r—00 2rq

with g € {—1,1} and fi1o : Wi — Wh is a odd function satisfying the inequality

HD le(ull Up, U3z, - /un)H S A <1/l1, Up, U3z, - run) (34)
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for all uy,uz,uz, -+ ,u, € Wy. Then there exists a unique additive mapping A : Wy — W, which satisfes the

inequality
1 & Ap(2P9u,2Pu, - - ,2Pu)
lAG@) - AW <5 X oI (35)
_1
P="
for all u € Wy, where
Ap(2Pu, -+, 2P0u) = A(2PTu, 2P0y, 2P0y, ..., 2P9u, —2Pu, —2P1y, .. ., —2”%41,0) (36)
("Z;Dtimes ("%Z)times
and
2m
A(u) = lim H(2Tu) (37)

r—oo 211

forall u € Wh.

Proof. By data fi, is an odd function and let we take fi, = fi. Replacing

(uy,up,uz- -+ ,Uy) = (u,u,u,--- S, —U, =, ,—u,O)

n—2 times n—2 times
2 2
in (34), we get
ILfi2u) —2f1(u)| < A(u, U, U, U, — U, — U, —u,O) (38)
n—2 times n—2 times
2 2
for all u € Wjy. Define
Ap(u,u, -+ ,u) = /\(u,u,u cee U, —U,— U ,—u,O) (39)
n—2 times n—2 times
2
for all u € Wj. Using (39) in (38), we obtain
1f1(2u) = 2f1(u)[| < Ap(u, ..., u) (40)
for all u € W;. It follows from (40) that
2u 1
’fl(z )—fl(u)H < SAe(,.. u) (41)

for all u € Wi. Now replacing u by 2u and dividing by 2 in (41), we get

2
’f1(222u) _fl(zzu) S%AE(ZM,'-',ZM) (42)
for all u € W;. From (41) and (42), we obtain
2%u 1 1
’ f1(22 ) —fl(u)H < SAE( ) + oy A (20, 2u) (43)
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for all u € W;. In general for any positive integer r , we arrive

h2u) H<1r11/\ Wu,. .., 2 44
A0 <3 X gphe@n 2) o

,
for all u € Wj. Hence, it follows from (44) that the sequence {f ! (22r ) } is a Cauchy sequence.

f1(2"u)
21"

Indeed, to prove the convergence of the sequence { }, replace u by 2'u and dividing by 2! in

(44), for any t,r > 0, we deduce

for all u € Wj. Since W, is complete, there exists a mapping A : W; — W, such that

1'& 1
522— (2P u, 2P ) — 0 as r — o0

2% Tu) — fi(27u)
2(+7) 2t

f1(2" - 2tu)

21’

—fl zf

E

Alu) = fl( ), Y uew.

7’%00
Letting r — oo in (44), we see that (35) holds for all u € W; with g = 1. To prove that A satisfies (13),

replacing (uy, up, us, ..., uy) by (2"u1,2"u,2"us, ..., 2"u,) and dividing by 2" in (34), we obtain

1
(2"u1,2"up,2"us, ..., 2 uy) ‘ < ?/\(Zrul,Zruz,Z’ug,,...,2run)

for all uq,up, us, ..., u, € Wi. Letting r — oo in the above inequality and using the definition of A(u),
we see that A(u) satisfies (13) for all us, up, us, ..., u, € Wy. It is easy to verify that A(u) is unique.

Replacing u by g in (40), we have

u u u
< -z i
A =2 ()] = 2 (5 5-3) =
for all u € W,. Hence, for g = —1 also, we can prove a similar stability result. This completes the proof
of the theorem. O

The following Corollaries are immediate consequences of Theorem 3.1 concerning the stability of (13).

Corollary 3.2. Assume that a be nonnegative real number. Let an odd function fi, : Wi — W, satisfies the
inequality ||D fip(u1,up, us, ..., un)|| < a for all uy,uy, ..., uy, € Wi. Then there exists a unique additive

function A : Wy — W such that ||A(u) — fi(u)|| < |a| forallu € Wi.

Corollary 3.3. Assume that a and b # 1 be nonnegative real numbers. Let an odd function fip : Wi — W,

satisfies the inequality ||D fio(uq, Uz, us, ..., uy)|| < a Z \|u;||” for all uy,us, ..., u, € Wy. Then there exists

i=1

b
a unique additive function A : Wi — W such that ||A(u) — fi(u)|| < (|2_)2|J’u||for allu € Wi.
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Corollary 3.4. Assume that a and b be nonnegative real numbers. Let an odd function fi, : Wi — W, satisfies
n n

the inequality |D fip(u1,uz, u3, ..., uy)| < a{ ITwl? + % ||ui|\”b} for all uy,uy,...,uy € Wy. Then
i=1 i=1

-1 nb
there exists a unique additive function A : Wy — Wh such that ||A(u) — fi(u)| < W

nb #1, forallu € W.

with

Corollary 3.5. Assume that a and by, by, ..., b, # 1 are nonnegative real numbers. Let an odd function
n

fi2 : Wy — W satisfies the inequality ||D fio(u1, ua, uz, ..., un)|| < a ¥ ||ug||¥ for all uy,uy, ..., uy € W
i=1

Then  there exists a wunique additive function A : W — W,  such  that

allul| 5 a(n — 2)||ul|*
A(u) = A)] < + ,

forallu € W;.

Corollary 3.6. Assume that a and by, by, ..., b, # 1 are nonnegative real numbers. Let an odd function
n n

fi12 : Wi — W satisfies the inequality ||D fio(u1, up, uz, ..., uy)|| < a{ IT[|ullb + % HuiH”bi} for all
i=1 i=1

Uy, Uy, ..., Uy € Wy. Then there exists a unique additive function A : Wy — W such that ||A(u) — f1(u)]| <
allul ™ S a(n = 2)|[u]|"

|2 — 21b1 | = |2 — 2mbi| with nb; # 1, forallu € W.

The proof of the following theorem and corollaries are similar to that of Theorem 3.1, Corollaries 3.3 -

3.6 if f1» is an even function and we take fi» = f. Hence the details of the proof are omitted.
Theorem 3.7. If A, Ag : W}' — [0, ) are functions which satisfies

. A (2Muq, 2Muy,2"us, - -, 2" uy,)
lim

r—00 479

=0 (46)
with g € {—1,1} and f1o : Wi — W is a even function satisfying the inequality

ID fro(uy,uz,uz, -+ un) || < A (uy,uz,us,- -+, un) (47)
forall uy, up,uz, - -, u, € Wy. Then there exists a unique quadratic mapping Q : Wi — W, which satisfes the
inequality

Ap (2P0, 2P0y, - - -, 2PTy)

[ORSADIEEE o )

for all u € Wy, where Ag(2P7u,2P9u, - - - ,2Pu) is defined in (36) and Q(u) is defined by

Q(u) = lim £(2%) (49)

r—00 419
forall u € Wh.

Corollary 3.8. Assume that a be nonnegative real number. Let an even function fip : Wi — W, satisfies the
inequality ||D fip(u1, u, u3,...,u,)|| < a forall uj, uy, ..., u, € Wi. Then there exists a unique quadratic

function Q : Wy — W such that ||Q(u) — fo(u)|| < |§| forallu € Wh.
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Corollary 3.9. Assume that a and b # 2 be nonnegative real numbers. Let an even function fip : Wi — W)
n

satisfies the inequality ||D fia(u1,uz, s, ..., un)|| < a X ||u]|® for all uy,uz, ..., uy, € Wi. Then there exists
i=1

(n—1)[ull’

a unique quadratic function Q : Wi — W such that ||Q(u) — fo(u)|| < a o] forallu € W.

Corollary 3.10. Assume that a and b be nonnegative real numbers. Let an even function fip : Wi — W;
n n

satisfies the inequality |D fio(uq, uz, us, ..., uy)|| < a{ ITwl|? + & HuiH”b}for all uy, uy, ..., uy, € Wy,
i=1 i=1

- nb
Then there exists a unique quadratic function Q : Wy — W such that ||Q(u) — fo(u)|| < W

with nb # 2, forallu € W.

Corollary 3.11. Assume that a and by, b,..., b, # 2 are nonnegative real numbers. Let an even function

n
fi2 : Wi — W, satisfies the inequality ||D fio(u1,ua, us, ..., un)|| < a ¥ ||ui||% for all uy,ua, ..., u, € Wy,
i=1
Then  there exists a unique quadratic function Q : Wy — W, such  that
allul|* N a(n—2)|[ul|"
_ <

i=2

forallu € W.

Corollary 3.12. Assume that a and by, by, ..., b, # 2 are nonnegative real numbers. Let an even function
n n

fiz : Wi — W, satisfies the inequality ||D fip(u1,uz, us, ... uy)|| < a{ ITullt + % ||ui|]”bi} for all
i=1 i=1

Uy, Uy, ..., Uy € Wi. Then there exists a unique quadratic function Q : Wy — Wz such that ”Q(u) — f(u)| <
allu "™ T a(n = 2)||ul|™

|4 — 21t | 4 nbi| with nb; # 2, forallu € Wh.

i=2
Theorem 3.13. If A, Ag : W} — [0,00) are functions satisfying (33) and (46) and fi, : Wi — Wy is a
function satisfying the inequality

HD le(ull Up, U3, -+ /un)H S A <1/l1, Up,ug, - /un) (50)

for all uy,up,uz,--- ,u, € Wy. Then there exists a unique additive mapping A : Wi — W, and a unique

quadratic mapping Q : Wy — W, which satisfies

1 & 1
Hle(u) - A(M) — Q(U)H < — Z % (AE(quM,quu, e ,zpqu) _|_AE(_2Pqu, _zpqu,. . ,_quu))
4 pe s 2
1 & 1
+ 3 ;q YT (Ap(2PTu, 2P0y, - -+, 2PTu) + Ap(=2PTu, =2y, - -, —2P9u))
P=—=

(51)

forall u € Wy, where Ag(2PTu,2Pu, - - - ,2P1u), A(u) and Q(u) are defined in (36), (37) and (49), respectively
forall u € Wh.

Proof. Define a function f,(u) by

folu) = fi(w) —2f1(—u) for all ueW.
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Then, it is easy to see that f,(0) = 0 and f,(—u) = —f,(u) for all u € W;. Hence

A(“l/“Z/ us,... /ul’l) + /\(_ull —Up, —Uz,..., _ui’l)

D fo(uy, uz,uz,. .., u,)|| < > .

(52)

for all uq,up, uz,- -+ ,u, € Wi. By Theorem 3.1, we have

NG
e
N‘r—\

=

I fou) = A(u)|| <

(AE(ZP‘?u 2Py, . ,2P‘1u) + AE(—ZWu, —2Py, ..., _ZP‘?M)) (53)

p="7"

for all u € Wj. Similarly, if we define a function f.(u) by

fe(u) = (1) +2f2(—u) for all ueW.

Then, it is easy to see that f,(0) = 0 and f.(—u) = f.(u) for all u € W;. Hence

Aug, ug, uz, ..., uy)  A(—uy, —up, —uz, ..., —ly)
2 + 2 ’

HDfe(ubuZ/uS/---/un)H S (54)

for all uq,up, us3,- -+ ,u, € Wi. By Theorem 3.7, we have

|| fe(u) — % ) % Ap(2PTu, 2Py, - - - 2P9u) + Ap(=2Pu, —2PTy, - - -, —2PTu)) (55)
717
for all u € W;. Define
fr2(u) = fe(u) + fo(u) (56)
for all u € Wj. From (53),(565) and (56), we arrive our result Hence the theorem is proved. O

With the help Theorem 3.13 and Corollaries 3.3 - 3.6; 3.9 - 3.12, we have the following Corollaries
concerning the stability of (13).

Corollary 3.14. Assume that a be nonnegative real number. Let a function fi, : Wi — W satisfies the
inequality ||D fia(u1, u, u3,. .., uy)|| < a for all uy,uy,...,u, € Wi. Then there exists a unique additive
mapping A : Wy — W, and a unique quadratic mapping Q : Wi — W, such that || fi2(u) — A(u) — Q(u)|| <
la| {3+ &} forallu € Wy

Corollary 3.15. Assume that a and b # 1,2 be nonnegative real numbers. Let a function fipo : Wi — W,
satisfies the inequality ||D fio(uq, Uz, us, ..., uy)|| < a Z \|ui]|® for all uy,us, ..., uy, € Wi. Then there exists
a unique additive mapping A : Wiy — W, and a umque quadratic mapping Q : Wi — W, such that

allt gl — b
i) = A) — Qo] < 5P 4 S0 DIE o €

Corollary 3.16. Assume that a and b be nonnegative real numbers. Let a function fi, : Wi — W satisfies the

n n
inequality ||D fio(uq, Uz, us, ..., uy)|| < a{ I luwl? + & ]|ui||”b}for all uy, uy,...,uy € Wy. Then there
i=1 i=1
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exists a unique additive mapping A : Wi — W, and a unique quadratic mapping Q : Wy — W, such that

_ nb _ nb
fr2(u) — Au) — Q(u)]| < ”(’;’2 ?'2‘:2"' ”(’1'4 ?'2';2"' withnb £ 1,2 forall u € Wh.

Corollary 3.17. Assume that a and by, by,...,b, # 1,2 are nonnegative real numbers. Let a function fi, :

n
Wi — W satisfies the inequality |D fio(uq, uz, us, ..., un)|| < a ¥ ||ui||% for all uy,ua, ..., uy € Wy. Then
i=1

there exists a unique additive mapping A : Wy — Wh and a unique quadratic mapping Q : Wi — W such

that —Au) — < - =/ 1
u € W

Corollary 3.18. Assume that a and by,by, ..., by, # 1,2 are nonnegative real numbers. Let an function
n n

fiz : Wi — W, satisfies the inequality ||D fip(uy,uz, us, ... uy)|| < a{ ITull? + % HuiH”bi} for all
i=1 i=1

Uy, up,...,uy € Wi  Then there exists a unique quadratic function Q : W; — W, such that

[ fr2(u) = Au) = Qu)| <

allul [ Fan=2)|[u|[™ allu]]™ T a(n = 2) ||
310 — onbi]| — 2L with nb; # 1,2, forallu € W.
2|2 —2mhn| 1; 2|2 — 2nhi] 4|4—2nb1|+1.:2 44 _omb| T i # 1,2, forall u 1

4. Stability Theorems for n is an Odd Positive Integer

In this section, we provide the stability of n dimensional additive quadratic functional equation (13)
for n is an Odd Positive Integer. The proof of the following theorems and corollaries is similar to that

of Section 3. Hence the details of proofs are omitted.
Theorem 4.1. If A, A : W}' — [0, ) are functions which satisfies

A (2790, 2 0y, 20y, - - -, 214
lim (27141, 2"2, 23 ) _ g (57)

r—00 219

with g € {—1,1} and fi1p : Wi — Wh is a odd function satisfying the inequality

ID fia(uy, uz, us, - -, un)|| < A(ug,uz,uz, -+, uy) (58)

forall uy,up,uz, -+ ,u, € Wy. Then there exists a unique additive mapping A : Wy — W such that

1 & Ao(2P7u,2Vu, - - - ,2P7u)
lAG@) = AW <5 X oI (59)
_1
P="
for all u € Wy, where
Ao (2PTu, 2Py, - -, 2PTu) = A(2PTu, 2PTy, 2P0, ..., 2PTu, —2P9y, —2P1y, ..., —2P1y) (60)
%;l)times @%Utimes
and
2m
A(w) = lim £127%) (61)

r—oo 271
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forallu € W.

Corollary 4.2. Assume that a be nonnegative real number. Let an odd function fio : Wi — W satisfies the
inequality ||D fip(u1,up, uz, ..., uy)|| < a for all uy,uy,...,uy € Wy. Then there exists a unique additive

function A : Wy — W such that ||A(u) — fi(u)|| < |a| forallu € W;.

Corollary 4.3. Assume that a and b # 1 be nonnegative real numbers. Let an odd function fip : Wy — W,
n

satisfies the inequality ||D fio(u1, us, uz, ..., un)|| < a ¥ ||ui]|” for all uy, ua, ..., u, € Wy. Then there exists
i=1

na[ul|®

22|

Corollary 4.4. Assume that a and b be nonnegative real numbers. Let an odd function fi, : Wi — W, satisfies
n n

the inequality ||D fio(u1, Uz, uz, ..., uy)| < a{ ITwl? + % ||ui|\”b} for all uy, uy,...,u, € Wi. Then
i=1 i=1

a(n+1)|[ul]™
2 — 2

a unique additive function A : Wy — W such that ||A(u) — fi(u)|| < forallu € W.

there exists a unique additive function A : Wy — Wh such that ||A(u) — fi(u)| < with

nb #1, forallu € W.

Corollary 4.5. Assume that a and by, by, ..., b, # 1 are nonnegative real numbers. Let an odd function

n
f12 : Wi — W, satisfies the inequality |D fio(uq, uz, us, ..., un)|| <a ), [|ui| | forall uy,up,. .., u, € Wi,
i=1

Then there exists a unique additive function A : Wi — W, such that ||A(u) — f1(u)] < i for all

u € W.

Corollary 4.6. Assume that a and by, by,...,b, # 1 are nonnegative real numbers. Let an odd function
n n

fi2 : Wi — W, satisfies the inequality ||D fia(u1, u, us, ..., u,)|| < a{ Il + % ||ui||”bi} for all
i=1 i=1

Uy, Uy, ..., Uy € Wi. Then there exists a unique additive function A : Wy — W such that ||A(u) — f1(u)]| <

nb;

allull= 4 Z lﬂz\luz\Lb 1 with nb;, 2 nb; £ 1, forallu € W.
.Z nb; =1

2-2i51

Theorem 4.7. If A, Ao : W] — [0, 0) are functions which satisfies

A (21,25, 23, -+, 2 u)
lim

r—00 479

=0 (62)
with g € {—1,1} and fi1o : Wi — W is a even function satisfying the inequality

ID fra(ur, uz, uz, - -+ un)|] < A(uy,uz,us, -, Un) (63)
forall uy, up, uz,- - - ,u, € Wy. Then there exists a unique quadratic mapping Q : Wy — W, which satisfes the
inequality

1 & AH(2P9y 2P0y, ... 2P4
QG0 - fauy < 5 Y SOl 2 (64

for all u € Wy, where Ao(2P1u,2PTu, - - - ,2P1u) is defined in (60) and Q(u) is defined by and

Q(u) = lim f2(27x) (65)

r—oo 471
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respectively, for all u € W;.

Corollary 4.8. Assume that a be nonnegative real number. Let an even function fi, : Wi — W, satisfies the
inequality ||D fia(u1,uz,us, ..., uy)|| < aforall uy,uy,...,u, € Wy. Then there exists a unique quadratic

function Q : Wy — Wy such that ||Q(u) — fo(u)|| < |§| forallu € Wh.

Corollary 4.9. Assume that a and b # 1 be nonnegative real numbers. Let an even function fip : Wi — W»

n

satisfies the inequality ||D fia(u1, us, uz, ..., un)|| < a ¥ ||u;]|® for all uy, ua, ..., u, € Wy. Then there exists
i=1

na |ul|°

a unique quadratic function Q : Wy — Wh such that || Q(u) — fa(u)|| < -2

forallu € W.

Corollary 4.10. Assume that a and b be nonnegative real numbers. Let an even function fip : Wi — Wh

n n
satisfies the inequality ||D fio(u1,uz, u3, ..., uy)|| < a{ I |wll® + % ||ui||”b}for all uy, uy, ..., u, € Wy.
i—1 i—1

n 1 nb

Then there exists a unique quadratic function Q : Wy — W, such that ||Q(u) | < Z M
=1

withnb # 1, forallu € W;.

Corollary 4.11. Assume that a and by, by, ..., b, # 1 are nonnegative real numbers. Let an even function

n
f12 : Wy — W satisfies the inequality ||D fio(u1, ua, uz, ..., un)|| < a ¥ ||u||¥ for all uy,uy, ..., uy, € W
i=1

n

i |4 2bl

Then there exists a unique quadratic function Q : Wi — W, such that ||Q(u)

u € W

for all

Corollary 4.12. Assume that a and by, bs,..., b, # 1 are nonnegative real numbers. Let an even function
n n

fi2 : Wi — W, satisfies the inequality ||D fia(u1, u,us, ..., u)|| < a{ Il + % HuiH”bi} for all
i=1 i=1

Uy, Uy, ..., uy € Wy. Then there exists a unique quadratic function Q : Wy — W such that ||Q(u) — fo(u)|| <

n

allull 5" & ] \
T 4 — 2] with nbi, 1, nbi # 2, for allu € Wy,
4—2i§1ni =1 1=

Theorem 4.13. If A, Ap : W} — [0,00) are functions satisfying (57) and (62) and fi, : Wi — Whisa
function satisfying the inequality

||D f12<u11u21u3/ et /uH)H S A (ulluZ/ Uz, - - run) (66)

for all uy,up,u3,--- ,u, € Wy. Then there exists a unique additive mapping A : Wi — W, and a unique

quadratic mapping Q : Wi — W, which satisfies

1 & 1
| friz(u) — A(u) — Q(u)|| < 1 Z 74 (Ao(2PTu,2Pu, - - -, 2PTu) + Ao (—2PTu, —2Pu, - - -, —2P1u))
-
1 & 1
+ g Z ﬁ (AO(quu, zpqu, e ,zp[]u) _|_ AO(_ZP"]u’ _ZPqu, cee, _2pqu))
_1-g
P=—7

(67)
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forall u € Wy, where Ao (2P9u, 2Pu, - - - ,2P9u), A(u) and Q(u) are defined in (60), (61) and (65), respectively
forall u € Wh.

Corollary 4.14. Assume that a be nonnegative real number. Let a function fip : Wy — W), satisfies the
inequality ||D fip(uy,uz, us, ..., un)|| < a for all uy,uy, ..., u, € Wi. Then there exists a unique additive
mapping A : Wi — W and a unique quadratic mapping Q : Wy — Wh such that || fi2(u) — A(u) — Q(u)]] <
la| {3+ &5} forallu € W.

Corollary 4.15. Assume that a and b # 1,2 be nonnegative real numbers. Let a function fip : Wi — Wh
n

satisfies the inequality ||D fio(uy, ua, us, ..., u,)|| < a ) ||ui||bfor all uy,us, ..., u, € Wy. Then there exists
i=1

a unique additive mapping A : Wi — W, and a unique quadratic mapping Q : Wi — W, such that

na|\u b naj|\u b
i) = A) = @)l < g0+ S forait €

Corollary 4.16. Assume that a and b be nonnegative real numbers. Let a function fi, : Wi — W, satisfies the
n n

inequality ||D fip(u1,uz, us, ..., u,)|| < a{ I |wl]lt + & ]|ui||"b}for all uy,uy, ..., uy € Wy. Then there
i=1 i=1

exists a unique additive mapping A : Wi — W, and a unique quadratic mapping Q : Wi — W, such that

a(n+D||ull™  a(n+1)||ul|® |
| fra(u) — A(u) — Qu)]| < (2’2 _>‘2|nb"‘ (4|4_)’2|nb’|’ with nb # 1,2 forallu € Wy.

Corollary 4.17. Assume that a and by, by, ..., b, # 1,2 are nonnegative real numbers. Let a function fip :
Wi — W satisfies the inequality ||D fia(uy, u, uz, ..., u,)|| < a Z \|ui||% for all uy,uy,...,u, € Wy. Then
there exists a unique additive mapping A : Wy — W2 and a unzque quadmtzc mapping Q : Wi — W, such

b;
ajlu
that | fia(u) — A(u) — Q(u)| _22|2” ”2b T z . ”2U| forallu € Wy

Corollary 4.18. Assume that a and by, by, ..., b, # 1,2 are nonnegative real numbers. Let a function
n n

fio 1 W1 — W, satisfies the inequality |D fip(u1,uz,us, ..., uy)| < a{ ITullb + % ||ui|]”bi} for all
i=1 i=1

U1, Uy, ..., uy € Wi. Then there exists a unique quadratic function Q : Wy — W, such that

auuwnlb " g fuf auuwé”b" " g fuf
~Alu) — <
Ufia) = A = QU < 1 = 4 o g+ Lo o

2|2 —2i=1 4|4

— Ji=1

with nb;, i nb; # 1,2 forallu € W;.
i=1
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