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Abstract

In this paper, the authors established the general solution and generalized Ulam - Hyers stability of

an mixed type n dimensional additive quadratic functional equation in Banach spaces using Hyers

method. The stability results are proved in two ways by considering n is an even and odd positive
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1. Introduction

The stability problem of functional equations initiated from a question of S.M. Ulam [28] concerning

the stability of group homomorphisms. D.H. Hyers [18] contributed a first positive partial reply to

the question of Ulam for Banach spaces. Hyers’ theorem was generalized by T. Aoki [2] for additive

mappings, Th.M. Rassias [24] and J.M. Rassias [23] for linear mappings by considering an unbounded

Cauchy difference. A generalization of all the above results was achieved by P. Gavruta [15] by

replacing the unbounded Cauchy difference by a general control function in the spirit of Rassias

method. In 2008, a special case of Gavrutas theorem for the unbounded Cauchy difference was

obtained by Ravi et.al., [26] by considering the summation of both the sum and the product of two

norms in the sprit of Rassias approach.

The famous Additive Functional Equation and Quadratic Functional Equation are

f (u + v) = f (u) + f (v), (1)

f (u + v) + f (u − v) = 2 f (u) + 2 f (v). (2)
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The solution and stability of the above functional equations and several other types of functional

equations in various settings are given in [1,12,19–21,25,27]. In 2005 and 2006, K.W. Jun, H.M. Kim

[16,17] introduced and discussed the general solution and the generalized Hyers-Ulam stability for the

following additive and quadratic type functional equations

f (x + ay) + a f (x − y) = f (x − ay) + a f (x + y) ; a ̸= −1, 0, 1, (3)

f

(
n

∑
i=1

xi

)
+ (n − 2)

n

∑
i=1

f (xi) = ∑
1≤ i <j≤ n

f
(
xi + xj

)
. (4)

and investigated the generalized Hyers-Ulam-Rassias stability. The general solution and generalized

Hyers - Ulam stability of the succeeding mixed type additive-quadratic functional equations

f (2x + y) + f (2x − y) = 2 f (x + y) + 2 f (x − y) + 2 f (2x)− 4 f (x), (5)

f (2x + y) + f (2x − y) = f (x + y) + f (x − y) + 2 f (2x)− 2 f (x), (6)

f (−x1) + f

(
2x1 −

n

∑
i=2

xi

)
+ f

(
2

n

∑
i=2

xi

)
+ f

(
x1 +

n

∑
i=2

xi

)
− f

(
−x1 −

n

∑
i=2

xi

)

− f

(
x1 −

n

∑
i=2

xi

)
− f

(
−x1 +

n

∑
i=2

xi

)

= 3 f (x1) + 3 f

(
n

∑
i=2

xi

)
, (7)

g(x + y) + g(x − y) = 2g(x) + g(y) + g(−y), (8)
n

∑
i=0

[ f (x2i + x2i+1) + f (x2i − x2i+1)] =
n

∑
i=0

[2 f (x2i) + f (x2i+1) + f (−x2i+1)] (9)

f (2x + y)− f (2x − y) = 2[ f (x + y)− f (x − y)]− f (y) + f (−y) (10)

f (x − t) + f (y − t) + f (z − t) = 3 f
(

x + y + z
3

− t
)
+ f

(
2x − y − z

3

)
+ f

(
−x + 2y − z

3

)
+ f

(
−x − y + 2z

3

)
(11)

h(x + 2y + 3z) + h(x + 2y − 3z) + h(x − 2y + 3z) + h(−x + 2y + 3z) = h(x + y + z)

+ h(x + y − z) + h(x − y + z) + h(−x + y + z) + 2h(y)

+ 4h(z) + 5[h(y) + h(−y)] + 14[h(z) + h(−z)] (12)

were explored by A. Najati, M.B. Moghimi [22], M.E. Gordji et. al., [14], M. Arunkumar, S. Karthikeyan

[3], M. Arunkumar, J.M. Rassias [4], M.Arunkumar [5], M. Arunkumar et.al., [7–9]. In this paper, the

authors established the general solution and generalized Ulam - Hyers stability of an mixed type n

dimensional additive quadratic functional equation

f12

(
2u1 +

n

∑
i=2

ui

)
+ f12

(
2u1 −

n

∑
i=2

ui

)
= f12

(
n

∑
i=1

ui

)
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+ f12

(
u1 −

n

∑
i=2

ui

)
+ f12(2u1) + ( f12(u1) + f12(−u1)) (13)

where n is positive integer with n ≥ 2 in Banach spaces using Hyers method. The stability results are

proved in two ways by considering n is an even and odd positive integer.

2. General Solution of (13)

In this section, we present the general solution of the n dimensional additive quadratic functional

equation (13).

Theorem 2.1. If an odd function f12 : U → V satisfies the functional equation (1) if and only if f12 : U → V

satisfies (13) for all u, v, u1, u2, · · · , un ∈ U where U and V be real vector spaces.

Proof. By data f12 : U → V satisfies the functional equation (1), that is

f12(u + v) = f12(u) + f12(v); ∀ u, v ∈ U. (14)

It is easy to verify from (14) that

f12(0) = 0; f12(2u) = 2 f12(u); f12(3u) = 3 f12(u); f12(Ku) = K f12(u); ∀ u ∈ U. (15)

Replacing u by 2u in (14) , one can have

f12(2u + v) = f12(2u) + f12(v); ∀ u, v ∈ U. (16)

Replacing v = −v in (16) and using (15), one can arrive

f12(2u − v) = f12(2u)− f12(v); ∀ u, v ∈ U. (17)

Adding (16), (17) and using (15) as well as (14), one can obtain

f12(2u + v) + f12(2u − v) = f12(u + v) + f12(u − v) + f12(2u); ∀ u, v ∈ U. (18)

Adding f12(u) on both sides of (18), one can get

f12(2u + v) + f12(2u − v) + f12(u) = f12(u + v) + f12(u − v) + f12(2u) + f12(u); ∀ u, v ∈ U. (19)

Using (15), the above equation (19) can be rewritten as

f12(2u + v) + f12(2u − v) = f12(u + v) + f12(u − v) + f12(2u) + f12(u) + f12(−u); ∀ u, v ∈ U. (20)
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Finally replacing u by u1 and v by u2 + · · ·+ un in (19), we arrive (13).

Conversely, by data f12 : U → V satisfies the functional equation (13). If we interchange u3 = · · · un = 0

in (13), and using oddness of f12 in (13), one can see

f12 (2u1 + u2) + f12 (2u1 − u2) = f12 (u1 + u2) + f12 (u1 − u2) + f12(2u1); ∀ u1, u2 ∈ U. (21)

It is easy to verify from (21) that

f12(0) = 0; f12(2u) = 2 f12(u); f12(3u) = 3 f12(u); f12(Ku) = K f12(u); ∀ u ∈ U. (22)

Setting u1 by u+v
2 and u2 by u − v in (21) and using (22) as well as oddness of f12, one can arrive

4 f12(u) + 4 f12(v) = f12(3u − v)− f12(u − 3v) + 2 f12(u + v); ∀ u, v ∈ U. (23)

Setting u by u+v
2 and v by = u−v

2 in (32) and using (22) as well as oddness of f12, one can have

2 f12(u + v) + 2 f12(u − v) = f12(u + 2v) + f12(u − 2v) + 2 f12(u); ∀ u, v ∈ U. (24)

Interchanging u and v in (24) and using oddness of f12, one can get

f12(2u + v)− f12(2u − v) = 2 f12(u + v)− 2 f12(u − v)− 2 f12(v); ∀ u, v ∈ U. (25)

Using oddness of f12, the above equation (25) can be rewritten as

f12(2u + v)− f12(2u − v) = 2 f12(u + v)− 2 f12(u − v)− f12(v) + f12(−v); ∀ u, v ∈ U. (26)

By Lemma 2.1 of [7], we arrive our result. Hence the proof is complete.

Theorem 2.2. If an even function f12 : U → V satisfies the functional equation (2) if and only if f12 : U → V

satisfies (13) for all u, v, u1, u2, · · · , un ∈ U where U and V be real vector spaces.

Proof. By data f12 : U → V satisfies the functional equation (2), that is

f12(u + v) + f12(u − v) = 2 f12(u) + 2 f12(v); ∀ u, v ∈ U. (27)

It is easy to verify from (27) that

f12(0) = 0; f12(2u) = 4 f12(u); f12(3u) = 9 f12(u); f12(Ku) = K2 f12(u); ∀ u ∈ U. (28)
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Replacing u by 2u in (27) and using (29), (27) as well as evenness of f12, one can have

f12(2u + v) + f12(2u − v) = f12(u + v) + f12(u − v) + f12(2u) + f12(u) + f12(−u); ∀ u, v ∈ U. (29)

Finally replacing u by u1 and v by u2 + · · ·+ un in (29), we arrive (13).

Conversely, by data f12 : U → V satisfies the functional equation (13). If we interchange u3 = · · · un = 0

in (13), and using evenness of f12 in (13), one can see

f12 (2u1 + u2) + f12 (2u1 − u2) = f12 (u1 + u2) + f12 (u1 − u2) + f12(2u1) + 2 f12(u1); ∀ u1, u2 ∈ U. (30)

It is easy to verify from (30) that

f12(0) = 0; f12(2u) = 2 f12(u); f12(3u) = 3 f12(u); f12(Ku) = K f12(u); ∀ u ∈ U. (31)

Using (31) in (30), one can obtain

f12 (2u1 + u2) + f12 (2u1 − u2) = f12 (u1 + u2) + f12 (u1 − u2) + 6 f12(u1); ∀ u1, u2 ∈ U. (32)

By Theorem 2.1 of [13], we arrive our result. Hence the proof is complete.

In order to explore the generalized Ulam - Hyers stability theorems, let we take a mapping f12 : W1 →

W2 by

D f12(u1, u2, u3, . . . , un) = f12

(
2u1 +

n

∑
i=2

ui

)
+ f12

(
2u1 −

n

∑
i=2

ui

)
− f12

(
n

∑
i=1

ui

)

− f12

(
u1 −

n

∑
i=2

ui

)
− f12(2u1)− ( f12(u1) + f12(−u1))

for all u1, u2, u3, . . . , un ∈ W1 where W1 be a normed space and W2 be a Banach space.

3. Stability Theorems for n is an Even Positive Integer

In this section, we provide the stability of n dimensional additive quadratic functional equation (13)

for n is an Even Positive Integer.

Theorem 3.1. If λ, Λ : Wn
1 → [0, ∞) are functions which satisfies

lim
r→∞

λ (2rqu1, 2rqu2, 2rqu3, · · · , 2rqun)

2rq = 0 (33)

with q ∈ {−1, 1} and f12 : W1 → W2 is a odd function satisfying the inequality

∥D f12(u1, u2, u3, · · · , un)∥ ≤ λ (u1, u2, u3, · · · , un) (34)
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for all u1, u2, u3, · · · , un ∈ W1. Then there exists a unique additive mapping A : W1 → W2 which satisfes the

inequality

∥A(u)− f1(u)∥ ≤ 1
2

∞

∑
p= 1−q

2

ΛE(2pqu, 2pqu, · · · , 2pqu)
2pq (35)

for all u ∈ W1, where

ΛE(2pqu, · · · , 2pqu) = λ(2pqu, 2pqu, 2pqu, . . . , 2pqu︸ ︷︷ ︸
(n−2)

2 times

,−2pqu,−2pqu, . . . ,−2pqu︸ ︷︷ ︸
(n−2)

2 times

, 0) (36)

and

A(u) = lim
r→∞

f1(2rqu)
2rq (37)

for all u ∈ W1.

Proof. By data f12 is an odd function and let we take f12 = f1. Replacing

(u1, u2, u3 · · · , un) =
(

u, u, u, · · · , u︸ ︷︷ ︸
n−2 times

2

,−u,−u, · · · ,−u︸ ︷︷ ︸
n−2 times

2

, 0
)

in (34), we get

∥ f1(2u)− 2 f1(u)∥ ≤ λ
(

u, u, u, · · · , u︸ ︷︷ ︸
n−2 times

2

,−u,−u, · · · ,−u︸ ︷︷ ︸
n−2 times

2

, 0
)

(38)

for all u ∈ W1. Define

ΛE(u, u, · · · , u) = λ
(

u, u, u · · · , u︸ ︷︷ ︸
n−2 times

2

,−u,−u · · · ,−u︸ ︷︷ ︸
n−2 times

2

, 0
)

(39)

for all u ∈ W1. Using (39) in (38), we obtain

∥ f1(2u)− 2 f1(u)∥ ≤ ΛE(u, . . . , u) (40)

for all u ∈ W1. It follows from (40) that

∥∥∥∥ f1(2u)
2

− f1(u)
∥∥∥∥ ≤ 1

2
ΛE(u, . . . , u) (41)

for all u ∈ W1. Now replacing u by 2u and dividing by 2 in (41), we get

∥∥∥∥ f1(22u)
22 − f1(2u)

2

∥∥∥∥ ≤ 1
22 ΛE(2u, · · · , 2u) (42)

for all u ∈ W1. From (41) and (42), we obtain

∥∥∥∥ f1(22u)
22 − f1(u)

∥∥∥∥ ≤ 1
2

ΛE(u, . . . , u) +
1
22 ΛE(2u, · · · , 2u) (43)
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for all u ∈ W1. In general for any positive integer r , we arrive

∥∥∥∥ f1(2ru)
2r − f1(u)

∥∥∥∥ ≤ 1
2

r−1

∑
p=0

1
2p ΛE(2pu, . . . , 2pu) (44)

for all u ∈ W1. Hence, it follows from (44) that the sequence
{

f1(2ru)
2r

}
is a Cauchy sequence.

Indeed, to prove the convergence of the sequence
{

f1(2ru)
2r

}
, replace u by 2tu and dividing by 2t in

(44), for any t, r > 0, we deduce

∥∥∥∥ f1(2t+ru)
2(t+r)

− f1(2tu)
2t

∥∥∥∥ =
1
2t

∥∥∥∥ f1(2r · 2tu)
2r − f1(2tu)

∥∥∥∥ ≤ 1
2

r−1

∑
p=0

1
2p+t ΛE(2p+tu, . . . , 2p+tu) → 0 as r → ∞

for all u ∈ W1. Since W2 is complete, there exists a mapping A : W1 → W2 such that

A(u) = lim
r→∞

f1(2ru)
2r , ∀ u ∈ W1.

Letting r → ∞ in (44), we see that (35) holds for all u ∈ W1 with q = 1. To prove that A satisfies (13),

replacing (u1, u2, u3, . . . , un) by (2ru1, 2ru2, 2ru3, . . . , 2run) and dividing by 2r in (34), we obtain

1
2r

∥∥∥D f1(2ru1, 2ru2, 2ru3, . . . , 2run)
∥∥∥ ≤ 1

2r λ(2ru1, 2ru2, 2ru3, . . . , 2run)

for all u1, u2, u3, . . . , un ∈ W1. Letting r → ∞ in the above inequality and using the definition of A(u),

we see that A(u) satisfies (13) for all u1, u2, u3, . . . , un ∈ W1. It is easy to verify that A(u) is unique.

Replacing u by
u
2

in (40), we have

∥∥∥ f1(u)− 2 f1

(u
2

)∥∥∥ ≤ ΛE

(u
2

,
u
2

, . . . ,
u
2

)
(45)

for all u ∈ W1. Hence, for q = −1 also, we can prove a similar stability result. This completes the proof

of the theorem.

The following Corollaries are immediate consequences of Theorem 3.1 concerning the stability of (13).

Corollary 3.2. Assume that a be nonnegative real number. Let an odd function f12 : W1 → W2 satisfies the

inequality ∥D f12(u1, u2, u3, . . . , un)∥ ≤ a for all u1, u2, . . . , un ∈ W1. Then there exists a unique additive

function A : W1 → W2 such that ∥A(u)− f1(u)∥ ≤ |a| for all u ∈ W1.

Corollary 3.3. Assume that a and b ̸= 1 be nonnegative real numbers. Let an odd function f12 : W1 → W2

satisfies the inequality ∥D f12(u1, u2, u3, . . . , un)∥ ≤ a
n
∑

i=1
||ui||b for all u1, u2, . . . , un ∈ W1. Then there exists

a unique additive function A : W1 → W2 such that ∥A(u)− f1(u)∥ ≤ a(n − 1)||u||b
|2 − 2b| for all u ∈ W1.
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Corollary 3.4. Assume that a and b be nonnegative real numbers. Let an odd function f12 : W1 → W2 satisfies

the inequality ∥D f12(u1, u2, u3, . . . , un)∥ ≤ a
{ n

∏
i=1

||ui||b +
n
∑

i=1
||ui||nb

}
for all u1, u2, . . . , un ∈ W1. Then

there exists a unique additive function A : W1 → W2 such that ∥A(u)− f1(u)∥ ≤ a(n − 1)||u||nb

|2 − 2nb| with

nb ̸= 1, for all u ∈ W1.

Corollary 3.5. Assume that a and b1, b2, . . . , bn ̸= 1 are nonnegative real numbers. Let an odd function

f12 : W1 → W2 satisfies the inequality ∥D f12(u1, u2, u3, . . . , un)∥ ≤ a
n
∑

i=1
||ui||bi for all u1, u2, . . . , un ∈ W1.

Then there exists a unique additive function A : W1 → W2 such that

∥A(u)− f1(u)∥ ≤ a||u||b1

|2 − 2b1 | +
n−2

∑
i=2

a(n − 2)||u||bi

|2 − 2bi | for all u ∈ W1.

Corollary 3.6. Assume that a and b1, b2, . . . , bn ̸= 1 are nonnegative real numbers. Let an odd function

f12 : W1 → W2 satisfies the inequality ∥D f12(u1, u2, u3, . . . , un)∥ ≤ a
{ n

∏
i=1

||ui||bi +
n
∑

i=1
||ui||nbi

}
for all

u1, u2, . . . , un ∈ W1. Then there exists a unique additive function A : W1 → W2 such that ∥A(u)− f1(u)∥ ≤
a||u||nb1

|2 − 2nb1 | +
n−2

∑
i=2

a(n − 2)||u||nbi

|2 − 2nbi | with nbi ̸= 1, for all u ∈ W1.

The proof of the following theorem and corollaries are similar to that of Theorem 3.1, Corollaries 3.3 -

3.6 if f12 is an even function and we take f12 = f2. Hence the details of the proof are omitted.

Theorem 3.7. If λ, ΛE : Wn
1 → [0, ∞) are functions which satisfies

lim
r→∞

λ (2rqu1, 2rqu2, 2rqu3, · · · , 2rqun)

4rq = 0 (46)

with q ∈ {−1, 1} and f12 : W1 → W2 is a even function satisfying the inequality

∥D f12(u1, u2, u3, · · · , un)∥ ≤ λ (u1, u2, u3, · · · , un) (47)

for all u1, u2, u3, · · · , un ∈ W1. Then there exists a unique quadratic mapping Q : W1 → W2 which satisfes the

inequality

∥Q(u)− f2(u)∥ ≤ 1
4

∞

∑
p= 1−q

2

ΛE(2pqu, 2pqu, · · · , 2pqu)
4pq (48)

for all u ∈ W1, where ΛE(2pqu, 2pqu, · · · , 2pqu) is defined in (36) and Q(u) is defined by

Q(u) = lim
r→∞

f2(2rqx)
4rq (49)

for all u ∈ W1.

Corollary 3.8. Assume that a be nonnegative real number. Let an even function f12 : W1 → W2 satisfies the

inequality ∥D f12(u1, u2, u3, . . . , un)∥ ≤ a for all u1, u2, . . . , un ∈ W1. Then there exists a unique quadratic

function Q : W1 → W2 such that ∥Q(u)− f2(u)∥ ≤
∣∣ a

3

∣∣ for all u ∈ W1.
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Corollary 3.9. Assume that a and b ̸= 2 be nonnegative real numbers. Let an even function f12 : W1 → W2

satisfies the inequality ∥D f12(u1, u2, u3, . . . , un)∥ ≤ a
n
∑

i=1
||ui||b for all u1, u2, . . . , un ∈ W1. Then there exists

a unique quadratic function Q : W1 → W2 such that ∥Q(u)− f2(u)∥ ≤ a(n − 1)||u||b
|4 − 2b| for all u ∈ W1.

Corollary 3.10. Assume that a and b be nonnegative real numbers. Let an even function f12 : W1 → W2

satisfies the inequality ∥D f12(u1, u2, u3, . . . , un)∥ ≤ a
{ n

∏
i=1

||ui||b +
n
∑

i=1
||ui||nb

}
for all u1, u2, . . . , un ∈ W1.

Then there exists a unique quadratic function Q : W1 → W2 such that ∥Q(u)− f2(u)∥ ≤ a(n − 1)||u||nb

|4 − 2nb|
with nb ̸= 2, for all u ∈ W1.

Corollary 3.11. Assume that a and b1, b2, . . . , bn ̸= 2 are nonnegative real numbers. Let an even function

f12 : W1 → W2 satisfies the inequality ∥D f12(u1, u2, u3, . . . , un)∥ ≤ a
n
∑

i=1
||ui||bi for all u1, u2, . . . , un ∈ W1.

Then there exists a unique quadratic function Q : W1 → W2 such that

∥Q(u)− f2(u)∥ ≤ a||u||b1

|4 − 2b1 | +
n−2

∑
i=2

a(n − 2)||u||bi

|4 − 2bi | for all u ∈ W1.

Corollary 3.12. Assume that a and b1, b2, . . . , bn ̸= 2 are nonnegative real numbers. Let an even function

f12 : W1 → W2 satisfies the inequality ∥D f12(u1, u2, u3, . . . , un)∥ ≤ a
{ n

∏
i=1

||ui||bi +
n
∑

i=1
||ui||nbi

}
for all

u1, u2, . . . , un ∈ W1. Then there exists a unique quadratic function Q : W1 → W2 such that ∥Q(u)− f2(u)∥ ≤
a||u||nb1

|4 − 2nb1 | +
n−2

∑
i=2

a(n − 2)||u||nbi

|4 − 2nbi | with nbi ̸= 2, for all u ∈ W1.

Theorem 3.13. If λ, ΛE : Wn
1 → [0, ∞) are functions satisfying (33) and (46) and f12 : W1 → W2 is a

function satisfying the inequality

∥D f12(u1, u2, u3, · · · , un)∥ ≤ λ (u1, u2, u3, · · · , un) (50)

for all u1, u2, u3, · · · , un ∈ W1. Then there exists a unique additive mapping A : W1 → W2 and a unique

quadratic mapping Q : W1 → W2 which satisfies

∥ f12(u)− A(u)− Q(u)∥ ≤ 1
4

∞

∑
p= 1−q

2

1
2pq (ΛE(2pqu, 2pqu, · · · , 2pqu) + ΛE(−2pqu,−2pqu, · · · ,−2pqu))

+
1
8

∞

∑
p= 1−q

2

1
4pq (ΛE(2pqu, 2pqu, · · · , 2pqu) + ΛE(−2pqu,−2pqu, · · · ,−2pqu))

(51)

for all u ∈ W1, where ΛE(2pqu, 2pqu, · · · , 2pqu), A(u) and Q(u) are defined in (36), (37) and (49), respectively

for all u ∈ W1.

Proof. Define a function fo(u) by

fo(u) =
f1(u)− f1(−u)

2
f or all u ∈ W1.
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Then, it is easy to see that fo(0) = 0 and fo(−u) = − fo(u) for all u ∈ W1. Hence

∥D fo(u1, u2, u3, . . . , un)∥ ≤ λ(u1, u2, u3, . . . , un)

2
+

λ(−u1,−u2,−u3, . . . ,−un)

2
. (52)

for all u1, u2, u3, · · · , un ∈ W1. By Theorem 3.1, we have

∥ fo(u)− A(u)∥ ≤ 1
4

∞

∑
p= 1−q

2

1
2rq (ΛE(2pqu, 2pqu, · · · , 2pqu) + ΛE(−2pqu,−2pqu, · · · ,−2pqu)) (53)

for all u ∈ W1. Similarly, if we define a function fe(u) by

fe(u) =
f2(u) + f2(−u)

2
f or all u ∈ W1.

Then, it is easy to see that fe(0) = 0 and fe(−u) = fe(u) for all u ∈ W1. Hence

∥D fe(u1, u2, u3, . . . , un)∥ ≤ λ(u1, u2, u3, . . . , un)

2
+

λ(−u1,−u2,−u3, . . . ,−un)

2
. (54)

for all u1, u2, u3, · · · , un ∈ W1. By Theorem 3.7, we have

∥ fe(u)− Q(u)∥ ≤ 1
8

∞

∑
p= 1−q

2

1
4pq (ΛE(2pqu, 2pqu, · · · , 2pqu) + ΛE(−2pqu,−2pqu, · · · ,−2pqu)) (55)

for all u ∈ W1. Define

f12(u) = fe(u) + fo(u) (56)

for all u ∈ W1. From (53),(55) and (56), we arrive our result Hence the theorem is proved.

With the help Theorem 3.13 and Corollaries 3.3 - 3.6; 3.9 - 3.12, we have the following Corollaries

concerning the stability of (13).

Corollary 3.14. Assume that a be nonnegative real number. Let a function f12 : W1 → W2 satisfies the

inequality ∥D f12(u1, u2, u3, . . . , un)∥ ≤ a for all u1, u2, . . . , un ∈ W1. Then there exists a unique additive

mapping A : W1 → W2 and a unique quadratic mapping Q : W1 → W2 such that ∥ f12(u)− A(u)− Q(u)∥ ≤

|a|
{ 1

2 +
1
12

}
for all u ∈ W1.

Corollary 3.15. Assume that a and b ̸= 1, 2 be nonnegative real numbers. Let a function f12 : W1 → W2

satisfies the inequality ∥D f12(u1, u2, u3, . . . , un)∥ ≤ a
n
∑

i=1
||ui||b for all u1, u2, . . . , un ∈ W1. Then there exists

a unique additive mapping A : W1 → W2 and a unique quadratic mapping Q : W1 → W2 such that

∥ f12(u)− A(u)− Q(u)∥ ≤ a(n − 1)||u||b
2|2 − 2b| +

a(n − 1)||u||b
4|4 − 2b| for all u ∈ W1.

Corollary 3.16. Assume that a and b be nonnegative real numbers. Let a function f12 : W1 → W2 satisfies the

inequality ∥D f12(u1, u2, u3, . . . , un)∥ ≤ a
{ n

∏
i=1

||ui||b +
n
∑

i=1
||ui||nb

}
for all u1, u2, . . . , un ∈ W1. Then there
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exists a unique additive mapping A : W1 → W2 and a unique quadratic mapping Q : W1 → W2 such that

∥ f12(u)− A(u)− Q(u)∥ ≤ a(n − 1)||u||nb

2|2 − 2nb| +
a(n − 1)||u||nb

4|4 − 2nb| with nb ̸= 1, 2 for all u ∈ W1.

Corollary 3.17. Assume that a and b1, b2, . . . , bn ̸= 1, 2 are nonnegative real numbers. Let a function f12 :

W1 → W2 satisfies the inequality ∥D f12(u1, u2, u3, . . . , un)∥ ≤ a
n
∑

i=1
||ui||bi for all u1, u2, . . . , un ∈ W1. Then

there exists a unique additive mapping A : W1 → W2 and a unique quadratic mapping Q : W1 → W2 such

that ∥ f12(u)− A(u)− Q(u)∥ ≤ a||u||b1

2|2 − 2b1 | +
n−2

∑
i=2

a(n − 2)||u||bi

2|2 − 2bi | +
a||u||b1

4|4 − 2b1 | +
n−2

∑
i=2

a(n − 2)||u||bi

4|4 − 2bi | for all

u ∈ W1.

Corollary 3.18. Assume that a and b1, b2, . . . , bn ̸= 1, 2 are nonnegative real numbers. Let an function

f12 : W1 → W2 satisfies the inequality ∥D f12(u1, u2, u3, . . . , un)∥ ≤ a
{ n

∏
i=1

||ui||bi +
n
∑

i=1
||ui||nbi

}
for all

u1, u2, . . . , un ∈ W1. Then there exists a unique quadratic function Q : W1 → W2 such that

∥ f12(u)− A(u)− Q(u)∥ ≤
a||u||nb1

2|2 − 2nb1 | +
n−2

∑
i=2

a(n − 2)||u||nbi

2|2 − 2nbi | +
a||u||nb1

4|4 − 2nb1 | +
n−2

∑
i=2

a(n − 2)||u||nbi

4|4 − 2nbi | with nbi ̸= 1, 2, for all u ∈ W1.

4. Stability Theorems for n is an Odd Positive Integer

In this section, we provide the stability of n dimensional additive quadratic functional equation (13)

for n is an Odd Positive Integer. The proof of the following theorems and corollaries is similar to that

of Section 3. Hence the details of proofs are omitted.

Theorem 4.1. If λ, Λ : Wn
1 → [0, ∞) are functions which satisfies

lim
r→∞

λ (2rqu1, 2rqu2, 2rqu3, · · · , 2rqun)

2rq = 0 (57)

with q ∈ {−1, 1} and f12 : W1 → W2 is a odd function satisfying the inequality

∥D f12(u1, u2, u3, · · · , un)∥ ≤ λ (u1, u2, u3, · · · , un) (58)

for all u1, u2, u3, · · · , un ∈ W1. Then there exists a unique additive mapping A : W1 → W2 such that

∥A(u)− f1(u)∥ ≤ 1
2

∞

∑
p= 1−q

2

ΛO(2pqu, 2pqu, · · · , 2pqu)
2pq (59)

for all u ∈ W1, where

ΛO(2pqu, 2pqu, · · · , 2pqu) = λ(2pqu, 2pqu, 2pqu, . . . , 2pqu︸ ︷︷ ︸
(n−1)

2 times

,−2pqu,−2pqu, . . . ,−2pqu︸ ︷︷ ︸
(n−1)

2 times

) (60)

and

A(u) = lim
r→∞

f1(2rqx)
2rq (61)
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for all u ∈ W1.

Corollary 4.2. Assume that a be nonnegative real number. Let an odd function f12 : W1 → W2 satisfies the

inequality ∥D f12(u1, u2, u3, . . . , un)∥ ≤ a for all u1, u2, . . . , un ∈ W1. Then there exists a unique additive

function A : W1 → W2 such that ∥A(u)− f1(u)∥ ≤ |a| for all u ∈ W1.

Corollary 4.3. Assume that a and b ̸= 1 be nonnegative real numbers. Let an odd function f12 : W1 → W2

satisfies the inequality ∥D f12(u1, u2, u3, . . . , un)∥ ≤ a
n
∑

i=1
||ui||b for all u1, u2, . . . , un ∈ W1. Then there exists

a unique additive function A : W1 → W2 such that ∥A(u)− f1(u)∥ ≤ na||u||b
|2 − 2b| for all u ∈ W1.

Corollary 4.4. Assume that a and b be nonnegative real numbers. Let an odd function f12 : W1 → W2 satisfies

the inequality ∥D f12(u1, u2, u3, . . . , un)∥ ≤ a
{ n

∏
i=1

||ui||b +
n
∑

i=1
||ui||nb

}
for all u1, u2, . . . , un ∈ W1. Then

there exists a unique additive function A : W1 → W2 such that ∥A(u)− f1(u)∥ ≤ a(n + 1)||u||nb

|2 − 2nb| with

nb ̸= 1, for all u ∈ W1.

Corollary 4.5. Assume that a and b1, b2, . . . , bn ̸= 1 are nonnegative real numbers. Let an odd function

f12 : W1 → W2 satisfies the inequality ∥D f12(u1, u2, u3, . . . , un)∥ ≤ a
n
∑

i=1
||ui||bi for all u1, u2, . . . , un ∈ W1.

Then there exists a unique additive function A : W1 → W2 such that ∥A(u)− f1(u)∥ ≤
n
∑

i=1

a||u||bi

|2−2bi | for all

u ∈ W1.

Corollary 4.6. Assume that a and b1, b2, . . . , bn ̸= 1 are nonnegative real numbers. Let an odd function

f12 : W1 → W2 satisfies the inequality ∥D f12(u1, u2, u3, . . . , un)∥ ≤ a
{ n

∏
i=1

||ui||bi +
n
∑

i=1
||ui||nbi

}
for all

u1, u2, . . . , un ∈ W1. Then there exists a unique additive function A : W1 → W2 such that ∥A(u)− f1(u)∥ ≤

a||u||
n
∑

i=1
nbi∣∣∣∣∣∣2−2

n
∑

i=1
nbi

∣∣∣∣∣∣
+

n
∑

i=1

a||u||nbi

|2−2nbi | with nbi,
n
∑

i=1
nbi ̸= 1, for all u ∈ W1.

Theorem 4.7. If λ, ΛO : Wn
1 → [0, ∞) are functions which satisfies

lim
r→∞

λ (2rqu1, 2rqu2, 2rqu3, · · · , 2rqun)

4rq = 0 (62)

with q ∈ {−1, 1} and f12 : W1 → W2 is a even function satisfying the inequality

∥D f12(u1, u2, u3, · · · , un)∥ ≤ λ (u1, u2, u3, · · · , un) (63)

for all u1, u2, u3, · · · , un ∈ W1. Then there exists a unique quadratic mapping Q : W1 → W2 which satisfes the

inequality

∥Q(u)− f2(u)∥ ≤ 1
4

∞

∑
p= 1−q

2

ΛO(2pqu, 2pqu, · · · , 2pqu)
4pq (64)

for all u ∈ W1, where ΛO(2pqu, 2pqu, · · · , 2pqu) is defined in (60) and Q(u) is defined by and

Q(u) = lim
r→∞

f2(2rqx)
4rq (65)
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respectively, for all u ∈ W1.

Corollary 4.8. Assume that a be nonnegative real number. Let an even function f12 : W1 → W2 satisfies the

inequality ∥D f12(u1, u2, u3, . . . , un)∥ ≤ a for all u1, u2, . . . , un ∈ W1. Then there exists a unique quadratic

function Q : W1 → W2 such that ∥Q(u)− f2(u)∥ ≤
∣∣ a

3

∣∣ for all u ∈ W1.

Corollary 4.9. Assume that a and b ̸= 1 be nonnegative real numbers. Let an even function f12 : W1 → W2

satisfies the inequality ∥D f12(u1, u2, u3, . . . , un)∥ ≤ a
n
∑

i=1
||ui||b for all u1, u2, . . . , un ∈ W1. Then there exists

a unique quadratic function Q : W1 → W2 such that ∥Q(u)− f2(u)∥ ≤ na||u||b
|4 − 2b| for all u ∈ W1.

Corollary 4.10. Assume that a and b be nonnegative real numbers. Let an even function f12 : W1 → W2

satisfies the inequality ∥D f12(u1, u2, u3, . . . , un)∥ ≤ a
{ n

∏
i=1

||ui||b +
n
∑

i=1
||ui||nb

}
for all u1, u2, . . . , un ∈ W1.

Then there exists a unique quadratic function Q : W1 → W2 such that ∥Q(u)− f2(u)∥ ≤
n

∑
i=1

a(n + 1)||u||nb

|4 − 2nb|
with nb ̸= 1, for all u ∈ W1.

Corollary 4.11. Assume that a and b1, b2, . . . , bn ̸= 1 are nonnegative real numbers. Let an even function

f12 : W1 → W2 satisfies the inequality ∥D f12(u1, u2, u3, . . . , un)∥ ≤ a
n
∑

i=1
||ui||bi for all u1, u2, . . . , un ∈ W1.

Then there exists a unique quadratic function Q : W1 → W2 such that ∥Q(u)− f2(u)∥ ≤
n

∑
i=1

a||u||bi

|4 − 2bi | for all

u ∈ W1.

Corollary 4.12. Assume that a and b1, b2, . . . , bn ̸= 1 are nonnegative real numbers. Let an even function

f12 : W1 → W2 satisfies the inequality ∥D f12(u1, u2, u3, . . . , un)∥ ≤ a
{ n

∏
i=1

||ui||bi +
n
∑

i=1
||ui||nbi

}
for all

u1, u2, . . . , un ∈ W1. Then there exists a unique quadratic function Q : W1 → W2 such that ∥Q(u)− f2(u)∥ ≤

a||u||
n
∑

i=1
nbi∣∣∣∣∣4 − 2

n
∑

i=1
nbi

∣∣∣∣∣
+

n

∑
i=1

a||u||nbi

|4 − 2nbi | with nbi,
n
∑

i=1
nbi ̸= 2, for all u ∈ W1.

Theorem 4.13. If λ, ΛO : Wn
1 → [0, ∞) are functions satisfying (57) and (62) and f12 : W1 → W2 is a

function satisfying the inequality

∥D f12(u1, u2, u3, · · · , un)∥ ≤ λ (u1, u2, u3, · · · , un) (66)

for all u1, u2, u3, · · · , un ∈ W1. Then there exists a unique additive mapping A : W1 → W2 and a unique

quadratic mapping Q : W1 → W2 which satisfies

∥ f12(u)− A(u)− Q(u)∥ ≤ 1
4

∞

∑
p= 1−q

2

1
2pq (ΛO(2pqu, 2pqu, · · · , 2pqu) + ΛO(−2pqu,−2pqu, · · · ,−2pqu))

+
1
8

∞

∑
p= 1−q

2

1
4pq (ΛO(2pqu, 2pqu, · · · , 2pqu) + ΛO(−2pqu,−2pqu, · · · ,−2pqu))

(67)
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for all u ∈ W1, where ΛO(2pqu, 2pqu, · · · , 2pqu), A(u) and Q(u) are defined in (60), (61) and (65), respectively

for all u ∈ W1.

Corollary 4.14. Assume that a be nonnegative real number. Let a function f12 : W1 → W2 satisfies the

inequality ∥D f12(u1, u2, u3, . . . , un)∥ ≤ a for all u1, u2, . . . , un ∈ W1. Then there exists a unique additive

mapping A : W1 → W2 and a unique quadratic mapping Q : W1 → W2 such that ∥ f12(u)− A(u)− Q(u)∥ ≤

|a|
{ 1

2 +
1
12

}
for all u ∈ W1.

Corollary 4.15. Assume that a and b ̸= 1, 2 be nonnegative real numbers. Let a function f12 : W1 → W2

satisfies the inequality ∥D f12(u1, u2, u3, . . . , un)∥ ≤ a
n
∑

i=1
||ui||b for all u1, u2, . . . , un ∈ W1. Then there exists

a unique additive mapping A : W1 → W2 and a unique quadratic mapping Q : W1 → W2 such that

∥ f12(u)− A(u)− Q(u)∥ ≤ na||u||b
2|2 − 2b| +

na||u||b
4|4 − 2b| for all u ∈ W1.

Corollary 4.16. Assume that a and b be nonnegative real numbers. Let a function f12 : W1 → W2 satisfies the

inequality ∥D f12(u1, u2, u3, . . . , un)∥ ≤ a
{ n

∏
i=1

||ui||b +
n
∑

i=1
||ui||nb

}
for all u1, u2, . . . , un ∈ W1. Then there

exists a unique additive mapping A : W1 → W2 and a unique quadratic mapping Q : W1 → W2 such that

∥ f12(u)− A(u)− Q(u)∥ ≤ a(n + 1)||u||nb

2|2 − 2nb| +
a(n + 1)||u||nb

4|4 − 2nb| with nb ̸= 1, 2 for all u ∈ W1.

Corollary 4.17. Assume that a and b1, b2, . . . , bn ̸= 1, 2 are nonnegative real numbers. Let a function f12 :

W1 → W2 satisfies the inequality ∥D f12(u1, u2, u3, . . . , un)∥ ≤ a
n
∑

i=1
||ui||bi for all u1, u2, . . . , un ∈ W1. Then

there exists a unique additive mapping A : W1 → W2 and a unique quadratic mapping Q : W1 → W2 such

that ∥ f12(u)− A(u)− Q(u)∥ ≤
n

∑
i=1

a||u||bi

2|2 − 2bi | ++
n

∑
i=1

a(n)||u||bi

4|4 − 2bi | for all u ∈ W1.

Corollary 4.18. Assume that a and b1, b2, . . . , bn ̸= 1, 2 are nonnegative real numbers. Let a function

f12 : W1 → W2 satisfies the inequality ∥D f12(u1, u2, u3, . . . , un)∥ ≤ a
{ n

∏
i=1

||ui||bi +
n
∑

i=1
||ui||nbi

}
for all

u1, u2, . . . , un ∈ W1. Then there exists a unique quadratic function Q : W1 → W2 such that

∥ f12(u)− A(u)− Q(u)∥ ≤ a||u||
n
∑

i=1
nbi

2

∣∣∣∣∣2 − 2
n
∑

i=1
nbi

∣∣∣∣∣
+

n

∑
i=1

a||u||nbi

2|2 − 2nbi | +
a||u||

n
∑

i=1
nbi

4

∣∣∣∣∣4 − 2
n
∑

i=1
nbi

∣∣∣∣∣
+

n

∑
i=1

a||u||nbi

4|4 − 2nbi |

with nbi,
n
∑

i=1
nbi ̸= 1, 2 for all u ∈ W1.

References

[1] J. Aczel and J. Dhombres, Functional Equations in Several Variables, Cambridge Univ, Press, (1989).

[2] T. Aoki, On the stability of the linear transformation in Banach spaces, J. Math. Soc. Japan, 2(1950), 64-66.

[3] M. Arunkumar and S. Karthikeyan, Solution and stability of n-dimensional mixed Type additive and

quadratic functional equation, Far East J. of Applied Mathematics, 54(1)(2011), 47-64.



Solution and Stability of an n-Dimensional AQ-Functional Equation / M. Arunkumar 15

[4] M. Arunkumar and John M. Rassias, On the generalized Ulam-Hyers stability of an AQ-mixed type

functional equation with counter examples, Far East Journal of Applied Mathematics, 71(2)(2012), 279-

305.

[5] M. Arunkumar, Perturbation of n Dimensional AQ - mixed type Functional Equation via Banach Spaces

and Banach Algebra: Hyers Direct and Alternative Fixed Point Methods, International Journal of

Advanced Mathematical Sciences, 2(1)(2014), 34-56.

[6] M. Arunkumar, C. Devi Shyamala Mary and G. Shobana, Simple AQ And Simple CQ Functional

Equations, Journal Of Concrete And Applicable Mathematics, 13(1/2)(2015), 120-151.

[7] M. Arunkumar, G.Shobana and S. Hemalatha, Ulam - Hyers, Ulam - Trassias, Ulam-Grassias, Ulam

- Jrassias Stabilities of A Additive - Quadratic Mixed Type Functional Equation In Banach Spaces,

International Journal of Pure and Applied Mathematics, 101(6)(2015), 1027-1040.

[8] M. Arunkumar, J.M. Rassias and G. Ganapathy, Leibniz Type AQ - Functional Equation, International

Journal of Mathematics And its Applications, 4(2-C)(2016), 149-169.

[9] M. Arunkumar, E. Sathya, P. Narasimman and N. Mahesh Kumar, 3 Dimensional Additive Quadratic

Functional Equations, Malaya Journal of Matematik, 5(1)(2017), 72–103.

[10] M.Arunkumar, E.Sathya, C. Devi Shyamala Mary and S. Hema Latha, AQ and CQ Functional

Equations, Malaya Journal of Matematik, 6(1)(2018), 182-205.

[11] M. Arunkumar and E. Sathya, Fuzzy Stability Of A Additive Quadratic Functional Equation,

International Journal of Research & Analytical Reviews, (2019), 9-16.

[12] S. Czerwik, Functional Equations and Inequalities in Several Variables, World Scientific, River Edge,

NJ, (2002).

[13] I. S. Chang and H. M. Kim, On the Hyers-Ulam stability of quadratic functional equations, Journal of

Inequalities in Pure and Applied Mathematics, 3(3)(2002), Article 33.

[14] M. Eshaghi Gordji, N. Ghobadipour and J.M. Rassias, Stability of additive- quadratic functional

Equations, arXiv:0903.0842v1 [math.FA] 4 Mar 2009.

[15] P. Gavruta, A generalization of the Hyers-Ulam-Rassias stability of approximately additive mappings, J.

Math. Anal. Appl., 184(1994), 431-436.

[16] K. W. Jun and H. M. Kim, On the Hyers-Ulam-Rassias stability of a generalized quadratic and additive

type functional equation, Bull. Korean Math. Soc., 42(1)(2005), 133-148.

[17] K. W. Jun and H. M. Kim, On the stability of an n-dimensional quadratic and additive type functional

equation, Math. Ineq. Appl., 9(1)(2006), 153-165.



Solution and Stability of an n-Dimensional AQ-Functional Equation / M. Arunkumar 16

[18] D. H. Hyers, On the stability of the linear functional equation, Proc. Nat. Acad. Sci., 27(1941), 222-224.

[19] D. H. Hyers, G. Isac and Th. M. Rassias, Stability of functional equations in several variables,

Birkhauser, Basel, (1998).

[20] S. M. Jung, Hyers-Ulam-Rassias Stability of Functional Equations in Mathematical Analysis, Hadronic

Press, Palm Harbor, (2001).

[21] Pl. Kannappan, Functional Equations and Inequalities with Applications, Springer Monographs in

Mathematics, (2009).

[22] A. Najati and M. B. Moghimi, On the stability of a quadratic and additive functional equation, J. Math.

Anal. Appl., 337(2008), 399-415.

[23] J. M. Rassias, On approximately of approximately linear mappings by linear mappings, J. Funct. Anal.

USA, 46(1982), 126-130.

[24] Th. M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer. Math. Soc.,

72(1978), 297-300.

[25] Th. M. Rassias, Functional Equations, Inequalities and Applications, Kluwer Acedamic Publishers,

Dordrecht, Bostan London, (2003).

[26] K. Ravi, M. Arunkumar and J. M. Rassias, On the Ulam stability for the orthogonally general Euler-

Lagrange type functional equation, International Journal of Mathematical Sciences, 3(8)(2008), 36-47.

[27] P. K. Sahoo and Pl. Kannappan, Introduction to Functional Equations, Chapman and Hall/CRC

Taylor and Francis Group, (2011).

[28] S. M. Ulam, Problems in Modern Mathematics, Science Editions, Wiley, NewYork, (1964).


