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Abstract

Let w be a weight function on Z2 or Z2. The Gel'fand spaces of the discrete Beurling algebras
11(Z2%,w) and 1'(Z?,w) are studied in [2]. In this paper, we study their Shilov boundary, peak
points and strong boundary points.

Keywords: Gel'fand space; Gel'fand transform; Shilov boundary; Peak point; Strong boundary

Point.

2020 Mathematics Subject Classification: Primary 46]J05; Secondary 46]10.

1. Introduction

Throughout, let A be a unital, semisimple, commutative Banach algebra. Let A(.A) denote the Gel’fand
space of A, leta : A(A) — C; ¢ — ¢(a) be the Gel'fand transform of a, let 'y : A — Co(A(A));
a — @ be the Gel'fand representation of A, and A = T 4(A) = {@:a € A}. Then A(A) is a compact
Hausdorff space equipped with the weak* topology, I' 4 is a norm decreasing, one-to-one, algebra
homomorphism, and A is a unital subalgebra of C(A(A)) which strongly separates the points of A(.A),
i.e. if ¢ # ¢, then there exists a € A such that a(¢) = 0 and f(¢) = 1 [3]. By [4], there always exists a
smallest closed subset d.A of A(A) such that [a]y4 = [@[5(4) (4 € A), where [a]F = sup{|¢(a)| : ¢ € F};
such a closed set 0.A is called the Shilov boundary of A [4]. A point ¢ € A(A) is a peak point for A if
there exists a € A such thata(¢) = 1and |a(y)| < 1forall ¢ # i € A(A) [4]. Let Sp(\A) denote the set
of all peak points for A. A point ¢ € A(A) is a strong boundary point for A if, for each neighbourhood
U of g, there exists a € A with a(¢) = [a|p4) = 1 and [a@|p4)u < 1 [3]. Let To(A) denote the set of
all strong boundary points for A. Then it is always true that So(.A) C Tp(A) C dA.

Let S be the semigroup (Z2,+) or the group (Z2,+). A weight w on § is a strictly positive function
w:S — (0,00) satisfying w(s +t) < w(s)w(t) for all s,t € S. Let I'(S,w) be the set of all functions
f:S — C such that Y{|f(s)|w(s) : s € S} < o0. For f,g € I'(S,w), the convolution product f x g of f
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and g is defined as

fxg(s) =) {f(u)g(v) :u,v€Sand u+ov=s} (s €5S).

Then (S, w) is a unital, commutative Banach algebra with pointwise linear operations, the convolution
product, and the norm || f||o = YX{|f(s)|w(s) : s € S}. The reader should refer to [3] for the definition
and some basic properties.

The Gel'fand theory of the Beurling algebras I'(Z,w) and I'(Z,w) are very well understood. For
example: (i) their Gel’fand space can be identified with some closed disc ID, with center zero and
radius r and the closed annulus I'(r1,72) with center zero and radii 0 < r; < rp, respectively; (ii)
their Shilov boundaries are just the topological boundaries of ID, and I'(rq,72), respectively. So it is
natural to study the Gel’fand theory and various boundaries of the algebras I1(Z32,w) and I'(Z?, w).
Their Gel’fand spaces are studied in [2]. In this paper, we study their geometrical properties; more
specifically, we study Shilov boundary, peak points, strong boundary points, and polynomial convexity.
It is already proved that A(I'(Z2%,w)) = G(w) and A(I'(Z? w)) = T(w), where G(w) and T(w) are
union of product of closed discs and closed annuli in C?, respectively [2]. Here, we shall prove that
G(w) is always polynomially convex, while T(w) is never.

It follows from [1] that, unlike I*(Z2%,w), the algebra ['(Z?, w) is always semisimple. Under some

condition on the weight w, the algebra I'(Z3, w) is semisimple too.

2. Main Section

To make this paper self instructed, we state here some notations, definitions and results from [2]
without proofs.

Notations: Let w be a weight on Z2 . Then we set the following notations.

D, = {zeC:|z|<r}T(r)={zeC:|z| =1}
I(r,s) = {zeC:r<|z] <s};

" = inf{w(m,n)7 : (m,n) € Z2\ {(0,0)}};
B1o = inf{w(m,0)n : (me N)};

B2, = inf{w(0,n)7 : (n € N)};

G(w) = Uea(Dy, xDs,), whererj,s; € Ry;
Gap(w) = Uiea(T(ri) x T(s));

¢ = sup{fzw|: (z,w) € Gy (w)};

Gp(w) = {(zw)eG(w): |z|jw] =}
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Let w be a weight on Z2. Then we set the following notations.

T(w) = Uea([(r) x (s, tr)), wherer, s, t, € Ry;
Tap(w) = [Urea(I(r) X T(s7))] U [Urea(T(r) x T(t))];
&1 = sup{|zw| : (z,w) € Urea(I'(r) x I(£))};

) = inf{|zw|: (z,w) € U;ea(T(r) x T(s;))};

g3 = sup{|z-'w|: (z,w) € Urea(T(r) x T(t:)) };
&4 = inf{|z7'w]| : (z,w) € Ujea(T(r) x T(s,))};
Ty (w) = {(zw) e T(w): |z||w| =} fori=1o0r2;
Ty (w) = {(z,w) € T(w): |z 'w| = ¢} fori=3or4

Definition 2.1. Let wy and wy be weights on Z. or Z. Then w is called a product weight on Z32 or Z? if

w(m,n) = wy(m)wy(n) (m,n € Z4 or Z).
The next result is proved in [2, Theorem 3.3].

Theorem 2.2. Let w be a weight on Z2.. Then there is a subset {(r;,s;) : i € A} of R% such that
AI(Z2,)) = G(w) = Uiea(D,, x IDy)

in such a way that, for each ¢ € A(IY(Z?,w)) there exists (z,w) € G(w) such that (@) = f(¢on) =
flz,w) = C{f(m,n)z"w" : mn € Z.} forall f € 1N(Z2,w). In particular, if m € Zy and if p =
Y{andk ol k+1<m} € MZ%, w), then p(z,w) = L{agz w1 k+1< m}.

1

Next Lemma will be required at later stage.
Lemma 2.3. Let w be a weight on Z2.. Then the Beurling algebra I'(Z2., w) is semisimple iff y > 0.

Proof. Let w be semisimple. Suppose, if possible, that 4 = 0. Let 0 < € < 1. Since p = 0, there exists
(m,n) € Z2 \ {(0,0)} such that w(m,n)m%n < e. This implies that, for each k € IN,

w(km, kn)* < w(m,n) < ™" < e.

Therefore, inf{w(km, kn)% :k € N} = 0, which is a contradiction. Hence y > 0.
Conversely, let 4 > 0. Then, for any (m,n) € Z% \ {(0,0)}, it is clear that inf{cw(km, kn)% :k e N} >

u™*" > 0. Hence w is semisimple. O

Definition 2.4 ([4]). Let n € IN. A compact subset K of C", is said to be polynomially convex if, for every
z € C"\ K, there exists a polynomial p in n-variables such that p(z) = 1 and |p(w)| < 1 for all w € K.

Lemma 2.5. The Gel'fand set G(w) is polynomially convex.

Proof. Let 8, = &) denote the identity of I'(Z%,w) and let (z;,w1) ¢ G(w). Then, for any ¢ €
A(IN(Z2,w)), either ¢(J;,) # z1 or ¢(b,) # wi1. Consider the ideal I = {(J;, — z15,) * g1 + (8¢, —
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w16e) * g2 ¢ §1,92 € 1M(Z3,w)} of IN(Z?,w). Then we must have I = [1(Z2%,w). If possible, suppose
that, I # I'(Z3,w). Then there exists ¢ € A(I'(Z2,w)) such that I C kerp C I*(Z2%,w). Since
Oe; — 210¢,0ey — W10, € 1, 50 @(6¢;) — 21 = @(0e; — 210e) = 0 = (b, — w16e) = @(Je,) — w1, which is a

contradiction. Thus I = ll(Zi, w), and hence there exist g1, $2 € ll(Zi, w) such that
Je = (0e; — 210e) * g1 + (0, — W10e) * Q0.

Choose & > 0 such that 6(||6e, — z16e||w + ||0e, — w1de)|lw) < 1. Since I}(Z2,w) is generated by &,, and

8e,, there exist mo,ng € Z4 suchthat py = ¥ agdhdl, po= ¥ Pudksl, and ||p; — gjl| < 6 for

k+1<mq k-+1<ng
j = 1,2. By substituting the values of J, above, it follows that

[[6e — ((0e; — 210¢) * p1 + (b6, — W10e) * PZ)Hw < NNde; — z10e || wllg1 — Pillw + [|0e, — w1de) || wlg2 — P2llw

<L

Let p = 6 — (8¢, — z10¢) * p1 — (Ge, — W18¢) * p2 € 1N(Z2%, w). Then p(z,w) =1— (z —z1)p1(z,w) — (w —
w1)p2(z,w) ((z,w) € G(w)) and p is a polynomial in two variables z and w. Clearly p(z;,w;) = 1. Let
(z,w) € G(w) be arbitrary. Then, by Theorem 2.2,

Pz w)| = |p(e(), (o))
= 1= (9(0e,) = 21)P1(9(0e,), 9(0c,)) — (9(be) — w1)P2(p(der ), 9(0c;))]
= |9(0:) = 9(0e; — 210e) 9(p1) — @ (b, — W10.) (p2)]
< [Ide = (b6 — z18e) * p1 = (8, — w1de) * P2l

< 1.

This proves that G(w) is polynomially convex. O

Lemma 2.6 ([3]). Let A be a semisimple commutative Banach algebra. Then So(A) C To(A) C dA. If A(A)
is metrizable, then d(A) = To(A) = So(A).

Lemma 2.7. Let (z9,wo) € G(w) and let S = So(I1(Z2, w)) or To(IY(Z2, w)) or AN (Z3, w). If (z0,wo) €
S, then T'(|zo|) x T'(Jwo]) C S.

~Y

Proof. Since A(I1(Z2,w)) = G(w) is metrizable, it is sufficient to prove only for So(I'(Z2,w)) due to

Lemma 2.6 above. Assume that (zo, wp) € So(I'(Z3,w)). Then there exists f € I'(Z3,w) such that

f(zo,wp) = 1 and |f(z,w)| < 1 for all (z,w) # (zo,wo). Let (z1,w1) € T'(|zo]) X T'(|wp|) be arbitrary
and let 6,68, € R such that zg = €z; and wy = e®2w;. Take g(m,n) = ei(m91+”92)f(m,n). Then

f(ZQ,ZUO) =1 and

g € IM(Z2,w) and g(z,w) = f(e®1z,e®2w). Hence g(z1,w1) = f(e®zy,ef2w;) =
13(z, w)| = [f(e®1z,e®w)| < 1 for all (z,w) # (z1,w1). Thus (z1,w1) € So(I*(Z2,w)). O

Theorem 2.8. Let w be a weight on Z>%. Then 01*(Z?, w) C Gap(w).



The Shilov Boundary and Peak Points of the Discrete Beurling Algebras on Zf_ and Z? / H. V. Dedania 137

Proof. Let f € I1(Z2,w). Since f is continuous and G(w) is compact, there exists (zq, wp) € G(w) such
that |f|A(ll(Zi,w)) = |f(z0,wp)|. Since G(w) = UieaDy, x D, there exists i € A such that (zo, wp) €
D,, x D;,.. Define g1 : D,, — C as g1(z) = f(z,wo) (z € D,,). Since f is continuous on D, x Dj,
and analytic on int(ID,, x Ds;), g1 is continuous on ID;, and analytic on int(ID,,). So by the maximum
modulus principle, there exists z; € I'(r;) such that |f(z,wo)| = |g1(z)| < |g1(21)] = |f(z1, wo)|. Next
define g, : Dy, — C as g»(w) = f(z1,w) (w € Dy,). As above argument, there exists w; € I'(s;)
such that [f(z1,w)| = |g2(w)| < [ga2(w1)| = |f(z1,w1)| (w € Dy,). Hence |flgw) = |f(z0,w0)| <
|f(z1, wo)| < |f(z1,w1)| < |/I-\|F(ri)><1“(si)' Thus Ujea (T(r;) x T(s;)) is a boundary of I'(Z2, w). Hence we

get all (Z%_,CU) C Gdb(w). ]

We believe that the two sets 91'(Z2,w) and G;(w) should be identical. Unfortunately, we could not

prove it. However, if the weight w is a product weight, then it is true; this is proved in the next result.
Theorem 2.9. Let w be a weight on Z2.
(D If p =0, then G(w) = (Dg,, x {0}) U ({0} x Dg,,) and following holds.

(a) If B1o = Boo = 0, then dI'(Z7, w) = {(0,0)};

(b) If Bro = 0and B > 0, then dI*(Z2%,w) = {0} x T(B2o);

(¢) If Bro > 0 and Pao = 0, then AN (Z2, w) = T(B1o) x {0};

(d) If Bro, Bao > 0, then 911 (Z2%, w) = (T'(B10) x {0}) U ({0} x T(B20)).
(I) If o > 0, then Gp(w) C AV (23, w);

(I If w is a product weight, then 911 (Z2, w) = Ggp(w).

Proof. (I) If D, x Ds C G(w) for some 7,5 > 0, then y > min{r,s} > 0. So, by [2], G(w) = (IDg,, x
{0}) U ({0} x Dg,,). If B1o = P20 = 0, then G(w) = {(0,0)}. Clearly 9I'(Z2,w) = {(0,0)}. If B10 =0
and B0 > 0, then G(w) = {0} x Dg,,. Take f = %(5(0,0) + ,62_,35(0,1)) € 11(Z2,w). Then the Gel'fand
transform f of f will be f(0,w) = T+ ﬁg(l)w) such that f(0,B20) = 1 and |f(0,w)| < 1 for all
(0,w) # (0, B20). Thus (0, B20) is a peak point and hence by Lemma 2.7, {0} x I'(B20) C 9I}(Z2, w).
But in this case, G5 (w) = {0} x ['(B2y). So by Theorem 2.9, 9l'(Z3 ,w) = {0} x T'(Ba,). This proves
(b). The proof of c follows by the similar arguments given in (b) above. Now assume that $19 > 0
and Boo > 0. Let f = 3(6(00) + ,81’,3(5(1,0) + ﬁ%’é&(oll)). Then the Gel'fand transform f of f is given by
fz,w) = 11+ ,Biéz + ﬁ%éw) Let (z,w) € G(w) be such that (z,w) # (B1,,0). Then either z = 0 or
w = 0. Hence f(B10,0) = 1 and |f(z,w)| < 1 for all (z,w) # (B10,0). Thus (B1,0) € A (Z2,w).
So we have I'(B1) x {0} C 9I'(Z2,w). Similarly, we can show that {0} x T(B20) C 9I'(Z2,w). This
proves (d).

(II) Assume that u > 0. Since Gy (w) is compact, the set G,(w) = {(z,w) : |zw| = {} is non-empty.
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Let (zo,wo) € Gy(w). Consider, f = 5(5(,0) + zy'wy'6(11)) € 1(Z3, w). The Gel'fand transform of f
is given by

~ 1

Flz,w) = 101+ 7w z).

~ ~

Then f(zo,wp) =1 and |f(z,w)| < 1 for all (z,w) # (zo, wp). Hence (zo, wp) is a peak point. Therefore
Gplw) € So(I(Z2,w)).

(IIT) If w is a product weight, then by [2, Theorem 3.7(i)], we have G(w) = Dg, o x D, . If Big = 0
for i = 1 or 2. Then, by the similar arguments given in (II) above, the result follows. Now let ;9 #
0 (i =1,2) and let (zo, wo) € T'(B1,0) x T'(B20). Consider f = %(5(0,0) + 2y 10, + Wy 106, + zo_lwo_lé(l,l)).
Then the Gel’fand transform J?of f is given by

o~ ~

Fi9) = Fgo) = Flz,w) = 3 (1425 "2) (1 + ") (2,0) € Dy, x Dy, ).

Then f(zo,wo) = 1 and |f(z,w)| < 1 (z,w) # (z0,wp). Hence T(B1p) x T(Ba0) C 9l'(Z2,w). Note
that, for any f € I'(Z2,w), the Gel’fand transform fAis continuous on Dg, o x Dy, ; and analytic on the
interior of Dg, o x Dg, . Hence, by the maximum modulus principle, I'(B1,0) x T'(B20) C 0I'(Z%, w).
Clearly, Ggp(w) = T'(B1,0) % T'(B2o). Hence, by Theorem 2.9, 9I*(Z2%,w) = T(B1,0) x T (B20). O

Theorem 2.10 ([2]). Let w be any weight on Z?. Then there exists a subset A of R®. and a subset {(s,, t,) :
r € A} of R%? such that
AINZ2,w)) =2 Uea(T(r) x T(s,, t,)).

The following proof can be compared with the proof of Lemma 2.5.
Lemma 2.11. Let w be a weight on Z>. Then
(i) T(w) is never polynomially convex;

(ii) Let z1,wy # O be such that (z1,w1) & T(w). Then there exists f € 1'(Z?,w) such that f(zl,wl) =1

and |f(z,w)| < 1 forall (z,w) € T(w);

Proof. (i) Assume that T(w) is polynomially convex. Since for each r € A the point (0,t,) € T(w), we
get a polynomial p, such that p,(0,t,) = 1 and |p,(z,w)| < 1 for all (z,w) € T(w). Fix some r € A
and define a polynomial q : C — C by q(z) = p,(z,t+). Then |g(z)| < 1 for all z € C with |z| = r and
q(0) = p+(0,t,) = 1, which is a contradiction to the maximum modulus principle.

(ii) Let (z1,w1) € T(w), ¢ € A(I1(Z?,w)), and let ker(¢) = M. Then ¢(6,,) # z1 or ¢(e,) # w1. Take
aset I = {(0, —210:) x g1+ (8o, — w10e) * g2 & §1,$2 € 11(Z?,w)} of I'(Z?,w). Then clearly, I is an
ideal. Also the elements 6,, — z16, and 6,, — w1, € I but atleast one of these two elements does not
belong to ker(¢) for each ¢ € A(I'(Z?,w)). This implies that I C kerg for any ¢ € A(I'(Z?,w)) is not
possible. Thus I = I'(Z2,w). Hence there exists g1,¢> € ['(Z?,w)) such that

53 = (531 — 2153) * g1 —+ ((ng — wlée) * 0.
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Choose 6 > 0 such that 6(||d;; — z10e|w + [|e; — w18e)]|w) < 1. Since I'(Z? w)) is generated by
01/ 0—¢1,0c,, and 6_,,, there exists polynomials py, p, in 4-variables such that ||pj(de,, 6, 0e,,0e,) —
8jllw < 6 for j = 1,2. It follows that

H(SL’ - (561 - 21(5g) * P1 (56115761/56215762) - (562 - wl(se) * p2(6€1/5*€115€2/5*€2)uw
< |N|de; — 210 ||wI§1 — P1(Beys O—eys Pers O ) ||
+ 1|06, — w1de)[|w g2 — P2(ers 0—e1) Oers 0—e) |l

<L

Now, define a map f : 7?2 — C as follows

f - 56 - ((561 - 21(53) * 791 (561/ 5—61/ 562/ (S—ez) - ((562 - w156) * P2(5e1, 5—61/ (562/ 5—62)'

Then f € ['(Z?, w) and the Gel'fand transform of f is given by

~

flzzw) = 1—(z—z)pi(zz Lww™?) — (w—w)pa(z,z L, w,wt).

~ ~

Then f(z1,w1) = 1, and by the similar arguments given in Lemma 2.5, we have |f(z,w)| < 1 for every

(z,w) € T(w). O
Theorem 2.12. Let w be a weight on Z2. Then 91'(Z?,w) C Tp(w).

Proof. 1t is enough to show that the set T, (w) is boundary for I'(Z2?,w). Let f € I'(Z? w) and
let (zo,wp) € T(w) such that |ﬂT(w) = |f(z0,wp)|. Since T(w) = Usea(T(r) x T(s,, 1)), (zo,w0) €
I(r) X I'(sy, t,) for some r € A. Define g : I'(s,, ;) — C as g(w) = f(zo,w). Then g is continuous on
I'(s, t,) and analytic on its interior. So there exists wy € T'(s,) UT(t,) such that |f(zo, w)| = |g(w)| <
g(w1)| < [f(zo,w1)| for all w € T(sy,t,). This implies |flr() < |f(zo,w1)|. Note that (zo,w;) €
(T(|z0]) x T(sy)) UT(|z0]) x T(t,). Thus T,(w) is a boundary for I'(Z? w). Hence 9I'(Z%,w) C

O

Top(w).
Theorem 2.13. Let w be a weight on Z?. Then
(i) U Ty, (w) C 0} (22, w));
(ii) If w be a product weight, then U_ T, (w) = oIY(Z?, w) = Ty (w).
Proof. (i) Since Typ(w) is compact, each set T, is non-empty. Let (zo, wp) € Tp, (w). Then |zowp| = ;.

Take f = 5(8(0,0) + 25 Wy 6(11)) € I'(Z? w). Then the Gel'fand transform f of f is given by

f(z,w) = %(1 —}—zalwo_lzw) ((z,w) € T(w)).
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-~ o~

Clearly, f(zo,wo) = 1 and |f(z,w)| < 1 for all (z,w) # (zo, wp). So (zo, o) is a peak point, and hence
(zo,wo) € 9I'(Z?,w) due to Lemma 2.6.

Similarly, if (zo, wo) € T)p,, then |zowp| = 2. Take f = %(5(0,0) + 2owod(—1,-1))- Then f(z0,w0) =1 and
|f(z,w)| < 1 for all (z,w) # (zo,wo). Thus Ty, C So(IN(Z% w)) = 1N (Z?,w). If (zo,wp) € Tp,, then
take f = %(5(0,0) + zo’lwoé(l,_l)); and if (zg, wp) € Tp,, then take f = %(5(0,0) + zowo’lé(_lll)). Then, as
per the above arguments, we can show that T, T,, C 9l'(Z?, w).

(ii) Since w is a product weight, by [2, Theorem 3.7(ii)], the Gel'fand space of I'(Z? w) is
homeomorphic to T'(a10,B10) X I'(az0,B20). It is clear from the maximum modulus principle that

(2% w) < (T(aro) x T(azo)) U (F(Bro) x T(azp)) U (F(ar0) x T(B2p)) U (T(Bro) x T(B20))-

Conversely, let (zo, wp) € T'(a10) X I'(azp), then |zowy

= ¢4 and hence, by the argument given in (i)
above, (zg, wp) is a peak point, and hence (zo, wy) € 9l'(Z?,w). Similarly, we can show that other sets

are also subsets of 9I'(Z2, w). O
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