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Abstract

This paper concerns the existence of solutions to initial-value problems for nonlinear first-order
differential systems with nonlocal conditions of functional type. The fixed point principles by Perov,
Schauder and Leray-Schauder are applied to a nonlinear integral operator split into two operators,
one of Fredholm type and the other of Volterra type. The novelty in this article is combining this
approach with the technique that uses convergent to zero matrices and vector norms. We also give

some examples in support of our results.
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1. Introduction

In this article, we study the nonlocal initial-value problem for the first-order differential system

@)

Here, f1,f2,f3 : [0,1] x R®> — R are Carathéodory functions, &,8,7 : C[0,1] — R are linear and
continuous functionals. In this paper, problem (1) was studied using as main tools the fixed point
principles by Perov, Schauder and Leray-Schauder, together with the technique that uses convergent

m
to zero matrices and vector norms. Note that the m-point boundary condition x(0) + Y axx(t,) = 01is
k=1
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a particular case of condition x(0) = a[x] when
m
afx] = =) apx(ty). )
k=1
In [2], the authors studied the nonlocal initial-value problem for first-order differential equations

x'(t) = f(t,x(t)) (a.e. on]0,1])

x(0) + i ax(te) =0,
k=1

assuming that f : [0,1] x R?> — R is a Carathéodory function, t; are given points with 0 < t; < t; <
«- <ty <land a, a are real numbers with 1+ Y7, a; # 0and 1+ Y}", 4 # 0. The main idea
there was to rewrite the problem as a fixed point problem, involving a sum of two operators, one of
Fredholm type whose values depend only on the restrictions of functions to [0, t,], and the other one,
a Volterra type operator depending on the restrictions to [t,,, 1]. The same strategy was adapted in [4]

for the first-order differential system

t,x(t),y(t),z(t))
y'(t) = g(t,x(t),y(t),z(t))
t,x(t),y(t)

Z'(t) = h(t,x(t),y(t),z(t)) ae. on]0,1]
() + Y ax(t) =0, y(0)+ Y Gyt =0, 2(0)+ Y. Fz(ty) = 0.
k=1 k=1 k=1

In this article, the nonlocal conditions are expressed by means of linear continuous functionals on
C[0,1], as in the works by Webb-Lan [9]. Our main assumption on functionals &, 8,y extends to the
general case the specific property of the particular functional (2) of depending only on the points
from a proper subinterval [0, to] of [0, 1], namely [0, t,,| (taking ¢y := t,,). More exactly, we require the

following property:
xljo.t] = Yl[o,1) implies a[x —y] = 0, whenever x,y € C[0,1]. (3)

Therefore, (3) reads that the value of functional &« on any function x only depends on the restriction of

x to the fixed subinterval [0, ty]. The key property of functional « satisfying (3) is that
afu] < lafl - fulcio) . 4)
for every u € C[0,1]. Normally, for a given functional

a:C[0,1] - R,
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we have

w[gl] < [lal] - [lepo-

However, if « satisfies condition (3), then

lw(gll < llall - [8]cpo k-

Indeed, for each g € C[0, 1], if we let ¢ € C[0, 1] be defined by

N g(t), ifte]0,t]
g(t) =
g(to), ifte [t(),l],
then

|w[g]] = |afg]] < [lall - |&lcgo = llall - Iglcron)-

The goal of this work is to revisite system (1) under the assumption that both functionals « and B

satisfy (3), using the strategy from [4]. Problem (1) is equivalent to the following integral system in

Clo,1]3:
(1) = 1 gyl + [ A 3(6),3(6),2)ds
V0) = g Bl + [ ol (6,05, 2(6))s
() = el + [ (s, 006, 2(6)ds
where

1(t)i= [ fis,x(5),9(5), )i,
g2t)i= [ fals 3(5),9(5), )i,

g3(t) = /Otf3(5,x(S),y(s),z(s))ds.

This can be viewed as a fixed point problem in C[0,1]* for the completely continuous operator T :

C[0,1® — C[0,1]?, T = (Ty, To, T3), where Ty, T and T; are given by

Ty, 2)(0) = gl + [ Ax(0),y(s) 2,
Talo,0,2)(0) = =g Bleal + [ (s, (6),(5),2(6))ds

Ta(o, 9, 2)(0) = T—oylsal + [ (s, (), (s) 2(5)) .
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In fact, under assumption (3) on «, § and 7 operators T7, 1> and T3 appear as sums of three integral

operators, one of Fredholm type, whose values depend only on the restrictions of functions to [0, fo],

and the other one, a Volterra type operator depending on the restrictions to [to, 1], as this was pointed

out in [2]. Thus, T; can be rewritten as T1 = Tf, + Ty,, where

iaralga] + fy fi1(s,x(5),y(s),2(s))ds,
Ty, (x,9,2)(8) = § AT ST

malgn] + fo" fi(s,x(5),y(s), 2(s))ds,

0, ift <ty
TVl(xly/Z)(t) =

ftg fi(s,x(s),y(s),z(s))ds, ift> to.

Similarly, T, = Tf, + Ty,, where

Tr, (x,y,2)(t) = 1_}3[1}/3[3*2] + fot fa(s,x(s),y(s),z(s))ds,
—hrBlga] + 3 fals, x(s), y(s), 2(s))ds,
0, if t <ty
Ty, (x,y,2)(t) =

ftz fa(s, x(s),y(s),z(s))ds, ift> to.

and T3 = Tr, + Ty,, where

1717[1}')’[83] + fot f3(s,x(s),y(s),z(s))ds,
1

TF3(x/y/Z)(t) = t
=y (83l + 1o f3(s,x(s),y(s), 2(s) )ds,

0, if t <ty

TV2(x/y/Z)(t) = ;
i, f3(s,x(5), y(s),2(s))ds, if t > to.

if t <ty

IftZ to,‘

ift <ty

iftZ to;

if t <tg

ift Z t();

This allows us to split the growth condition on the nonlinear terms fi(t, x,y,2z), f2(t,x,y,z) and

fa(t,x,y,2z) into two parts, one for t € [0,f] and another one for t € [ty, 1], in such way that one

re-obtains the classical growth when ty = 0, that is for the local initial condition x(0) = 0. We conclude

this introductory part by some notation, notions and basic results that are used in the next sections.

The symbol |x|c(, 5 stands for the max-norm on Ca, b],

|X|cap) = MaXpepqp | x(2)],
while [|x||c, denotes the Bielecki norm

—0(t—a

x| clap) = |x(t)e | clan
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for some suitable 6§ > 0. In the next sections, three fixed point principles will be used to prove the
existence of solutions for the semilinear problem, namely the fixed point theorems by Perov, Schauder
and Leray-Schauder (see [7]). In all three cases a key role will be played by the so called convergent to

zero matrices. A square matrix M with nonnegative elements is said to be convergent to zero if
MF =0 ask— co.
It is known that the property of being convergent to zero is equivalent to each of the following three

conditions (for details see [7,8]):

(@) I — M is nonsingular and (I — M)~! = [+ M + M? + ..., where I stands for the unit matrix of

the same order as M;
(b) the eigenvalues of M are located in the interior of e the unit disc of the complex plane;
(c) I — M is nonsingular and (I — M)~! has nonnegative elements.

The following lemma whose proof is immediate from characterization (b) of convergent to zero

matrices will be used in the sequel:

Lemma 1.1. If A is a square matrix that converges to zero and the elements of an other square matrix B are

small enough, then A + B also converges to zero.

We finish this introductory section by recalling (see [1,7]) three fundamental results which will be used
in the next sections. Let X be a nonempty set. By a vector-valued metric on X we mean a mapping

d: X x X = R’} such that
(i) d(u,v) > 0forall u,v € X and if d(u,v) = 0 then u = v;
(i) d(u,v) =d(v,u) forall u,v € X;
(iii) d(u,v) <d(u,w)+d(w,v) for all u,v,w € X.

Here, for x = (x1,x2,...,%n), ¥y = (Y1,Y2,.-.,Yn), by x <y wemean x; < y; fori =1,2,...,n. We call
the pair (X, d) a generalized metric space. For such a space convergence and completeness are similar
to those in usual metric spaces. An operator T : X — X is said to be contractive (with respect to the

vector-valued metric d on X) if there exists a convergent to zero matrix M such that
d(T(u), T(v)) < Md(u,v) forall u,v e X.

Theorem 1.2 (Perov). Let (X, d) be a complete generalized metric space and T : X — X a contractive operator

with Lipschitz matrix M. Then T has a unique fixed point u* and for each uy € X we have

d(T"(ug), u*) < MF(I — M)~ Yd(ug, T(ug)) forall k € N.
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Theorem 1.3 (Schauder). Let X be a Banach space, D C X a nonempty closed bounded convex set and
T : D — D a completely continuous operator (i.e., T is continuous and T (D) is relatively compact). Then T has

at least one fixed point.

Theorem 1.4 (Leray-Schauder). Let (X, || - ||x) be a Banach space, R > 0 and T : Bg(0; X) — X a completely
continuous operator. If ||ul|x < R for every solution u of the equation u = AT(u) and any A € (0,1), then T

has at least one fixed point.
Throughout the paper we shall assume that the following conditions are satisfied:
(H1) 1—af1] #0,1—B[1] #0 and 1—9[1] # 0.

(H2) f1,f2 f3 : [0,1] x R® — R are such that f(.,x,v,2), f2(.,x,v,2), f3(., x,y,z) are measurable for
each (x,y,z) € R?and fi(t,.,.,.), f2(t,.,.,.), f3(t,.,.,.) are continuous for almost all ¢ € [0, 1].

2. Nonlinearities with the Lipschitz Property: Application of Perov’s Fixed Point Theorem

Here we show that the existence of solutions to problem (1) follows from Perov’s fixed point theorem

when fi, f», f3 satisfy Lipschitz conditions in x and y:

1 bl 3l 3]
L aj|x — x|+ bily —y| +ci|lz—z|, ift € [0, o]
‘fl(t;x;ylz)_fl(t/x/]//Z)| S (5)
aylx x| +byly -yl +c3lz—z|, ift € [to,1],

2 - 2 — 2 =l s
o ajlx — x|+ bily —y| +cilz—z|, ift €0,
fa(t,x,y,2) — fo(t,%,,2)| < (6)
Blx x|+ Bly 71+ e —2, it € [r0,1],

310 — % L B3y — 3 4+ Bl — 3 i
- aj|x —X| +bly —y| +cjlz—z|, ift €0,
|f3(t1x1ylz)_f3(t/x/ylz)‘ S ! (7)
a|x —x|+ by —yl+lz—z|, ifte [ty1],

forall x,y,z,%,y,z € R.

In what follows we denote by

]

Ta v P | IS N

Aei= = - Bl 1T [1]]

Theorem 2.1. If f1, f», f3 satisfy the Lipschitz conditions (5), (6),(7) and the matrix

a%toA“ b%toA“ C%tOA,X
MO = El%toB‘g b%toB‘B C%toB/g (8)

converges to zero, then problem (1) has a unique solution.
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Proof. We shall apply Perov’s fixed point theorem in C[0, 1]*> endowed with the vector norm || - || defined
by
[fuell = Cllx [l Myl [121])

for u = (x,y,z), where for w € C[0,1], we let
lwll = max{{wlcios), 1wl }-
We have to prove that T is contractive, more exactly that
IT () = T()[| < Mel|u — ]|

for all u = (x,y,2),u = (%,7,Z) € C[0,1]* and some matrix My converging to zero. To this end, let

u=(x,y,z),u=(X,7,z) be any elements of C[0, 1]3. For t € [0, ty], we have

ITi(x,9,2)(6) = Ti(%,5,2) (1)] = 11 el [ A0, y(s) 2(6))ds
1 _ t N — N =

eI WICE OB ORI O

< I llen = 81l + [ A (6),4(5),2(9) = (s, X(6), 9(5),2(5) .

Thus, using (3),
algr — 8] < [laff - |81 _§1|C[0,t0]

and therefore by (4), we obtain the following evaluation:

N o _
Ti(x,y,2)(t) — Ta (X, 9, 2)(1)] < mkl — &1lciot)

t
+ /0 (ailx(s) = %(s)| + bily(s) — 4(s)| + c1|z(s) — Z(s)| )ds.
Now, taking the supremum, we have

o w _ _
IT1(x,y,2) — Ta (%X, ¥,2) o) < ‘1!““[1”!81 — Z1lcfo) + a1tolx — Xl o)

+ brtoly — lcpo) + citolz — Zlcjos)-
Also
g1(t) =& (1)] < /Ot |f1(s,x(s),y(s),2(s)) — fa(s, x(s),y(s),Z(s))|ds
t

< /0 (at|x(s) = %(s)| + byly(s) —F(s)| +cilz(s) —Z(s) )ds

< aqto|x — %|cjo ) + bitoly — Ylcpor) + citolz — Zlcpo )
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which gives

191 — &1lcosy < artolx — Xlepos) + brtoly — Flcjo ) + Citolz — Zlcpoz)- )

From (8) and (9), we obtain

14 _ _ _
73 50,2) = T8 3D lcion) < (g +1) (ool = lcioq) + bloly = Flcu + oz ~ Zlca)

= Awaito|x — F|cpos) + Aubitoly — Flcjos) + Accitolz = Zlcpoy)- (10)

For t € [to, 1] and any 6 > 0, we have

T35, 2)(8) = (3,200 < [y ol =1+ [ (s 3(6),y(6),2(6)) = fls 505,75, 2ol
[ s (60, (9),2(5)) = (s, 60, 7(5),2(5)) s

Hence, (4) gives

_ ® _ _ _
Ti(x,y,2)(t) — Ti (%, 9, 2) (1)] < (’1!“”[1” 1) (attolx — |cjos) + Pitoly — Ylcio) + citolz — Zlcjou))

[ s 60, (5),2(6)) = (s, ), 7(5), 2(5) s

The last integral can be further estimated as follows:

/t: f1(s,x(5), y(5),2(s)) = f(s,%(s),¥(s),2(s)) |ds < /t:(a%\X(S) ()] + baly(s) = 5(s)| + c3z(s) — Z(s)|)ds

= a% |x(s) — 7(5)’ .efe(s—to) . eP5—10) g

t
03 [ lyls) = (s)] et et
to

t
+cb [ |z(s) —Z(s)| - e 06 H0) . fls—to) g

2 0=ty —
9 y—= yctol]

Thus

ITa(x,y,2)(t) = Ty (%,7,2) ()] < Awaitolx — Flcjor) + Aabitoly — Fleor) + Aacitolz = Zlcon)

a 0(t—to) = b% Hlt—to)
+ g TVl = Klepy + e Ny =l

¢ 0(t—to) =
+§e 1z = Zllcpto,1)-
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Dividing by ¢’(*~*) and taking the supremum when t € [t;, 1], we obtain

IT(x,y,2) — TL(%, 5, 2) lco1) < Aatittolx — | cjo,] + Aabitoly — Flcpo ) + Aucitolz — Z|cjos)
1 1 (11)
) = b, = ) =
+ g“x =Xl i) + g”y —Yllcen + g”z —Z|lcfto,1]-

Now (10) and (11) imply
1 bl 1 Cl
I7:ew,2) - T 7,2 < (Asat+ Z ) =31+ (Aublto ) Iy =31+ (Auclto + G ) 122

(12)
Similarly,

2 bZ CZ
I, y,2) - (e 7,201 < (Assto+ F ) I =31+ (Ao ) Iy =31+ (Aucito + Z ) 122

(13)

3 b3 C3
ITa5,9,2) - B(m 7,2 < (Asato+ Z ) I =31+ (Ao 2 ) Iy =31+ (Aucito + Z ) 122

(14)

Using the vector norm we can put both inequalities (12), (13), (14) under the vector inequality
IT(u) = T(@)|| < Mollu—1ul],

where
1 1 1
Agalto+ 3 Aublto+ %2 Auclto+ %
2 2 2
My = | APty +% AdPto+ 3 Aucto+ 5| - (15)
Auito+ % ABo+ 5 Ao+ G
aldito + 5 abito + 3 aCyto + 3

Clearly the matrix My can be represented as My = My + M;, where

B by

0 0 0

2 2 2

—|m b 9
M 06 8 9
G B9

9 0 0

Since M) is assumed to be convergent to zero, from Lemma 1.1 we have that M, also converges to zero

for large enough 0 > 0. The result follows now from Perov’s fixed point theorem. O

3. Nonlinearities with Growth at Most Linear: Application of Schauder’s Fixed Point

Theorem

Here we show that the existence of solutions to problem (1) follows from Schauder’s fixed point

theorem when f, f>, f3, instead of the Lipschitz condition, satisfy the more relaxed condition of growth
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at most linear:

ablx| + byl + ctz| +dE, ift €0t
Lt x,1,2)| < 1| | 1|y| 1| | [ ] (16)
Y
ay|x| +byly| + cy|z +dy, if £ € [to, 1],

2 2 2 2 :
ag|x| + byly| + cilz| +di, ift € [0,to]

|f2(t,x,y,2)] < (17)
a3|x| + b3ly| + 3lz| +d3, if t € [to, 1],

3 3 3 3
as|x| + byly| + cj|z| +dy, ift € [0,t]
f3(tx,y,2)| < (18)
ajx| + b3y + lz| +d5, ift € [to,1],
Theorem 3.1. If fi, f», f3 satisfy (16), (17), (18) and matrix (8) converges to zero, then (1) has at least one

solution.

Proof. To apply Schauder’s fixed point theorem, we look for a nonempty, bounded, closed and convex
subset B of C[0,1]% so that T(B) C B. Let x,y,z be any elements of C[0, 1]. For ¢ € [0, (], using (3) and

(4), we have

1 t
T1(x,y,2) ()] = [5— 0‘[81]+/ fi(s,x(s),y(s),z(s))ds|
1—afl] 0
1 t
< lrgrlelsill + [ @lx(e)] + b1y (s) + elfz(o)] +di)es 19)
< ] 1 pl 1 Al
< T 81l clo) + @1tolx[cio ) T brtolYlcio) + citolzlclo) + dito-

Also

g1()] < /Ot |f1(s,x(s),y(s),z(s))|ds
< [ @lx(s)] + Bllys)| + )] + i)
< ajto|x|cpo ) + bitolylcpo ) + citolzlcp ) + dito,
which gives
1811 cioe] < a1tolxlcios) + Pitolylcior) + citolzlcp) + dito- (20)
From (19) and (20), we obtain

[
735w Dlcton) < (i + D labtoledtosg + Bolvicion) + clfolzlcosy) +
(21)

= ajtoAn|x|clo ) + bitoAalYlcon) + citoAnlzlcios) + 41,

where dl := dltyA,. For t € [ty,1] and any 6 > 0, we have

I TL(x,y,2)(1)] = aitoAalx|cos) + PltoAalylcpon) + cltoAalzlcio ) +di
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t
+ / (a3]x(s)| + D3|y (s)| + calz(s)| + d3 )ds
to

< aitoAal¥|clo ) + bitoAalYlclos,) + citoAslzlcp s +di + (1 —to)d)

t
+ a% t |x(s)| . e_e(s_tO) . ee(s_tﬂ)ds
0

t
+ b%/ ly(s)| e 0(s—t) | ,0(s—to) gg
to
+ch /t |2(s)] - e 706 —H0) . Bls—t) gg
fo
< ajtoAn|x|cjo ) + b1toAxlylcio ] + CitoAn \Z’cmo] +dj

1

b
x| cppgy + 5 e Hyllqtow*e =02l cpry 1)

1
ap

T

where d} := d! 4 (1 — to)d}. Dividing by ¢’ ") and taking the supremum, it follows that

ITL(x, Y, 2) lcon) < artoAalx| o] + brtoAxlycio ) + cltoAs |Z|c

1 1 (22)
a Ht—to) bz 0(t—to) (t—to)
+ g ¢ 1%l cpeo1] + oe 1yl cpeo] +*€ 2]l ¢t + dj.
Clearly, (21) and (22) give
ITi(x,v,2)]| < (altoAw + 22 )HXH+(b1tOA e )||yH+(C1f0A + = )||Z|\+&j/ (23)

where &V}) = max {élv%, d(l)}. Similarly,

2 b2
1T2(x,y,2) || < (altOBﬁ+ )||x||+(b2t085+ )||yH+(CltOBﬁ+ )HZII+5I’, (24)

with d2 max{d?, d3}, where d% = d2toBg and dj := d2 + (1 — to)d3.

3
IT5(x, y,2) || < (aitoCy + )Hx|!+(b3focv+ )Hy|l+(c1f0C +5 )||Z||+513, (25)

with Elv(?; = max{d, d3}, where cTi’ = d3toC, and d3 := d?’ + (1 — to)d5. Now (23), (24) and (25) can be
put together as

ITi(x,y,2)]| [ET -
IT(x,y,2)||| < Mo ||yll| + |4
IT5(x,y,2)] Izl | |43

where the matrix My is given by (15) and converges to zero for a large enough 6 > 0. Next we look

for two positive numbers Ry, Ry such that if ||x]| < Ry, ||y|| < Ry, ||z|| < Rs, then ||Ti(x,y,2)| < Ry,
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IT2(x,y,2)|| <Ry, | T3(x,y,2)|| < Rs. To this end it is sufficient that

1

bl c ~
(altoA —|— 0 )Rl + (bltoA + = 0 )Rz + (CltoA + 92)R3 —|—d10 < R;
2 b2 c? ~
(a3toBg + 2 9 2)Ry + (bftoBp + G —2)R; + (citoBg + 92)R3+d20 < Ry, (26)
b 3
(a3toC,, +2 5 )R1 + (b3toCy + -2 5 2)Ry + (c34Cy + 2 5 2)R3 +d3 < Ry,
or equivalently
R, d} R,
M9 Rz + d~(2) < Rz ’
R; G| R
whence -
R, l
Rz Z (I - MG)il Cflv(z)
R; 3

Note that I — Mg is invertible and its inverse (I — My)~! has nonnegative elements since My converges
to zero. Thus, if

B ={(x,y,2) € CI0,1]°: [lx[| <Ry, lyll < R, ||zl| < Rs},

then T(B) C B and Schauder’s fixed point theorem can be applied. O

4. More General Nonlinearities: Application of the Leray-Schauder Principle

We now consider that nonlinearlities fi, f>, f3 satisfy more general growth conditions, namely:

i) < wi(t,ule),  if t € [0, to] o
1\ =
v(B)B1([ule), ift € [to, 1],

ol )| < wa(t, ule), if t € [0, to] 28)
2(t,u)| <
t)Ba(lule), ift € [to, 1],

ot )] < ws(t, [ule), if t € [0, to] 29)
v ®Bs(ule), ift e [to,1],

for all u = (x,y,z) € R?, where by |u|, we mean the Euclidean norm in R®. Here wj,wy, w3 are
Carathéodory functions on [0,#y] x R, nondecreasing in their second argument, y € L![to, 1], while

B1,B2, B3 : Ry — Ry are nondecreasing and 1/81,1/B2,1/B3 € L} .(Ry).

Theorem 4.1. Assume that (27), (28) hold. In addition assume that there exists a positive number Rg such that
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for p = (p1,p203) € (0,00)3,

1/t° (t, lole)dt > — 1/t° (t, |ole)dt > — dl/to (&, |ole)dt > — (30)
- w 7 e = T w 7 e - 55 ana — w 7 e - S~
01 Jo e A" p2 Jo 2L 1P Bﬁ 03 Jo s\1p Cy
imply |ple < Ro, and
” at > / L (s)ds (31)
R Br(T) + Ba(T) + Ba(r) ~ i T

where R* = [(Aq [ w1 (t, Ro)dt)2 + (Bp [i® wa(t, Ro)dt)? + (Cy [i¥ ws(t, Ro)dt)?]'?

one solution.

. Then (1) has at least

Proof. The result will follow from the Leray-Schauder fixed point theorem once we have proved the
boundedness of the set of all solutions to equation u = AT(u), for A € [0,1]. Let u = (x,y,z) be such a

solution. Then, for t € [0, ], also using condition (3) and (4), we have

[x()] = [ATh(x, y,2) ()]

= Al + [ A2, y(s), =(5))s

S Hﬂaﬂl‘[l”|g1|C[0,to] +/O 1f1(s,x(s),y(s),z(s))|ds (32)
[« fo
< (m +1)/0 wi(s, |u(s)le)ds

A, /OtO w1 (s, |1(s)]o)ds.

Similarly,
to
()] < By [ wals, fu(s) ). @)

and

20 < C; [ ws(s uts)|yas (34

Let p1 = |x|cjot), 02 = [¥lcpo,0)03 = |2]cjo,)- Then from (32), (33), (34), we deduce

fo

p1 < A [ (s, fu(s)le)ds
to

p2 < By [ wals, lu(s)]e)ds

to
ps < By [ wa(s, u(s)lo)ds.

By (30), this guarantees
lole < Ro. (35)

Next we let t € [t,1]. Then

()] = [ATh(x, y,2) ()]
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< A [ rls Ropds + [ 111(s,x(5),y(5) () s
<A/<ms%%+/ $)B(|u(5)]e)ds
—gu(t)
and similarly
V] < By [ orls, Radds+ [ 9(s)pallu(e)]o)ds = )

and

|<C/w35R0ds—|—/ s)Ba(|u(s)|e)ds =: ¢3(t).
Denote i(t) := (¢7 () + ¢3(t) + ¢3(t))/2. Then
¢1(t) = v()Br([ut)le) < v(B)B1(¥(t))

$o(t) = v()B2(lu(t)le) < v()B2(9(1))) (36)
¢3(t) = y(t)Bs(fu(t)|e) < v(t)Ba((t))).

Consequently,
gy — PO + P2()g5(8) + pa()a(1)
y'(t) 200
P (t) $a(t) ¢3(t)
<v(0)- iy POO) + (1) 0 Ba9() + (D) - T Ba(9(E)

It follows that
! P'(s
to B1((s)) + B2(9(

Furthermore, using (31) we obtain

¥(t) dr t 1 o dt
f BT R TR < 1O < [ 10 < [ p e @

Note that ¢(fp) = R*. Then from (37) it follows that there exists R; such that
¥(t) <Ry,
for all t € [to, 1]. Then |x(t)| < Ry, [y(t)| < Ry and |z(t)| < Ry, for all t € [ty, 1], whence
Xlcie < R [Ylepmy S Ri7  zlepp) < R (38)

Let R = max{Ro, R; }. From (35), (38) we have |x|cjo1] < R, [y|cpo,1) < Rand |z[cp1) < R as desired. [
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Remark 4.2. If wi(t,T) = yo(t)Bo(T), then the first inequality in (30) implies that Bo(T) < dT + d’ for all
T € R4 and some constants d and d'; i.e., the growth of By is at most linear. However, B1 may have a superlinear
growth. Thus we may say that under the assumptions of Theorem 4.1, the growth of f1(t,u) in u is at most

linear for t € [0, to] and can be superlinear for t € [to, 1]. The same can be said about f,(t,u) and f3(t,u).

In particular, when &« = B = 7y = 0, problem (1) becomes the classical local initial value problem

X =ftxyz); ¥ =fhExyz);, Z=fityyz) (aete[0,1])
x(0) = y(0) =z(0) =0,

(39)

and our assumptions reduce to the classical conditions (see [3,6]) and Theorem 4.1 gives the following

result.

Corollary 4.3. Assume that

At uw)] < v(B)Br(lule),  [fa(tu)] < v()Ba(lule) [f3(tu)| < v(t)Bs(lule)

for t € [0,1] and u € R3, where v € L'0,1], while B1,B2B3 : Ry — R, are nondecreasing and
1/B1,1/B2,1/Bs € L} (R}). In addition assume that

loc

oo dT 1
b amrae e > b e

Then problem (39) has at least one solution.
A result similar to the above corollary was given in [5].
Remark 4.4. Since the trivial solution satisfies the boundary conditions, the solution given by Theorem 4.1

might be zero.

5. Numerical Examples

In this section, we give some numerical examples to illustrate the existence results from Sections 2 and

3.

Example 5.1. Consider the initial value problem

2 2
x'(t) = 0.1+ %1 —yky(ii;;j— .S)(t) sin((x(t) +y(t) +z(t)) =: f(x,y,2)
xz 22
V() =01+ 2R sin((al0) +a(0) + 2()) =5 g(20.2) "
2 2
(1) =01+ - ii)(;;_{;)(t) sin((x(£) + y(t) +2(t)) = h(x,y,2)
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for t € [0,40].

We have that

afu] = /()1/3u(s)ds — afl] = % —s af| = %

Consequently, tp =1/3, Ay =3 = Bg = C, and

a b o
Mo=|a2 b2 2
aj by o
However,
sup |7af(§';7'T)|§1:a%, sup |78f(§,17,'r)|§i:b}’ sup |8f(§,17,‘r)| SE—C%,
&, TeR ox 2 & TeR ay 32 TR 0z 33
1 d 2 2
sup ‘ g(C’ﬂ’T)‘Sf:a%, sup ‘ g(gfﬂrT)‘Siz %, sup ’ g(C/U/T)lgi_C%’
&, TER Jx 4 &, TER ay 29 &, TER dz 31
sup ’ah((:,ﬂ,l')| S 1 — a%, sup |ah(¢/77/’f)| S i _ b3, sup |ah('§/7717)| S i — Ci’,
& TR ox 5 &R ay 41 TR 0z 35
and then

My =

Qil= = N
N
\O
w
—_

has the eigenvalues A; = 0.002, A, = 0.072 and A3 = 0.581. From Theorem 2.1, problem (40) has a

unique solution.

Example 5.2. Consider the initial value problem

XYz e
x' = —09x — 1'82+x2 +90:= f(x,y,z)
/= 0.2y — 18575 4750 :=
y 0.2y 82+x2+ 50 := g(x,y,2)

o )

2+ x2

x(0) = /Ol/sx(s)ds, y(0) = /01/3y(s)ds, z(0) = /()l/sz(s)ds,

7 =—-03z—-1.8

+ 850 := h(x,y,z)

for t € [0,1].
We consider
ap by
Mo=|a? b2 o
aj by
We have
x V2
| 2‘ S T4
2+x 4
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so that the matrix
0.9 0.6364 0.7324

Mo=| 0 04364 0.2542
0 0 0.2457

has the eigenvalues A; = 0.9, A, = 0.4364 A3 = 0.2457. From Theorem 3.1, problem (41) has at least

one solution.
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