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Abstract

An analogous study of arithmetical functions on the ring of polynomials Z[t] called Arithmetical
functions like functions (AFL) like yp, I, and ¢, are developed in this paper and some of their

properties are described.
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1. Introduction

The Euler function ¢(n) defined on the set of positive integers gives the number of units in the residue
ring Z/(n) of ring of integers Z. Generalizing this to the study of count of units in the residue ring
of the ring of polynomials Z,t] in the variable t and for p a prime number it is noted that it revolves
around the study of functions that are analogues to arithmetical functions like Mobius function, Euler
function etc. defined on Z,[t]. In this context the functions analogous to arithmetical functions like
Mobius function, Euler function are developed and some related properties are discussed in this paper.
This study is useful from the perspective of developing a generalization to Riemann zeta function with
polynomials. In this context of generalization we consider the polynomial ring Z,[t] for p a prime
number and define the relation ~ on Z,[t] given as, for any «a(t), g(t) € Z,[t], a(t) ~ g(t) if and only
if g(t) = c.a(t) for some ¢ # 0 in Z,. Note this relation ~ on Z,|[t] is an equivalence relation on Z,t|.
Denote each equivalence class [« (t)] as @(t) and the set of all equivalence classes be denoted as p.Z,t].
Then p.Z,|t] is given as
©cZplt] = {a(t) - a(t) #0 € Zp[t]}

Definition 1.1. An Arithmetical function like (AFL) function on o Z,[t] is a complex or real valued function
defined on o Z,|t].
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2. AFL iy and I, on p.Z,|t]

Definition 2.1. A real valued function p, on p.Zyt] is defined as follows : For any a(t) € p.Zp[t], we define

pp((t)) =1 if deg (ff(t)) = 0.

and if deg(ff(t)) > 0 then for a(t) = ay' (£)ag?(t)az’ (t) ... a7 (t), where ffi(t) are irreducible polynomials in
Z,[t], we define
(—1)k, lfﬂ] =dp) =43 = ... 0 = 1

pp(a(t)) =
0, otherwise

Definition 2.2. For any &(t) € p.Zyt] , the function I,(x(t)) given as
1 ] 1, if deg(ff(t)) =0,
0, if deg(ff(t)) > 0.
is an Arithmetic function like function.

Theorem 2.3. For any &(t) € pcZ,[t] with deg(a(t)) > 0 we have

_ 1, if deg(ff =0,
Y () = B =0 _ | &)
0, if deg(ff(t)) > 0.

d(t)

x(t) d(t) ‘T

If deg(a(t)) > 0 and a(t) = af'az*a3’...a;* for each a; irreducible in Z,[t], then take D = {E(t) €
OcZylt] - d(t) ‘E(t) }, the set of all divisors of w(t). Now if

Dy = {d(t) € pZ,[t] : d(t) ‘E(t) and d(t) has no square irreducible factor in p.Zp|t]}

D, = {d(t) € pcZ,t] - d(t) ‘E(t) and d(t) has square irreduciblefactor in p.Z,[t]}

Then note D = D1 UD; and D1 N Dy = ¢

a(t)

Yo owpldn) =Y ()
a(t) d(t)eD
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Now note D; consists of d(t) =1, & (t), &x(t), ..., & (t), @1 (H)az(t)), (@ ()az(t)), ... and (g (t)@a(t)

«3(t) ... w(t)), therefore we have

=(1-1F=0.

Therefore Y p,(d(t)) = 0 if deg(ff(t)) > 0. O

3. An Euler Function Like Function ¢, on p.Z,|t] :

Definition 3.1. We define an AFL ¢, on p.Z,|t] as, for any a(t) € p.Z,|t],

1 if deg(a(t)) =0

¢p(a(t)) = _
#{3(1) € 0[] : deg(g(1)) < dega(t))and (g(t),£6(1) =T} if deg(a(t)) >0
Theorem 3.2. For any a(t) € p.Z,[t], with deg(a(t)) > 1, we have

(e
P40 ety

<
=
—~
Q
~—~
~
~—
~—
I
=

Proof. Let w(t) € pcZp[t] and deg(a(t)) = s fors > 1. If Ry = {3(t) € pcZt] : deg(g(t)) < deg(a(t))},

then for any g(t) € Ry note g(t) = ao +mx+.....+a,_1x ' +x", for a; € Zp forall 0 <i <r—1
_ pdeg("‘(f))_p
=

and 0 < r < s — 1, therefore note #R,

pp@) =) 1
t)eR
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Now to compute the sum above we first sum over fixed divisor d(t) of &(t) then vary over d(t). Note

for fixed divisor d(t) of &(t) the sum is over all g,(¢) with deg(gi(t)) > 0 such that g,(t) = d(t) .3.(t)

= ). X mpld()

d(t)lat) 9:(t)

! _ ples(a(t)) p -
Tp—1 “P(d<t>)'pdeg<d(t>> Cp—1 Lo mpd(®)
ae)|a(t) d(t) |a(t)
1 _ pies(a(t)) p .
- ﬁ 2 Vp(d( ))'pdeg(d(t)) B p— IP(“(t))
d(t) |&(t)
1 _ pres((t) p
“ -1 D Vp(d(t»'pdeg(d(t)) p—17
d(t) (a(t)
! _ pies((t))
Pp(a(t)) = —1 Y. mpld(t)) e (@(D)

Theorem 3.3. For any &(t) € o Z,|t], with deg(a(t)) > 1, we have

deg(a(t)) 1
_ 4 -
Pp(a(t)) = (p—1) H (1 pdé’g(g(f))

N———

where the product runs over the irreducible factors of w(t).

Proof. Let w(t) € pcZp[t], with deg(a(t)) > 1 then we have
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a(t) =gy ...gy for some irreducible g; € p.Z,[t] and

1
[T 1= e = 11 (1—,,deg<g,-<t>>>

! 1
=11 (1 - pdeg(gim)

1 1 (=1)"

=1Lt T 2] pAes 5 0) gl 0) T el ))_ pies(s (1)
_ 1 1 (-1
=1 2 pdeg<gz Z SO TGO | e O ey 3 (1)
1 2 Z L) S Gl )
deg 8it deg gi(t)-gi(h) ~ 7 pdeg(g1(t)--8r(t))
_ oy )
L pesd()
d(r) |a(t)
1 up(d(t)).p?se)
ples@(®) pes(d(0)
a(e) [ae)
= P @)
p
Therefore
deg(a( 1
- 4
op(a(t)) = (p = < d%&z()))
g(t) |=(t)
where the product is over irreducible factors g(t) of @(t). O

Theorem 3.4. The AFL ¢, function has following properties: For any, a(t), b(t) € pcZ,|t]

(1. Gp(F(H)%) = g (pesEl)e — (plesls(t) ot

dez(d( ))

(2). §p(@(t).b(t)) = pp(a(t))-p(b(t).2 NCO)] if ged(a(t),b(t)) = d(t)
(3). ﬁ(t)‘E(t) implies ¢, (a(t)) |¢, (B(t))

(4). If p is odd then ¢, (a(t)) is even whenever a(t) has atleast two irreducible factors and for v > 2a(t) has r
distinct irreducible factors if and only if 2"~ |¢p,(a(t)).

Proof.

(1). We have

- ples(a(t)) . 1
(PP(“U)) - (P_ 1) : ( N rylleg(g(t))>




Some Arithmetical Functions Like Functions in the Polynomial Ring Over Z, / P. Anuradha Kameswari 70

then for a(t) = (g(#)* above we have

ay 1 deg(g(t)\a - 1
¢P(g(t) ) - (p _ 1) (P ) 1 pdeg(g(t)
__1 (pes(3(1)) preaEt) —1
p—1" RO
1
= (padeg(g()) p(a 1)deg(g( )))
(r—1)
(2). We have
pp(alt) 1 1
ples@®) — (p—1) (tl)—I(t) ’ pes(8(t))
g a
Pp(b(t) _ 1 L1
pieg(b(t) (r—1) ' ples(h(t)
(O’E(t)
Therefore
@) 00 _ 1 (1 i
pdeg(ﬁ(t) pdeg(ﬁ( ) (p _ 1) ' pdeg( 3() _ 1 deg w(t)
20 [E0) 700

Ep(a(t)b(t)) 1 1
and as p};eg(a(t).E(t) BRCESY H . (1 = AR >

(1—,{,@%) TL

1
w0l (1- pdeg@(t)))

we have
pdeg( (t)

p(d(t))

Pp(@(t).b(t)) = pp(@(t))-gp(b(t)).

(3). Let E(t))g( ) then b(t) = a(t).c(t) for 0 < deg(c(t) < deg(b(t)). If deg( (1) = deg(b(t)) then
deg(a(t) = 0 and @(t) = 1 and by definition as ¢, (1) = 1 we have ¢, (a ’gbp . Therefore we
(t

now assume deg(c(t)) < deg(b(t)), then we have

deg(d(t)

_ o P
#p(B(1) = 0y @(02(1)) = ¢y (@(1) 40 (2(0). sy

for d(t) = ged(a(t),c(t)), now note the result follows by induction on deg(b(t)).
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For deg(b(t)) = 1, the result holds trivially and suppose that the result holds for all polynomials
£(t) with deg(t(t)) < deg(b(t)), in particular it holds for ¢(t) So ¢, (d(t))|¢,(c(t)) as d(t)|c(t), then

we have ¢, (b(t) = ¢p(a(t).c(t)) = ¢p(a(t).prs c;bp((d((t))) Hence ¢, (b(t) is a multiple of ¢, (a(t).
P
Therefore ¢, (a ‘b ), whenever a(t)|b(t).
(4). For w(t) = TT/_;(g;(t))", where g, are irreducible factors of a(t) for all i = 1,2,...,r, we have
¢p(2(t)) given as
_ 1 ideg(gi(1)) _ pp(ai—1)deg(s:(1)
0u(E() = gy T (pieet) — plo i)

r
— p(al—l)-dfg(gl(t)) H p(“z‘_l)~d€g(gi(t)) (p—1)

therefore if a(t) has atleast two irreducible factors then for p odd as 2’;9 — 1 we have ¢,(a(t)) is

even and for r > 2 a(t) has r distinct irreducible factors if and only if and 2" ! ‘(])p (a(t)).

Theorem 3.5. If deg(«(t) > 0, we have, Z ¢p(d pres(a(t)),
d(b)fa(t)

Proof. Let®(t) be any polynomial in p.Z,[t] with deg(a(t) > 0. Let S = {k(t) : k(t) € pcZ,[t] with 0 <
deg(k(t) < deg(ff(t)}. For any fixed divisor d(t) of &(t) define the set A(d(t)) as

A(d()) = {k(t) : K(t) € S such that ged (K(t), Fi(t)) = d(t)}

Then note A(d1(t)) N A(dx(t)) = ¢ and S = UA(d(t)), therefore

Sl=" ) (A@(1)

Now as gcd(k(t),a(t)) = d(t) if and only 1fgcd(@ Lt)) =1, we have |A(d(t)| = cp,,(g(—) therefore

Y p(d(t) = |S| = pleste®)

d()la(t)
U
Example 3.6. Let a(t) = x>+ x+2 € Z3[x|, then a(t) is an irreducible polynomial over Zj therefore by the

definition of ¢, («(t)) note

Pp(x2 +x+2) = #HZ(t) € pZy[t] - deg(g(t)) < deg(x* 4+ x +2) and (g(t),x* +x+2) =1}
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=#{3(t) € pZy[t]: g(t) #0and g(t) = ax+b;a,b € Z; }
=#{g(t) : g(x) =1,2,3,x,x 4+ 1,x +2,2x,2x + 1,2x + 2}

=#{1,x,x+1,x+2}

=4

Now verify this by the above formula: By the above formula we have

B 1
pp(@(t)) = ) I1 (1_pdeg(g(t))>

where the product runs over the irreducible factors of &(t). Now for a(t) = x? + x + 2 as a(t) is irreducible, we

have

Example 3.7. Let a(t) = x> + 8 and Z11[x], then a(t) = x* + 8 is reducible over Z;; and a(t) = x>+ 8 =
(x +6)(x +5) and by the definition of ¢, («(t)) note

¢p(x2 +8) =#{3(t) € pcZyt] : deg(g(t)) < deg(x* +8) and (g(t),x* +8) =1}
=#{3(t) € pcZp[t]: g(t) #0and g(t) = ax+bya,b € Z1}
=#{3(t): g(x)=1,23,...,10,x,(x + 1), (x +2),...,(x +10),2x, (2x + 1),

(2x+2),...,(2x +10),...,(10x + 10) such that ax + b is not (x 4 6) and

(x+5)=#{1,x,x+1,x+2,x+3,x+4,x+7,x+8x+9,x+10}

=10.

Now verify this by the above formula:

By the above formula we have

pres a

1) . 1
(p—1) I1 (_pdeg(gu»)

g(t)|x(t)

Pp(a(t)) =

where the product runs over the irreducible factors of &(t). Now for a(t) = x> + 8 as a(t) is reducible
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with irreducible factors as (x +5) and (x + 6) we have

5 pdeg(x2+8)) . 1 . 1
Pp(x”+8) = (11-1) " ( N 11deg(x+5)> < N 11deg(x+5)>
112 1 1
=iy () ()
1

= 10.

4. Conclusion

The formula for ¢,(a(t)) is useful in the count of the units in the residue Z,[t]/(a(t)) which is the
order of the multiplicative group Z,[t]/(«(t)) for a(t) a polynomial and not necessarily irreducible in
Z,[t]; In this context The product formula for ¢,(«(t)) is obtained applying the relation between
mobius fuction pup,(a(t)) and ¢,(«(t)). Extending this study to developing analogues to other
arithmetical functions and the related properties, and then employ the Dirichlet product and study,
the multiplicative and completely multiplicative properties is useful in understanding a generalised

Riemann zeta function with Polynomials Z,t].
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