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Abstract

The goal of this paper is to study the Generalized Hyers-Ulam-Rassias (HUR) stability of quartic
functional equation (Q.EE.)

folkr1 + (k= 1)r2) + fa(kry — (k= 1)rp) = 2k4fq(”1) +2(k — 1)4fq(7’2)
+ 6k* (k — 1)2[fq(71 +12) + fa(r1 —12)] — 12k% (k — 1)2Uq(71) + fq(r2)]

in Random Normed Spaces (RN-Spaces) using direct method.
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1. Introduction

To begin, let us recall the chronicle in the stability theory for functional equations (FEs). The stability
problem for the FEs about the stability of group homomorphisms was started by Ulam [15]. The
Ulam’s question was to an extent solved by Hyers [3]. Subsequently, Hyers’ result was extended by
several mathematicians like Aoki [1], Th. M. Rassias [12], Gdvruta [2] and more. The Q.EE. was
first introduced by Rassias [11], who addressed its Ulam stability problem. Later, Lee [6] remodified
Rassias” Q.F.E. and obtained its general solution. Numerous mathematicians have extensively studied
the stability problems of various Q.FE.s in a variety of spaces, including random normed spaces,
intuitionistic fuzzy normed spaces, non-Archimedean fuzzy normed spaces, Modular spaces, Banach

spaces, orthogonal spaces and many other (see [4,5,9,10,13]).

2. Preliminaries

In [14], A. N. Sherstnev instituted random normed spaces, which can be considered as a generalisation

of probabilistic metric space instituted by K. Menger [7,8].
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Definition 2.1 (Random Normed Space [14]). A Random Normed Space (RN-space) is a triplet (N,,{, T),

where N, is a vector space, T is a continuous t-norm and { : N, — D™ is a mapping such that the following

conditions hold:

RN1: Cy(t) = eo(t) forall t > 0 if and only if x = 0,

RN2: C4y(t) = Cx(t/|d|) foralld € R, d #0, x € N, and t > 0,

RN3: {yyy(t+s) > T(Cx(t),8y(s)), Vx,y € Nyand t,s > 0, where {, denotes the value of  at a point x € N,.

Example 2.2.

e We can label (x, 0, %) as a RN-space, for every normed space (x,||.||), Vt > 0, where

K

() =

This space is labeled as the induced RN-space.

* A countable normed space is also an example of RN-space.

Theorem 2.3 ([14]). Let (N,,, T) be an RN-space.

(1).

(2).

(3).

(4).

(5).

3.

A sequence {x,} in N, is labeled to be convergent to x € N, if Ve > 0and { > 0, there exists N € Z" in

a manner that {y,_x(€) > 1 — { whenever n > N.

A sequence {x,} in N, is labeled as a Cauchy sequence in N, if V € > 0and { > 0,3 N € Z* in a manner

that Cy,—x, (€) > 1 — {, whenever n > m > N.

The RN-space (N;, {, T) is labeled to be complete if every Cauchy sequence in N, is convergent.

If (N, £, T) is RN-space and {x,} is a sequence in a manner that x, — x, then lgn O, (1) = Cx(t).
n—oo

Let (N;, u, Tm) be an RN-space and define A, : X — RT U {0} as Ay, (x) = inf{t > 0;u(t) >
1—A}, forall A € (0,1) and x € N,. Then Ay ,(x1 — ) < Apu(x1 — X2) + oo + Ap (X001 — X), for
all x1,%2,...,Xn € N, and the sequence {x,} is convergent to x w.r.t. random norm p iff A, ,(xy — x) —

0 as n— oo.

RN Stability of Q.E.E.

In present segment, we will study the following Q.FE.

falkri + (k= 1)r2) + fo(kry — (k — 1)r2) = 2k* £, (r1) +2(k — 1)*£,(r2)
+ 6k (k — 1) [fo(r1 +72) + fo(r1 — r2)] = 12k% (k = 1)*[fy (r1) + fo(r2)] @
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in RN-Spaces using direct method. It is easy to see that for any real constant t, fq(rl) = tr‘lL is solution
of (1), thus it is natural to label it as a Q.FE. Throuhout the section, we label V as a real linear space

and define a difference operator Dq 7 as follows:

qu(rl,rz) = fa(kr1 + (k= 1)r2) + fa(kry — (k = 1)rz) — 2k4fq(r1) —2(k— 1)4fq(r2)
— 6k (k — 1)?[fq(r1 +12) + fy(r1 — r2)] + 12K (k = 1)?[fy (1) + fo(r2)]
for all v, € V.

Theorem 3.1. Let (N,,{, T) be a complete RN-space and f; : V — N, be a mapping which maps zero to zero.
Further, let ® : V> — D™ be a mapping such that

quf(flﬁ’z)(t) > q)ﬁ,fz(t)- )
Vri,rp € Vand all t > 0, where ®(ry,r2) is denoted by r, r,. If

lim T, <q>k(m+n71>r1,o<2k(3m+4n)t)) =1 ®3)

n—oo

lim @y, oy, (kK*t) =1, (4)

n

Vri,r2 € Vandall t > 0, then Qy, (1) = li_r)n M exists Vri € V and defines a unique quartic mapping
Qf, V=N such that

Ly - (1) = Tivy (Pun i, o(26°70))), ()

Vr,r € Vandall t > 0.

Proof. Existence: Assuming r, = 0 in (2) we get, (ot (k) —2ktf,(r) (£) = Pry0(t), for all 11 € V and all

t > 0. Or we can say,

Cafihn)—fym) (D) 2 Prip (2K0), ©
forall 1 € V and all t > 0. After replacing r1 by k"r; in (6) we get,

4(n+1)
gmﬁ](k(nﬂ)fl)—ﬁfq(k”ﬁ)(t) > Dy, 0(2K5" VL),

forall 1 € V and all t > 0. That is

t n
s fy k)~ b fy ) () = Pono(@408), 7)
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forall 1 € V and all t > 0. Since,

1 n _ (= 1 (m+1) 1 m
Wﬂ’(k r1) — fq(r1) _mZ::O (Wfq(k rl)_kTqu(k 71)) (8)

and1>%+k1—2+k1—3+kl4+ ..... +k1—n,thusweattain,

vV
-

t

n—1

m=0 <Ck4<n1+1) fq(k(mﬂ)rl),ﬁfq(kmrl) <k(”+1) > )
> T (Ppony 0 (265D

= Th= (q)k<m—1)r1,o(2k3mt)) )

Ca fukr)—rym) (1)

Vn €N and all t > 0. By putting k”r; in place of r; in (9), we acquire

g#fq(ﬂwp)rl)_#%fq(knrl)(t) 2 m=1 ((Dk(m+pfl)rl,o(2k(3m+4p)t))- (10)

Ki(n+p)

Since the right hand side of (10) tends to 1 as n and p tends to oo, therefore, sequence {k% fq(k”rl)} is
Cauchy in (N;, ¢, T), which converges due to completeness of (N;,, T), so 3 some Q f, (r1) € Ny such
that

1
lim Wfq(k"rl) = qu (7’1),

n—oo

V r1 € V. Taking k™r; in place of r; and k"r, in place of 7 in (2), we get

4
Syt = Piorry g (K1), (1)

Kin

for all r1,r, € V and all t > 0. Thus with n — oo in (11), we find that Qy, satisfies (11), Vry, 1 € V.
Thus, Qy, is a quartic mapping. By taking limit n — co in (9), we get (5).

Uniqueness: Suppose that Q}q : ¥V — N, is another mapping which follows (5). In view of the fact
that f; is a quartic mapping thus, Q}q and Qy, are also quartic. Therefore Vn € IN and every r; € V,

Q}q (k"r1) = k4”Q'fq (r1) and Qy, (K'r1) = k* Qg (r1).
Thus, we have for all »; € V and all £ > 0,

_ _ 4n
CQl, (= ()2 = Cat w0y oy () = Et o) rry) (2K

K4n Kdn

v

4n 4n
T(EQ, (k) fyrory) K8 E )~ o) (1))

/
q

> T (Tor_s (Dprncty, 027 H4) ), Tory (@i o (27 5418)) ).

By taking n — oo, we get Q}q(rl) = Qy,(r1) for all r; € V. Hence, the result is ratified. O
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Theorem 3.2. Let (N, ®, T 1) be an RN-space and ¢ : V* — N be a function such that for 0 < u < k*, we

have

Dy kr,0) (1) > Pugry,0) () (12)
and 1 oy, gory (K1) = 1, (13)

Vri,r0 € Vandall t > 0, where T p(r1,r2) =min(ry,r2). Further, assume (N,,{, T pm) as complete RN-space
with f; : V — N, such that,

gbfq(rl,rz)(t) > ch)(rl,rz)(t) (14)

Vry,ra € Vandt > 0with f;(0) = 0. Then the limit,

. kK'r
qu (7"1) = llmn—>oofq(k4n 1)

exists for all vy € V and defines a unique quartic mapping Qy, : V — N such that

Cay, ()~ fi(r0) (E) = Pory,0) 2(k* = p)t), (15)

Yry,r eV

Corollary 3.3. Let (N,®, Tp) and (N, C, Tar) be RN-space and complete RN-space respectively. Also, let
p € (0,1), 20 € Nwith f; : V — N, be a mapping satisfying

) ),
Cpf(rl,rz)u) > (Ir21[P+]1721P)z0 (F) »
<I>fSZo(t)

and fq(O) =0, foreach r1,12 € V and all t > 0. Then, there exists a unique Q £ YV — N, such that

P r1||Pz (2(k4 _k4p)t)
Gy, (rm)—fy(r) (£) 2 i . (17)
Dy, (2(k* —1)t),
forall vy € V and all t > 0, which is quartic in nature.
2 (ral? 4 [lr2[IP)z0,

Proof. Let ¢ : V= — N as ¢(r1,12) = . Then, proof follows from Theorem 3.2

(SZO.
k4P
by plugging u = . O
1

Theorem 3.4. Let (N,,{, T) be a complete RN-space and f; : V — N, be a function obeying the equation (2)
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along with f;(0) =0V ry,rp € Vandall t > 0. If

tim T30 (€ o () ) =1 (18)
EQQ%JJJ:L (19)

Vri,rp € Vandall t > 0, then Dy (r1) = nlgn k4 £, (&) exists for all ry € V and defines a unique quartic

mapping Dy, : V — N, which obeys

Cop - () = Tireo( o () ) (20)

m+T

Vri,rm€Vandall t > 0.

Proof. Existence: Setting r, = 0 in (2), we claim

Cof, (k) 2k, () (£) = Cr0(E), (21)

Vr1 € Vand all t > 0. Replacing r1 by ;7457 we get

0 <2k%> (22)

. t) >
Cuns, (1) k4n+4f(kn+l)() >

Vry € Vandallt > 0. Since,

k(i) = £ (64 (k) ko (2)) =

and k" > k=1 4 k(n=2) 1 4+ 1, thus we claim

4m n—1 4m
Sy (1) =gy 2K E) 2 Tm:()(gk‘*mﬂfq(w’,i]>fk4qu(k’—sn>(2k f))

> Th(Ea0®): 4)
Hence,
n—1 t

Ck“ﬁ,(—},) fq(r1)<t> = Tio (gkrzﬁ'o(Zk‘Lm))' (25)

Substituting 71 by 5 in (25), we attain

t
-1 -

Sotoen s, (g ) —trgy () ) = T @wm (2k4<m+p> ) (26)

Since right hand side of (26) tends to 1 as n and p tends to oo, thus we get, sequence {k4” fq (%) } asa
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Cauchy, so there exists some point Qy (r1) € N, such that

4n —
Jim 6 () ) = Qa0
for all r; € V. By replacing r1 by 7 and r; by 2 in (2), we get

t
s, (3.3) D = St () 27)

Vry,1r2 €V, t > 0. Thus, by taking n — oo in (27) and using (19), we have,

Qy, (kr1 + (k= 1)r2) + Qy, (kry — (k — 1)ra) = 2k*Qy, (r1) +2(k — 1)*Qy, (r2)
+6k>(k — 1)*[Qy, (r1 +72) 4+ Qf, (11 — r2)] — 12k% (k — 1)*[Qy, (r1) + Q, (12))]

The justification of uniqueness of Qy, (r1) can be easily generated from proof of Theorem 3.1. O

Theorem 3.5. Let (N, ®, T ) be an RN-space and ¢ : V> — N be a function such that, for some, we have

0<u<i
®¢(%,o)<t> > Dypr,,0)(F) (28)
t
nlggo CD‘P (g kn <k4”) L (29)

forall r1,r2 €V, t > 0. Further assume, (Ny,{, T m) is some complete RN-space and f; : V — N, is a mapping
satisfying (14) along with f,(0) =0,V r,r2 € V and all t > 0. Then, the limit

a1
Qp,(n) = fim K, ()

exists and defines a unique quartic mapping Cg, : V — N, in a manner that
(1— pk?)
Loy m-1(m) () = P ( 2 t). (30)

Corollary 3.6. Let p > 1 and zo € N and if f, : V — N, is mapping satisfying (16) along with f;(0) = 0.
Thus, we get a unique quartic mapping Qy, =V — Ny such that

D,z (K — k) /2t),

31)
Dy, (kA (k—1)/2t),

Cqu(V])ffq(l’l)(t) Z {

where, Qg (r1) = r}iirgok4”fq(%), Vry € Vandallt > 0.
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Proof. Let ¢ : V> — N be defined as

¢(r1,1r2) = { (a7 + H[r2[7)z0,

520,

k=4p,
and to get the result take y = { . in Theorem 3.5. O
-
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