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Abstract

The main aim of the present paper is to apply the extended Riemann Liouville fractional derivative
operator for finding some linear generating relations for Legendre polynomial. Four main results

are obtained, which are presented in the form of four theorems.
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1. Introduction

The subject of fractional calculus, now a days is one of the most rapidly growing subjects of
mathematical analysis. The fractional integral operators, involving various Special functions have
found significant importance and applications in various sub fields of applicable mathematical
analysis. The applications of fractional calculus are also seen in various fields, including turbulence
and fluid dynamics, stochastic dynamical system, plasma physics and controlled thermal nuclear
fusion, non-linear control theory, image processing, nonlinear biological system, astrophysics etc.
[1,9,11,13,14,25]. In the last three decades, a number of workers like Love [16], Mc Bride [17], Kalla
[18,19], Kalla and Saxena [20], Saigo [21,22], Kilbas [23], have studied the properties, applications &
different extensions of various operators of fractional calculus on a number of classical & non classical
Special functions & polynomials. A sufficient account of fractional calculus operators along with their
properties and applications can be found in the research monographs by Miller and Ross [25], &
Kiryakova [24]. The first application of fractional calculus was due to Abel [27] in the solution to the
fractional problem. In fractional calculus, the fractional derivatives are defined via fractional integrals.
In the recent years, certain extended fractional derivative operators, associated with Special functions
have been actively investigated and applied on various Special functions. Authors Agarwal & Choi
[12,20], have introduced certain extended fractional derivative operators, and applied them on various

Special functions. Motivated by these recent developments in the field of applications of extended
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fractional derivatives to various Special functions, in the present paper an attempt has been made to
obtain some linear generating relations including Legendre Polynomial, using extended Riemann
Liouville fractional derivative operator, defined by Choi & Pairs in their very recent paper [1],
published in the year 2015.

The extended Gauss hypergeometric function F;S“’ﬁ oH )(a, b;c; x) is defined by Agrawal & Choi [1] as

follows: (o)
00 o, Bx n
(WBRM) (o . N By (b+nc—b)x"
FP (alblclx) - Z(a)ﬂ B(b,C—b) n!/ (1)

|z| < 1, min{Re(a), Re(B), Re(x), Re(;t)} > 0; Re(c) > Re(b) > 0; Re(p) > 0, where, B(u,v) is the

familiar Beta function defined as:

B(u,0) = /O EL(1 = 914, (Re(u) > 0; Re(v) > 0).

Tul'v
—W(M,UEC), (2)

where I' denotes the Eulers Gamma function [4]. It is to note here that, for p = 0, (1) reduces to the

ordinary Gauss hypergeometric function >F; (a, b; ¢; x),

(o] Tl

Fi(a,b; = n , 0 3
2Fi(a,b;c;x) n;) (©)n n'|Z|< (©)

Legendre polynomial P, (x), is defined by

ZE: o m (%)n m (zx)nizm (4)
= m! (n —2m)!
The extended beta function B, (wpn) (x,vy) is defined by Srivastava [8] as:
(IX,‘B,K,"H) _ ! x—1 -1 . . _p
Bp (X,y) = {/0 t (1 — t)y 1F (D{,’B, tk(l—t)k> } dt, 5)

k>0, >0, min{Re(x),Re(B)} > 0; Re(x) > —Re(xa) > 0; Re(y) > —Re(ua) & Re(p).
A further extension of the extended Gauss hypergeometric function Fp,,(a,b;c;z;m) is defined by
Srivastava as [1]:

. (a)u(b)u By P (b + 10— b+ m) 2"

Fpu(a, b;c;z;m) :n;,) (©)n B(b+nc—b+m) n!

/ (6)

where, (p > 0;Re(x) > 0,Re(u) > 0;Re(c) > Re(b) > m;Re(p) > 0).
The extended Riemann-Liouville fractional derivative of F(z) of order v is defined by Agarwal, Choi

& Pairs [1] by the following relations:

wk,
D" f (2) =

z Zk+
Fiv/o (z— 1) F (1) dt 1R ((x B; H) dt, @)
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and

DEPRIF (2) = DY ()

dz™m
am 1 z e k+p
:dzm{rm_v/o (Z_t) 1f<t)dt><11:l (a;ﬁ;_ﬂ((pzz_t)y>dt}’ (8)

where (m —1 < Re(v) < m),(Re(v) < 0;Re(p) > 0;Re(k) > 0;Re(y) > 0). From (7) & (8), it may

easily be seen that for p = 0, we obtain the classical-Riemann Liouville fractional derivative. In the
present paper, we have obtained certain linear generating relations, involving Legendre polynomial

(4), using operators (7) & (8).

2. Preliminaries

While proving the main results, the following well-known identities & results will be used:

The elementary identity [24]:

a-n-0*=a-p=(1-5) ©)
The identity [7]:
(1—x)—t]*=(1—-¢t)" <1+1x_tt) (10)
The result [1]:
i ! Fpjeu(a+m,Av;z;m)t" = (1—1)"“Fyp <(x,)\;v;(1ft);m> (11)

The generalized binomial theorem [1]:

0 e (@)
(1-z*=Y n)',(chC) (12)
n=0 '
I'z+n
@ =, 4 (13)
The result [1]:
_ 0 w,B,k, "
AU AT (] gyay T (A)z(0-D 5 &)n(A)n By (A + 1,0 — A+ m) 20
['v = (V) BA+nv—A+m) n!’
r(A)z0-1
= ()l—vUFp,K,y(lx/ Avzm), (14)

where, m — 1 < Re(v) < m, for some m € N & Re(v) < Re(A).
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The result [1]:

(v-1)
D2~ (1~ az) (1 - az)F} = W)Fl,p,k,ﬂ(“/ B, A; v;az;bz;m), (15)

where, m —1 < Re(v) < m, for some m € N & Re(v) < Re(A).
The result [1]:

A—v,pk, x [(A)z0-D
D7~ ”{(1 z) 2N E (06,/\;0; ,TH>} = ()FUlep,k,y(oc,ﬁ,/\;v;x;z;m), (16)

where, m — 1 < Re(v) < m, for some m € N, & Re(v) < Re(A).

3. Linear Generating Relations for the Legendre Polynomial P, (x)

We use extended fractional derivatives, defined in (8), for establishing some linear generating relations

for the Legendre polynomial:

Theorem 3.1. The following linear generating relation holds

n 1 2
o7, ) = 3 U Doy @ T2 R U U W) NP
= —2m ) I'ln—2m—v+1),p(n—2m+1,m—v)

where, {|x| < min(1, |1 —¢])}, ((x €C x| <1; \1t | < 1) &m—1<Re(f—x) <m < Re(B), for some
m € N, & Re(x) < Re(v).

Proof. Applying (8) in (17) to the function x"~2", we obtain:

LD (3 @A
T’I/I!(ZTI—Zrn)! dxm {r(m_v)/o (x —t) 2 1t

Setting t = xu in above expression, we obtain:

D;,p;K,y{P ( )} o <£j;;( )n—2m—v> %
1 _1)m 1 2\n—2m 1
mZ::O ( )m'((zr}tgng)? 1t (ml— v) /o (1 =y e e (lx Pi l(?x“)> o

where ( - (x)”fM*U) = %x”*mﬂ*”. Using (4) & (5), on right hand side of the last equation,

we obtain the desired result:

n -2
Dty () = 37 ) B QL 0= 2m 4 1) B (n =24 Ly =) gy
g ! 0 m! (n—2m)! I'n—2m—v+1),(n—2m+1,m—v)
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which is the desired result (17), and thus Theorem 3.1 is established O
Theorem 3.2. The following linear generating relation holds
5 m (l) 2X n—2m
UPKV P _211 2m 2/n— n—2m 1
{ L ) (18)

where, {|x| < min(1, |1 —¢|)} <ac €C x| < 1;\@\ < 1), &m—1 < Re(f—x) <m < Re(B), for some
m € N, & Re(x) < Re(v).
Proof. Applying (8) in (18) to the function f(z) with its series expansion, we obtain

U K, % - m (1)11 m (z)n_zm dm 1 * N—zZm—ov—14n
TP (x :; m! (n —2m)! dxm{l"(m—v)/o(x_t) i 't

xkﬂt
><1F1 (0{,’ ‘B; _tkfx — t)V> dt}

Setting t = xu, in above expression, we obtain

DUPFIIP, (x)} = (;i::n (x)rlZmz;) "

- 0

pz
)
Dy Py (x)} = 2" 72" i (@) (=1)" (3) o (22)" "

n—2m
= m! (n —2m)! (x)
which is the desired result (18), and thus Theorem 3.2 is established

Theorem 3.3. The following linear generating relation holds by Using Maclaurin expansion

U001, (A+n—2m—1)
1 — | x x
0 m: (7’1 21’11) :

BEPFM (A —2m), (m

B U)} n—2m
B(A+n—2m,m—v) (0" (19)

where, {|x| < min(1,|1—1¢|)}, (x € C, |x|] < 1;]%] <1)&m—1 < Re(B—x) <m < Re(p), for some
m € N & Re(x) < Re(v).

Proof. Using Maclaurin expansion
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UPKV{f — on— Zmi i B m(%)

Applying (17), on the R.H.S of the last equation, we obtain

o= 2m Z UPKP‘ )anm _

i (%) m nzmI’( 2m—|—1)DUPK”( —2m+1,m—
=0 m!t (n —2m)!

v) (x)n72m
I(n—2m—v+1),B(n—2m+1,m—v)
Applying (18), on both sides of the last equation, we obtain

n
pA-ver { A1 pUPHitgn=2m i (@) D;/P;Kfﬂ(x)ﬂ—Zm} _

m=0

(W BP0 —2m), (=)}
B(A+n—2m,m —v)
pUeH { A1p, (x)} R 211125\2)_/\;;27.11 .

Z (1™ (3) e "2 (M) ~0)}

m—0 m! (n—;m)! (A—2), B(A+n—2m,m—0) (x)anm

B (A + 1 — 2m), (m
which is the desired result (19), and thus Theorem 3.3 is established

Theorem 3.4. The following linear generating relation holds by Using the generalized binomial expansion

D?P;K/H {x)\fl (1 ) } — on— 2m Z UPKV )n—Zm

X
I*/\(x)anm+ufl

n—2m : (_1)111 (%)n—m (2)11—2711 U,0;K,U ()\)n 132,5,&]/1{(/\ +n— 27’71), (m +0— /\)}
I'(v) 2 mgo(“)” m! (n—2m)! Dx (0)n BA+n—2m,m+v—A)

m! (n _ Tznm), Fp,k,y (Dc, A U; z;m) (20)

m=0 ! !

where, {]x| < min(1, |1~ v eClx| <1|iL|<1),&m—1< Re(B—x) <m< Re or some
1-y

m € N & Re(x) < Re(v).

Proof. Using the generalized binomial expansion

(1_x)—tx:i(“n n

|
=0 n:
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we can write:

)m (%)n— (2)n72m

D/\ v,DK]/l{ n—2m+A— 1 a} Z

7

n
— DJ?C\—U,P;K,H{xn—2m+A—12n—2m} i U 0K, 1 )n—2m

Applying (17), on both sides of the last equation, we obtain:

Zg: (Oé)nM{D/\—v,pm,ﬂ(xn—zwmq)} _ TA+n—2m (Z)n—zmﬂ,l

= (c)un! X T (v+n—2m)
2 (D" (3) i QM B (A —2m), (m Ao —A)
mZ::O(IX)” m!(zn—Zm)! : BA+n—2mm+v—A) Y
_naret L D" () @7 BT (A —2m), (im0 = M)},
N I'(v) m;o(“)” m! (Zn—Zm)! : BA+n—2mm+v—A) ("2,

Applying (18), on both sides of the last equation, we obtain:

1" (1), @
m! (n — 2m)'

pDUPH {xA—l (1- x)*tx} i ()

m=0

TA n—2m+v— 1 1 n 2m
(%) ((2) Fyiou (a, A;v;0,m) .

['(v)

which is the desired result (20), and thus Theorem 3.4 is established. O

4. Concluding Remarks

Linear and bilateral generating relations have been of much interest to various researchers in the recent
past. Various mathematicians investigating and introducing certain extended fractional derivatives and
integral operators and applying them on various Special functions and obtaining linear and bilateral
generating relations involving some Special functions. In the present paper, an attempt has been made
to obtain some linear generating relations for ordinary Gauss hypergeometric function, applying the

extended Riemann Liouville fractional derivative operator.
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