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Abstract

Analytical and numerical solutions of non-homogeneous linear fractional boundary value
problems play a very important role in the interpretation of various model results. In this work, we
present the existence and uniqueness results for the solution of non-homogeneous linear fractional
boundary value problem using the Banach fixed point theorem in the space of continuous
functions. The analytic solution is presented using the Laplace transform approach and the

collocation parallel shooting method is employed for the numerical solutions.
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1. Introduction

The concept of fractional calculus dated well back in the 17 century. The birth of this concept dated
30th September, 1695, L" Hopital wrote a letter to Liebniz asking him about the meaning of one half
derivative. Leibniz response “an apparent paradox from which one day useful consequences will be
drawn” [1]. In recent years, fractional calculus has developed rapidly within the frame work of pure
mathematics.  Often times in solving real life problems, fractional order derivatives appear
naturally [2]. The wide application of fractional calculus in the field of Engineering, Science and social
sciences mark a significant development, these include: Fluid mechanics [3], Electromagnetism [4],
Electrochemistry [5], Dynamics of viscoelastic materials [6], Nuclear dynamics [7], Bioscience [8] and
Mechanical vibrations [9]. Solution of fractional differential equations particular boundary value
problems play an in important role in the interpretation of real world problems, to this end various
methods for solving fractional differential equations are proposed, these include: Boubaker
polynomials [10], Bernoulli wavelet [11], finite element method [12], Jacobi polynomial [13],

Chebyshev polynomials [14], Predictor-correction method [15], Adomia decomposition method [16],
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Homotype perturbation method [17], Extrapolation [18] and the Generalized transform method [19].
The fractional boundary value problem is studied by few authors, for example [20] gives the
Boundary Value Problem (BVP) for fractional differential equation (FrDE) as follows:

DEy(t) =g(t), te(0,1),

Here Dg+ denote the Reimman Liouville fractional differential operator of order 8, 2 < B <. The
existence results were obtained via the lower and upper solution method an fixed point theorem. A

non-linear fractional boundary value problem is given in the work of [21]

DP.y(t) = g(t,y(t)), te(0,1)
y(0) =y (0)=y"(0) =y (1) =0

where Dg+ is the Reimman Liouville fractional operator of order 8, 3 < B < 4. The existence of positive

solution is investigated via the fixed the point theorem. A boundary value problem of fractional

differential equation at resonance was proposed by [22]

DJ.y(x) = g(t,y(x),y (x),y" (x),y" (x)), x€(0,1),

y(0) =y (0)=y(0)=0, y'(1)=y"(1).
where Dg+ is the Caputo fractional derivative of order 7, 3 < v < 4. The lower and upper solution
method combined with the monotone iteration method were utilized for the solution. Blank [23]
gave the numerical treatment of fractional order and applied the method to relaxation equation, later
[24] applied the method to find the solution of fractional integro-differential equations. Further, [25]
proposed the collocation shooting method for solving boundary value problem. In all the works
mentioned above non gave the existence and uniqueness of the exact solution, the analytical solution.
In this paper we present those gaps identified above, to this end we consider the fractional boundary

value problem:

[C1D? 4 C;D* + C3D°)y(t) = g(t),t € [0, T],0 < a < 2 (1)

y(0) =, y(T)=m. 2)

where Cj,Cy,C3, 19 and 7y are constants with C; # 0 and y € L[0, T|. Here, D* ( « is a non- integer)

denote the fractional operator of order a and is given by

DY) = ey ) (0 ®
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where i = N and satisfies the relation i — 1 < a < i. The paper is organized as follows: In section
I, we give some basic definitions of fractional differential equation, section II deals with the existence
and uniqueness of the fractional boundary value problem and the analytical results. In section III
we present the collocation parallel shooting method and section IV several numerical example are
considered to demonstrate the effectiveness, applicability and accuracy of the method.

1.1 Preliminaries

Definition 1.1 ( [26]). The Riemann Liouville fractional integral, Let w(y) € L, (a,b).

<If+> ) = F(lﬁ) /ay (yi}(tt))l_ﬁdt y>a
<15> W) = r(lm /uy (i - ](/t))l—ﬁdt y<a

where B > 0 are called left and right sided fractional integrals of order B respectively

Definition 1.2 ( [26]). The left and right Riemann Liouville fractional derivatives of a function f(y) defined on

the interval [a, b] as

respectively.

Definition 1.3 ( [26]). The left and right Caputo fractional derivative of order B are defined by

m—1 _i )
(Dbv) )= (Df+ [y(x) S a>l] ) ),

and

m—1 ia )
(Db v) 0= (D% [y(x) “T 4 %b—x)l])m,

respectively, where m = |R(«) | + 1 for B ¢ INo, m = B for B € No.

Definition 1.4 ( [26]). The Laplace transform w(x),0 < x < oo is defined as follows:

co = (£0) @) = (£ (@0t = [~ e Pt

and its inverse is given by the formula

<£_18> (t) =L {g(q),t} = . /zwooeq"g(q)dq-

- 27-[1 7T
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v = Req > qo.

Definition 1.5 ( [26]). The gamma - function I'(z), is defined by the Euler integral of the second kind
= / v le¥dy, Rez > 0.
0
Definition 1.6. The Gauss hypergeometric function is defined as an analytic continuous of the series
! b—1 (c—=b-1) a
a,b;c;z:—/x_ 1—x)' 777 (1 — zx)%dt,

0 < Reb < Rec. |arg(1 —x)| < 7.

Definition 1.7. The confluent hypergeometric function or the Kummer function is defined as a

Fi(a,c;z) :Z ( z —hmZFl(achZ]), |Z] < oo.

C b—c0

Definition 1.8 ( [27]). A generalized Mittag Leffler function is defined as

Definition 1.9 ( [28]). The caputo fractional derivative CDia of order B of a function h(t) € C"[a,b] is

roy Jo(t =) PR (ndt,  ifp ¢ N
h (1), iff=n¢eN,

CD5+h(t) =

Where h") ()= 42h(t), Re(B) > 0, n = [Re(a)] + 1.

Definition 1.10 ( [29]). Let H € R", [ab ] C R" and f : [a,b] x H — R" be a function such that for any
y1,Y2 € H, f satisfies the Lipschitz condition with respect to the second variable if for all t € [a,b] and any
Y1,Y2 € H one has

|f(t,y1) = f(t,y2)| < Bly1 —y2|,B>0 4)

2. The Existence and Uniqueness of Solution of Non-homogeneous Fractional Linear

Boundary Value Problem

In this section, we investigate the existence and uniqueness of the solution of the non-homogeneous
fractional linear boundary value problem. Before this investigation we give some definitions and

important lemmas that are useful for the investigation.
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Lemma 2.1 ( [28]). Let B,w € C,Re(B) > 0 and a € R then, there holds
(DL Ex(w(z ~ o)) ) (1) = wE(lZ — )0
Lemma 2.2 ( [28]). If y(t) = C™[a, b], then
(DE i) () =00
(12080 ) = v - £ 0y

Lemma 2.3 ( [28]). The Laplace transform of the Caputo fractional derivative is defined as
n—1 ) )
L{DLf(t)sh =y(t) = ¥ #71f0(0)
i~0

Lemma 2.4 ( [28]). Let R(B > 0),n = [R(B)] +1,and R(B) > 0, then

@DP(t—a)* ) (x) =

(eDP(t = a)")(x) = 0.

Lemma 2.5 ( [30]). A function f € C}[a,b] if and only if f can be written in the form

¢ n—1 ri a .
80 = gy [ = du+ T o)

n—1)!Js
Lemma 2.6 ([31]). Let 0 < B<b < o0and 0 < J <1, then

(a). If 0 < 6 < 1, then 4IP is bounded from Cs|a, b] into Cs_g|a, b):

r
o8 flles < (b= 0 s 15 ol

(b). If B =6, then ,1P is bounded from Cs[a,b] into C|a, b]:

ot flle < (b= >t IS D e

(c). The fractional integral operator ,1P presents a mapping from Cla, b into C|a,b)] and

laTPfllc < (b= a)?[Ifllc-

r(p+1)

(x—a)* P L, R(a)>n for i=0,1,---,n—1

)

(6)

@)

(8)
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Lemma 2.7 ( [28]). Let B,w € C,Re(B) > 0 and a € R then, there holds
(DL Ex(w(z ~ o)) ) (1) = wE(lZ — )0
Lemma 2.8 ( [28]). If y(t) = C"~V[a, b], then
(Dbt ) (0 =), ©

<I£+CD5+3/> Z

(t—a) i. (10)

Lemma 2.9 ( [28]). For a function f defined on the interval [a,b], we defined a semi-group property for the

Caputo integral as

WIPGIY)) (1) = IPF)(), R(B) >0, R(a) > 0.

Lemma 2.10 ( [28]). The Laplace transform of the Caputo fractional derivative is defined as

n—1
L{DLf(t)sh =y(t) = ¥ 710 (a) (11

i=0

Theorem 2.11 (Banach fixed point theorem [32]). Let (Y,d) be a nonempty complete metric space, and let
0< IO <1 IfT:Y =Y is mapping such that for every y1,y» € Y , the relation

d(Ty,, Ty,) < 0d(y1,y2) (12)

holds, then the operator T ha a unique fixed point y* € Y. Further, if T*(s € N') is the sequence which is defined

by
TS =TT ,s € N\(1)

T' =T,

then, for any yo € Y, {T;O }oo | converges the above fixed point y*.
s=

2.1 The existence and uniqueness

In order to investigate the existence and uniqueness of solution of equation (65), we defined a max
metric ds containing y*, and prove that any two solutions of equation (65) are equivalent in the metric
space (C"[a, T],ds). Further we show that a solution sequence {y]-};.il of equation (65) is a Cauchy

sequence in the metric space. Setting By = B, = B3 = 1, we rewrite equation (65) in the form,

V() =500~ (Dv() (0 = k(130 10), 0<a <2
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y(a) =T,y'(a) = 7. (13)
Where h(t) is continuous if g(t) is continuous in the interval [a, T]. For the same value of «a the

following equations are equivalent to equation (65).

Lemma 2.12. Let h<t,y(t),y("‘)(t)> = g(t) — (ED?‘y(t)) — y(t), then the initial value problem (65) is

equivalent to the following equations.

(a)
vy = [ = 9(sy6)y @) ) +ar+ 1)
(b) For0 <a <1,
V0= e [ sy Jas + s telaTl )
(c) and for 1 < a <2,
PO =P 0 = i [ (v )as reloTl a6

Proof.

(a) To proof the above lemma we take the Laplace transform of equation (13), we get

e {0} = {n(Lu0,00) |
2Y(s) =H (5,5(5),9°()) + 1+

Y(s) =s*H <s,y(s),y“(s)> +5727 +5 . (17)

Applying the Laplace convolution property and inverse Laplace transform on (17) we obtain the

following solution
t
y(t) = / (t—s)h <s,y(s),y"‘(s)> ds+ft+1, telaT]. (18)
0
(b) To prove part (b) we first differential both sides of equation (18)

v () = ;t /Ot(t —s)h (S/y(S),y"‘(s)> ds + 1.
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Interchanging the derivative and the integral and differentiating with respect to t, we have

= /Ot h <s,y(s),y("‘)(s))ds + 7. (19)

For 0 < a« < 1and t € [4,T], by applying the defined of Caputo derivative in definition (1.9), we
get

v =10 =y | [ h(sv 00 s+

:1"(11—1x) /Ot(t —s)™" U()sh(@,y(e),y"‘(g)>de+T‘1]ds

0 =y [ (0v@ @) de [0 s+ s [ s= 0 s

We change the order of integration in the iterative integral to get,

1"(11— ) /ot (t(l__g);)_ah <e,y(e),y"‘(e))de + r(ll_ 3 <(t(:);;“ 6) :
- @%(1 ~ ) /Ot(t —a)h (Q,y(e),y"‘(e)>dg s “)?(1 — <(t _ S)l—a)

:r(zl—a) /Ot(t —0)'™"n (@y(@)&/“(@) do + r(zfi «) (“ B S)H>'

Setting t — s = t we get,

1 "L:ltlfa

~“Te—w /Ot(t —Q) " (Q,y(e),y“(e)>de+ r2—a)

If « = 1. The result is is gotten from equation (19)

!

y(t) = /Ot h <Q,y(e),y/(e)> do+ 7.

(c) For1 < a <2, we use equation (13) and definition (1.9), we obtain

VO = P 0 = s =9 [ (s ue0 0 )i relaT

The proof is complete. O

Let V := <(t,w,u) € R:te€[aT],(wu) € R2>. Let the real valued function i : V. — R be
Lipschitz continuous with respect to w and u. Let w > 0 and § > 0 and Y := C?[4, T] be a set of twice
continuously differentiable function on [a, T|. We consider the metric space (Y,ds) coupled with the
max metric

max |x(t) — y(t)] max  |x(t) —y (1)

ds .= t e [61, T] Er(étT) + t e [a, T] ET((StT)

SVx,yeY. (20)
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Theorem 2.13. If there exist two positive constants M > 0and N > 0 ¥V (t,wj,u;) € V(j = 1,2) such that
|h(t, w1, u1) — h(t, wa, up)| < M|wy —wa)| + N|ug — uz)]. (21)

and max {M, N'} %2 < 1, equation (13) has only one solution y = y(t) defined on the interval [a, T).

Proof. Define A := max {M, N} (%2 + 1) and consider the positive constants M and N as defined in
equation (35). ¢ is chosen such that it is sufficiently large such that A < 1. For any two solutions x, y
the initial value problem (65) is such that x = y in the metric space (Y, ds). Using equation (14) and
(35) we derive the following,

Multiply both sides by W

b <m0 N[ (530 ) < (sviory) e

< Eragar y ) (M0 99+ NE6) — ) s

(M|x(s) —y(s)| = Nlx@®(s) —y@(s)|\ ft
< (Ve R ) [ e

max  |x(s) —y(s)] max ]x(“)(s) _ y(“)(s)\ t
< max {M,N} (fG[ﬂ,T]W+tG 0,T] B (682 9) )/O(t—s)ds

2
< max{M,N} T?d(;(x,y).
Additionally, for 0 < a < 2 from 2.12

10 =yl = gy [ (=9 (s x(6) = (s.uts)e ) s
0 =¥ < gy [ =9 (s w6 ) b (sw6s)v7 ) s

Multiply both sides by m

O] < e =9 [i(sx0x ) = h (500 ) s
< EQ_“(th—“) F(Zl— %) /Ot(t —s) [Ez_a(éﬂ—a)

MJx(s) — y(s)] + NJx® (s) -y (s)|
. < Ey o (317) )d]

1 1 t
< EmgE " M N g [ =91 - 0B @)
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Applying (1) and (2) to equation (22) we get

1 max 1 o aCro—n E2—a (6£27%)
< — m M R - ® D a Ze—a\¥r )
= By, (6t270) ax {M, N} ds(x,y >t € [a,T] {Eza(atm) (IO+ 0+ )

max 1 Ey o (627%)
€ la,T [Eza(&z"‘) < )

1
<Ks——F5——x ,N}ds(x,
Ezw(étz%)max {M,N}ds(x y)t

S (B8 a)
¥ (Bl )

max {M, N} d(;(x,y)t em[LZzJ,CT] [Ez_,x(gfz_“) <E2—tx(§t2“) B ;)]

1
< -
Er_o (02—
max

max {M, N} d(;(x,y)t € [a,T] [1 — Ez“(létz“)ﬂ

1
S 7o
Ethx ((51’27“)

We clearly see that E;_,(6t>7%) is continuous for 2 — a > 0 and strictly increasing on the interval [a, T].

[x(t)—y(t)]
Ey o (5t2—a’)

equation (13) satisfies the relation x,y € (Y,ds), therefore ds(x,y) < max{M, N} (%2 + Dds(x,y) =

Therefore < max {M, N} }d;s(x,y). The above result indicated that any two solutions x,y to

Ads(x,y), this gives (1 — A)ds(x,y) < 0. ¢ is chosen such that A < 1, this implies that ds(x,y) = 0. In
a metric space, distance between two points ds(x,y) can only be zero if x = y. Since ds(x,y) = 0, this

implies that x = y indicating that equation (13) has only one solution. O

Let C"([a, ], C) be the Banach space of all continuously differentiable functions from C"[a, b] to C. We
let the weighted spaces of a function f be Cs[a, b] and C}[a,b]. Forn —1 < R(f) <nand 0 <R(B) <1,
We defined the following

C"[a,b] = {f: [a,b] = C scuh that f) e Cla, b]} (23)

Cala,b] = {f + (t—@)’f(x) € Cla, b]} 24)

equipped with the norm

max
t€la,b

Iflle, = It =a)°f()llc = ]!(f—a)‘sf(f)h (25)

2.2 The equivalent of the Cauchy -problem and the Volterra Integral equation

Consider the solution of the problem (65) in equation (18)

t
u(t) = / (t—s)h <s,y(s),y"‘(s)> ds+at+7%, t€](aT|
0
we can write the above equation as

DF u(t) = 1% fltu(t)], te[ab], (26)

t—>a+<D”+u(t)> =A i=12,...,n (27)
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Equation (26) and (27) are know as the Cauchy problem. The solution to (26) and (27) are equivalent

to the solution of the volterra integral equation

t—a)P-
= Fﬁ k+1)

e Il u(x)), 28)
! (t —a)f~i 1

(

N

(5~

BN
I
ing
>

—= T (B~ k11) T(p) /at(t x)P L flx,u(x))dx,

B t

where we defined f[x, u(x)] = h[s,@(s,y)].

Theorem 2.14. Let p € R,n = [B] +1,0 < 6 < 1 such that 6 < B and let B > 0 satisfies (25), and let H be
an open set in R and a function h : (a,b) x H — R is such that, h(f,y) € Csla, b] and Lipschitz condition (4)

is satisfies:

(a) If n —1 < B < n, then there exists a unique solution y to the Cauchy problem (26) which is equivalent to
the solution of Cauchy-Euler equation (13) in the space of Cf’"_l [a, b]

(b) If0 < B < 1, then there exists a unique solution y € Cf [a, b] to problem (26) which is equivalent to problem
(13) with the condition y(a) = By € R.

Proof. To prove Theorem 2.14, we begin by establishing the existence of a unique solution

y € CP" ' [a,b]

(a) Let t; € [a, ], we prove the existence of a unique solution y € Cf et [a, b] satisfies the condition

! B)—k r(1-9)
Z (t; —a)R r(1_(5+5_]()<1, 5 <B. (30)

We then apply Theorem 2.11 to prove that there exist a unique solution y € Cf el la, b] to equation
(26). We write equation (29) in the form u(t) = (T,)(t), where
(t—a)p 1

;Alr (B_k+1)  T(B) / (= )P hls, (s, y)ldx,
1

(T)(8) = 0t) + g7 [ (=) s o(s, )l

a

n )P
We denote yo(t) = ; Ai%-

as a finite sum of functions in the space of continuous functions on the interval [a,t;]. Further,

It follows that yo(t) € C"1[a,b], since we can write yo(t)
his,@(s,y)] € Csla, b] implies h[s, @(s,y)] € Cs[a, t1]. Applying equation (7), we get
JIPh[s,@(s,y)](t) € CI Ya, 1] if 6<B

where B > 0and 0 < 6 < 1. Lety € C" [ t], then using equation (8) we see that the
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integral term in equation (29) on the right hand side belong to C"~![a,t;]. This shows that
IPh[s,@(s,y)](t) € C"1[a,t;]. This implies that T, € C"~![a,t;]. Thus we have prove that T is
continuous on C"~![a,t;]. Furthermore, we prove that T is a contraction by showing that, give
y1,y2 € C"1a, t1] there exist B > 0 such that

HTy1 - Tyz”cf;h < BH]/l _y2HCﬁ;;]' (31)

Applying Lemma 2.8, Lemma 2.9 and equation (4), we obtain

o <P s S0Py 1 12 S0

[at1]
<( )
n—1
C[ﬂ/fﬂ

- (Bafﬁ |t oh -, )
@ty

P (hls, y1, SDPy) = (hls, y2, SDPy2)

(aIP)al? (5DP) (41 — 12)|

We see that 1,2 € C""1[a, t1], this implies that, ;—fkyl(a) = ;—;yz(a) and thus,

1P (h[s, y1, SDPy1] — h[s, yo, SDPy))

cr, tl] = B(ulﬁ ly1 — vzl > (32)

therefore

o1 (s s 0] = (hls (5,32 ) (0] < B la =l )0 3)

Next, using lemma 2.6 and equation (33) we get and this implies that ||T,, — Ty, HC[H] < Blly1 —
at
yZHer] V y1,y2 € C"la,t1]. The results indicated that there is a fixed point y* € C""![a,t]
aty
which defined the limit of the iterations that mapped T. Thus

lim

io oo!ly]( )=y Ollgr =0, (34)

t]

where yi(t) = T/y* and y*(t) = y(t).

Theorem 2.15. Let M > 0 and N > 0 be positive real constants ¥V (t,w;,u;) € V (j =1,2) such that
|h(t, w1, u1) — h(t, wa, up)| < M|wy —wa)| + N|ug — u2)].

and max {M, N'} %2 < 1, equation (13) has a unique solution in [a, T|
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)
=1

Proof. We construct a sequence of functions { y]'}]i with yo := Tt + T and

t
Ykt :z/o(t—s)h<s,yk(s),y2‘<s)>ds+f1t+fo (k=12,...). (35)

We prove that the constructed sequence is Cauchy on the interval [a,T]. From Theorem 2.13 we
can conveniently write d;(y;11,y;) < Ads(yj,yj-1) (j = 0,1,...). Applying mathematical induction
ds(yj+1,y;) < A*ds(y1,v0) (j=0,1,---). Here for all § > 0 is chosen in such way that the definition of
our max metric d; is such that A := max {M, N} (%2, 1) < 1. By triangle inequality, 3 a large N € N/

such that V. m > n > N and for all positive €

ds(Ym, Yn) < ds(Ym, Ym—1) + ds(Ym-1,Ym—2) + - - + ds(Yn+1,Yn)
< ()\mil A2 )\n)dg(yO/yl)

n

<12

d(s(yo,yl) <e€.
This shows that the constructed sequence { y]-};.il is Cauchy, this implies that there is a continuously

differentiable function ¥ = y(t) such that L:”” ds(y;y) = 0. Furthermore, we show that limit of the
y y j=o00 y ]y

function y(t) satisfies.

y(t) = /Ot(t — (s, y(s), y* (s))ds + T + To.

This limit of the function y(t) is a solution of equation (13) on the interval [a, T]. Theorem 2.13 and

Theorem 2.15 put together show that the initial value problem (13) has a unique solution on [a, T]. O

2.3 The method

We present the methods for the solution of the non-homogeneous linear boundary value problem as
follows.

Consider the boundary value problem:
[C1D? + CoD* + C3Dly(t) = g(t),t € [0,T],0 < a < 2

subject to,

y0) =7, y(T)=mn

where Ci, Cy,C3, 79 and 7y are constants with C; # 0 and y € L[0, T|. Here, D* (« is a non- integer)

denote the fractional operator of order a and is given by

DY) = ey ) (= 0 0
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where i = N and satisfies the relation i —1 < a < i. The existence and uniqueness of the exact

solution to problem (65) to the boundary conditions (66) are discuss herein. We recall the following:

The Laplace transform for the Caputo’s fractional derivative is given by
m—1 ) )
L[y"](s) =s"Y(s) — ) sP7lY@D(0), m—1<p<m.
i=0

Theorem 2.16. The fractional boundary value problem

Ciy' (1) + Ca (gD“y) () + Cay(t) = g(t), te[0,T], 0<a<2.

has a unique solution give by y(t) = y;,(t) + ny,(t), where n = v — y;,(t) /y,(T).

Cl’l’lSz*“ +Cin
ClsZ—"‘ + CzS2 + CQ,SZ_‘)é '

yn(t) = L7 [
is the solution of the linear homogeneous solution to

[C1D? + CoD* 4+ C3Dy, (1) =0, 0<t<T,0<a <2

ya(0) =0 ¥ (0) = 7.

and

1[G(s) + Cis19 + Cos* 1

yp(t) =L C152 + CzSD‘ + CS

is the particular solution of the non- homogeneous linear fractional initial value problem

[C1D? 4+ CaD* + C3Dy,(t) = g(t), 0<t<T, 0<a <2

yp(0) =71 y,(0) = 0.
Proof.
[C1D? 4+ CoD* + C3Dy(t) = g(t), 0<t<T,0<a <2
for the homogeneous part we have
C1D?y;(t) + CaD*yy,(t) + C3D %y (t) =0
We take the Laplace transform of both sides

L{C1D?yy(t) + CrDyy(t) + C3Di (1)} =0,

(36)

(37)

(38)
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LA{CD?y (1)} + L{CDyi(1)} + L{CD (1)} = 0,
Clﬁ {Dzyh(t)} + Czﬁ {Dwyh(t)} -+ C3£ {Doyh(t)} =0.

Using the definition of Caputo derivative in equation (36)

G {S2Yh(s) — 5Y,(0) —Y;(o)} +C2{ YY), (s Z ity (D) }+C3Yh(s) —0,

Ci {s2Yi(5) = $Y3(0) = ¥;(0) } + Co {s*¥i(s) = 5* 1¥4(0) — 5" 2Y,(0) } + Ca¥iu(s) = 0,
substituting the initial conditions we get

C1 {s2Yi(s) —sY3,(0) =1} + G2 {S“Yh(s) — "1y, (0) — s“*%l} +CaYa(s) =0,
C152Yy(s) — C111 + Cos*Y;(s) — Cas® 211 + C3Yy,(s) = 0,
I:Clsz + Cps®* + C3} Y}, (S) =Cim+ CZS‘X_ZTl,

Cin+ C25“72T1

Yh(s) - C182 4 Cos* + C3”

(a-2)

multiplying the numerator and denominator by s~ we have

(C111 + Cos*21y)s~(¢2)

(C]Sz + Cps* + C3)Sf(“72) ’
Cl'rls""z + Comn

<C154_‘X + Cps? + Cgsf(p‘fz) ’

Yi(s) =

Yi(s) =

We take the inverse Laplace transform of both sides

C]Tlsa_Z + Comn

Cis4 % 4 Cps2 4 Czs—(#—2) }
Cits* 2 + G

(Cys*=4 + Cps? + Czs—(2-2) }

-1 S — -1
L Y(s)) = £ {(

yu(t) = L1 { (39)

We find the Laplace transform of the non-homogeneous fractional boundary value problem as follows
C1D?y,(t) + C2D"yp(t) + C3D %y, (1) — g(t) =0, t€[0,T], 0 <a <2,
We take the Laplace transform of both sides

L {C1D?y,(t) + CoD"yp(t) + C3D %, (1)} — g(t) =
L{CiD?%, (1)} + L{CD* (1)} + L{CsD%, (1)} — L{g(t)} =0,
CLL{D?p(t)} + CL{Dyp(1)} + CGL D%, (1)} — L{g(t)} =0,
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Using the definition of Caputo derivative in equation (36)

C1 {2, (s) = $4(0) = Y, (0) } + G {s‘%(s) - "i;s““lfé”(m} +C3Yy(s) = G(s) =0,

o) {szyp(s) —5Y,(0) — Y;,(O)} e {sm(s) —5*71Y,(0) — s“—ZY,’,(o)} +C3Y,(s) — G(s) =0,
Substituting the initial conditions y,(0) = T; y;,(O) =0

C1 {s*Y,(s) —s1— 0} + Co {S“Yp(s) — sl — 5“72(0)} + C3Y,(s) — G(s) =0,
[Cls2 + Cos* + C3} Yy(s) = G(s) + Cisto + Cos* 1,

G(s) + C15T9 + Cas* 119
C182 + Cos* + C3

Yp(s) =

7

we take the inverse Laplace transform of both sides

_ 1 [ G(s) + C1579 + Ca5* 19
1 Y — 1
L%} =L C15%2 + Cos* + C3 '

1 [ G(s) + C1579 + Ca5* 1
_ 1
yp(t) =L { C152 + CzS“ + C3 (40)

where Y,(s) = L[y(t)] and Y, (s) = L[y(t)]. Applying the properties of the inverse Laplace transform
on (39) and (40) we find the homogeneous and particular solutions y;(t) and y,(t) respectively as

shown above. ]

Consider equation (65)
C1D?y(t) + CD"y(t) + C3D y(t) — g(t) =0,
applying the definition of Laplace transform operator on the above equation we have

L{CiD?y(t) + C:D (1) + CD% () } —g(t) =0,

L{CiD%y(t)} + L{C2D"y (1)} + L{CsD % (1)} — L {g(t)} =0,

CIL{D?y()} + CLD (1)} + CL{D (1)} — L{g(t)} =0,

G {SZY(S) —sY,(0) =Y (0)} +G {S"‘Y(S) - ?Z; S"“i‘lY“J(O)} +G3Y(s) = G(s) =0,

Ci {s2Y(s) = sY(0) = Y'(0) } + C> {s"Y(s) = s*71¥(0) = s*2Y'(0) } + G5¥(5) — G(5) = 0,
C15%Y(s) — C1sY(0) — C1Y (0) 4+ Cas* Y (s) — Cas* 1Y(0) — Cps* Y (0) + C3Y (s) — G(s) = 0,
C152Y(s) + Cas*Y (s) + C3Y (s) — CisY(0) — Cos* 1Y(0) — C1 Y (0) — Cps*2Y'(0) — G(s) = 0,

(clsz Lt Cs) Y(s) - (clsy<o> n czsb“) Y(0) - (q n czsﬂ) Y'(0) - G(s) = 0,
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Divide both side by c;.
C C C C / 1
2 2 « 3 2 a—1 2 a2
— — Y(s) = — Y(0)—(1+ = Y — 41
(s +C15 —|—C1> (s) <s—|—cls ) (0) ( —|—Cls > (0)—|—C1G(s), (41)
Let A = % and @ = %, substituting in equation (41)
(52 + As” + w) Y(s) = (s + As"‘_1> Y (0) + <1 + /\s“_2> Y'(0) + CiG(s),
1

Divide each term by s + @,

<s2iw + SzAiaw + Szf(D)Y(S) =(s*+w)! { (s + Ag® 1>y(o)
+ (1 + As“2> Y'(0) + glc(s)} , (42)

we take the reciprocal of both sides

2 A @ Nyl -
24+@ S+ 24w o

s2 N As® N @
P24+@ 24+0 24w

- (1 + As“) Y'(0) + ClG(s)} , (43)
1
simplifying the left side of equation (43) gives
\ -1
s* -1 _ (2 -1 a1
<1 + 3 —i—(D) (Y(s)) "' = | (s + @) { (s + As >Y(O)
- <1 + /\s“2> Y'(0) + éc(s)} , (44)
1
Using the binomial series expansion for (1 + y)*.
k(k—1 k(k—1)(k—2
k(k—1)(k—2)---(k—r—1
R (o LS S0
o/l )
(1+y)f=3 <i)yl (45)
k=1
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where |
(Z) _ k(k—l)(k—23...(k—z—1), =123 k and (g) .
we let k = —1 and substitute in equation (45)
2 6 6 —1) .
Ly =1y 2 Sy Oy
A4 =1yt =P+ 47, o
1+y) ' =Y(-1y, W)
i=0
-1
Lety = 45=, wehave = (14+y) ! = (1 + Szﬁo) ,
. - Als® i © o )i
1+ 1= —1)! — D U A 18)
A4y = Ny s =2 ><Sz+@> (
substituting (48) into (44) we have
3 (A () = |+ { ( ”S“_1>Y<0>
i=0 <52+a)>
-1
+ <1 + Asa—z> Y'(0) + glc(s)} ) 9)
(Y(s) ™ = (i(—l)l A 1> (s*+@)! { (s +/\s"‘_1>Y(O)
= <52 + @
(Y(s)) = (i(—l)l s i> (s> + @)~ { (s +As"‘—1)Y(0)
= <s2 + @
- <1 + Asaz) Y'(0) + gc(s)} ) 1)
1

(Y(s)) = (i(—mf)%) {(s—I—/\s"‘l)Y(O) + (1 +As“2> Y'(0) + Cllc(s)} (52)

i=0 (32 n a))

in order to find the inverse Laplace transform of Y(s) in equation (52) we rewrite the equation in
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expanded form as follows

+Y(0) Y (—1)IA s+ Y (0) Y (~ 1A T Ast 2
=0 <52 +o = <52 + @)
1 - iyi s
+ 56O L1 ( 3)
= s2 4 cD)
Simplifying equation (53) we have
) wi+1 00 L. a(i+1)-1
(Y(5)) = Y(0) Y ()N +Y(0) Y (- 1) A
=0 <52 + w) =0 <s2 ~ w)
, ) ai ) o a(i+1)—2
+Y'(0) L (~1)'A S Y0 (-1t i -
=0 <52 + w) =0 <52 + w)
1 - 111 Sal
Cl(@XX—)A (54)

From the works of [Prabhakar, 1971], we have

Elal) = L i (087 € RRU)R(BLR(M) >0)

r&‘;{;) being the Pochhammer symbol. When < =1, these functions are called wiman

with u; =

functions, here, the main fact to be used is related to the inverse of the Laplace transform of the main

term that appear in equation (52) is given by

B s"r—P B

We now compare the first term in equation (54), <(ss;r;\),ﬁ+l> with ((:’2/{;)”> , we have

ai +1=mny—p
ai+1=2(i+1)—p

B=i2—a)+1
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B Sai-i—l i )
e [ =y, ), =)

Next we now compare the second, third and forth terms of equation (54), the results are as follows

E*l Suc(i+1)—l B i(Zfzx)JrlEiJrl ) y
(Ul i 2(i(2—a)12)(—@Y"), (56)

- s i(2—a i
£ 1{(s2+A>+1} =V B o 440 (0¥, (57)
-1 sulirh)—2 — i2—a)—a+3pi+ 2 58
(24 A)i+1 =Y 2(i(2—a)—a+) (—@Y)s (58)

the Laplace transform of the fifth term of equation (54) is as follows:

Let

wi

z(t) = +élG(s) i(—l)i)\i > (59)

L i
=0 (52 - cD)

By the convolution theorem

L7H{H(s)«G(s)} = L7 {h=g(t)}
(hxg)(t) = L7 {H(s).G(s)},

from (57), the inverse Laplace transform

-1 s v i i(2—a)+1 pitl )
£ {(SZJr)t)l“} n .le_A) ye EZTL(i(Z—a)Jrz)(_w]/ ),
i=

we let
L7(G(s) = (=AY EITEN Ly (o),
and

1 . 1 . 1
aﬁ Hols)} = aﬁ "{H(s)} = o {¢(1)},

2(t) = ./Oxg(x — Oh(1)dT
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1 e
2()= & LA [ 9= n)e OB, ) (~ey)dr (60)

Consequently the particular solution of the non homogeneous linear fractional boundary value

problem (65) if found by substituting (55), (56), (57 (58), (60) in equation (54)

(1) = %0) LY E Ly (-8
+Yp<o>§<w<2 DHESL ey (@)
+Y;<o>i(A)Z‘y“Z—”“E;ti(z_am)<—wy2>
+Y;<o>§<w<2 DS ) ae(—0)

(e 0]

. X
—)\)1/0 ¢(x — )T ”‘)HE“El(Z a)+2)( @y?)dT, (61)

O =
g

=1

substituting the initial conditions, we have, Y, (0) = 0, Y;, =1

]/p(t) =7 ZZO(A)Z]/Z(Z “)—HEHEl(Z a)+2)( (@yz)

+1 ;:)(/\)iyi(Z a)— zx+3Ez+(1(2 o) a+4)(_wy2)

1 & i [* 2—a)+1 pitl 2
+ o LM | ee—0r e~y (62)

similarly the homogeneous solution is
=1 Z z 12 o El+1(2 a)+1)(_‘93/2)

+TOZ z 12 o —i—lEz—&El(2 a)+2)( wyZ) (63)

Adding equation (63) and (62) gives the general solution of the non homogeneous fractional linear

boundary value problem.

—TOZ Z 12 ¢ El+(1(2 a)+1)(_wy2)

+TOZ )y +1El+(1(2 w42 (—@Y +Tl§) )y a)HElzJ?l(z o2 (V)
_’_Tli Z 12 o) DL+3EZ+(1(2 0 a+4)(_wy2)

Fa LN [t - nr OB, (e, (64)

1i=1
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2.4 The Collocation Parallel-shooting Method

Consider the non-homogeneous linear fractional boundary value problem of the form
Cry' (1) + G (§D") (1) + Cay (1) = g(t), t€[0,T], 0<a<2, (65)

subject to the boundary conditions

y(0)=wn, y(T)=m, (66)

where C1,Cy, C3 and 719,71 are constants with C; # 0 and y € C?[0,T] and <8D”‘y) (t) denote the
Caputo derivative of order a. Let I;, := [0, T|]. The algorithm used to solve the problem (65) subject to

(66) presented herein involves collocation-parallel shooting approach for the following IVP.

Cry (1) + G2 (§D" ) (1) + Cay(t) = g(t), €L, 0<a <2 (67)

y(0) =&, v (0)=&. (68)

Here & is unknown constant which shall be found in the solution process. The interval I is subdivided
into N uniform sub-intervals &, = [t;, t,41], where n = 0---N —1. Let [, = {t, =nh:n=1---N}
with h = % Suppose that, the exact solution of problem (5) subject to initial condition (6) can be
approximated by an element u;, € S% . ,(I), where 54 _(I,) := {p € C*(I)|a, € [Tura} and [Tia
denotes the space of all real polynomials of degree not exceeding m + d. For known integer m > 1,
it should be noted that the integer m present the number of collocation points in each sub-interval
ay.(n = 0,---,N —1) those points are defined as X, = {t = t,; = t,+ch, i =1,....m, n =
0,...,N—1}, with0 < ¢; <...c,y < 1. The collocation solution u, satisfies the following initial value

problem.

Cyuj () + Ca (gD“uh) () + Caun(t) = g(t) (69)

up(0) =&, uy(0) = &. (70)

On each subinterval, a,, the spline u; can be presented as a piecewise polynomials of degree m + I of
the form

up(t) = up(ty + th) = Ea I+ Zb o, t e, and T €[0,1]. (71)

where T € [0,T]. The fractional differential operator of order B for the collocation solution at t =

(tn + cih) is found by Blank [23] and is given by

I
DP (4 (ty +cih)) = LZZW" iB), +ZZWZZ+;5 () (72)

=04g4=0 j=0r=
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where p € RT,] € N and in general

i | UHe) =81, k=0

Wik i Bk 5 * £ v—B B

(j+ci) pl:[lﬁ—(%lozé(ﬁ—ci—l) Svk, k>0
- =

ﬁ_kaerp ¥ Aifs X
where S, = pl;ll =B and 6/, = 0 if j = 0 and 1 otherwise

I
DY (u(ty+7h)) =h 1Y r (r—q+1)7 " + ZH—r (I+r—g+ D) m".  (73)
r=q
Applying Blank results (13) on (10) we get

1 m
Gl | Yoalg = 1)l e + YI4rltr= L)e} 2"
q=2 r=1

+

n d
Lzzw" D)+ 5§ i

=04g4=0 j=0r=

! m
+C Yo clay + G Y ety = glt),
q=0 r=1

Simplifying the above will get

d 9 h—B+2 "
C1)_q(qg—1)] Zaf] L, VI A )+h2C32c aq

rr—p) ™ =
m —ﬁ m
Ci Y I+ r(l+r—1)c 2" + Cz?l 5 W 1 12Cy Y bl
r=1 r=1
— 12 x hﬁ+2 = (n=ip), (n=jB)},
- g(tn,i) - (snlocz Z Z W + Z Z Wz 41 r
j=09=0 j=0r=
written the above in matrix form we have
Aa™ 4+ Bp = F (74)
t t
Here the unknown constants a(") = [a(()n), e, a,(in)} and b(") = bin), S, 11,(1;1 )} where [.|! represent the

transpose to the vector. At n = 0 the vector a° is known from the initial conditions and a° is given by

T i 44
a’ = _q!dtg]' gq=0...r (75)
L .
20
a® = % . ’Zt:y() , q=0...r
0 amy(0)



On Solution of Non-homogeneous Fractional Linear Boundary Value Problem / Mtema James Chin 134

for n > 1, the smoothness condition at [t,_1,t,] which gives the relationship between the known

vectors 2, b(") and the unknown vector a("*+1)

at ) = Mya™ + Mo (76)

01 2 3 4
In parallel shooting method, each succeeding approximation is adjusted simultaneously to satisfy the

11 111
where (M;) = , My = { ] see [24,25] and [35] for details and the references therein.

boundary condition and appropriate continuity condition at the interior point ¢t,,n =1,--- ,N — 1, see
for more details in [24]. In this method, the missing (unknown) initial condition at the initial point of
the interval is assumed and the differential equation is then approximated as an initial value problem.
Let

L=CD>+G (ng) +CD° 77)

we rewrite problem (7) subject the initial condition (8) in the form.
L{w,] = g(t), t € I. (78)

This implies that, the solution of equation (14) on the time interval I, can be determined by solving
equation (14) on the subintervals [t,, t,41] for n = 0,...,N — 1 so that we have the following set of

initial value problems.

Llwn] = g(t), t € [ty tns1] (79)

subject to

wn(tn) = Ban W;(tn) = ,B2n+1 (80)

where B, are the initial conditions for the initial value problems defined on each subinterval [t,, t,11]
for (n =0,---,N—1) and By = Bo. The solution of the initial value problem (15) and (16) will be
determined using the method presented in (9) - (12), where the parameters fj;j = 0,...,2N — 1 shall

be determined by solving the system of algebraic equations below.

woltr, 1] = wilt, B2, B3,
wpltr, 1] = w; [t1, Ba, B,
w1ta, B2, B3] = walta, Ba, Ps),

W[ty 5, B3] = ws[t2, Ba, Ps),

Wy ltN-1, Baj—4, Baj—3] = w1 ltn-1, B2j—2, B2j-1],

wal[thlzBZj—ZzBZj—l] = p1.
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Matlab and Mathematica are used for the computation of the numerical results, further more details

on shooting method see [24] and [35].

3. Numerical Results

In this section we consider some fractional boundary value problems to demonstrate the accuracy of

the methods described in the previous section. The notation AE = ]x( ) w(t)|, t € [0,1] denote the

absolute error and the square L, norm error is presented by E, = f |(x (t))[>dt. We define the

collocationparameterci,i:1...,masci:x"Tﬂ,izl ,m, xk—l—cos[( )} k=1,.

Example 3.1. Consider the fractional boundary value problem D?y (t) + D? y (t) + DO (t) = g(t); Subject to
y(0) = 0,y(5) = 25, where the exact solution y(t) = t?, g(t) = t> +2 + 7

N\w

Applying the collocation parallel shooting method, the interval [0,5] is subdivided into five
subintervals as follows: t; =i,i =0,1,2,...,5. Therefore our problem is divided into the following set

of initial value problems.

Liws]) = f(t), 4<t<5, wy(4:)=Ps, wy(4:)=po

We clearly see from the forgoing that,

wo(t) = wo(t, 1), wi(t) =wi(t, P2, B3), walt) = wa(t,Pa,Bs), ..., wa(t) = wa(t, Ps,Bo)-

The parameter values B, j = 1,...,m are: By = 0.00000000000000, B; = —1.902763078556897¢ — 13,
B2 = 0.999999999999887, B3 = 1.999999999999986, B4 = 3.999999999999952, Bs = 4.000000000000106,
Bs = 9.000000000000039, B7 = 6.000000000000041, Bs = 16.000000000000036, By = 7.999999999999958.
Table ?? shows the exact, approximate solution and the absolute error at the mesh points. Furthermore,
figure 1 shows the exact y(t) and approximate solution u;, on [0,5]. The square L, norm E; error is

computed and found to be E, (f) = 1.7191E — 26.

t(i) ‘ Eaxct solution ‘ Approximate solution ‘ Absolute

0 | 0.0000000000000000 0.000000000000000 0

1 | 1.0000000000000000 0.999999999999887 1.130207039068409¢-13
2 | 4.0000000000000000 3.999999999999995 5.018208071305708e-14
3 | 9.0000000000000000 9.000000000000039 3.907985046680551e-14
4 | 16.0000000000000000 | 16.000000000000036 | 3.552713678800501e-14
5 | 25.0000000000000000 | 25.0000000000000000 0

Table 1: A table shown the Exact, Approximate solution and Absolute for Example 3.1
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In Example 3.1, we take the collocation points m = 3 and applied the collocation parallel shooting, the
results are presented in Table 1. The column 2 of Table 1 present the exact solution, column 3 presents
the approximate solution and the last column present the absolute error. We see from the results that
the method gives a good approximation of the exact solution. Further, Figure 1 shows the graphs of
the approximate solution and exact solution for m = 10 and the absolute error graph. We see from the

graph that the method approximate exact function with minimal error.

251 T T T T T T T T T

yo |
— —— uyt) |

o N
(4] o
T T

L

=
T
1

y(t) and up(t)

t
x10"?
27 T v ) T T T T T -
AE
1+ o
0.8 =
w
Wos!
0.4+ 4
0.2H =
ot 1 1 1 1 1 1 1 I 1 J
0 05 1 15 2 25 3 35 4 45 5

t

Figure 1: Graph of the exact solution y(t), approximate solution u,(t) and the absolute error AE for
Example 3.1

Example 3.2. Consider the boundary value problem C1D?x (t) CoDix (t) + C3D x (t) = g(t); Subject to
x(0) = 0,x(1) = 3.559752813266941, where the exact solution x(t) = sin(t) + eM,

5
+<ré>

(t*%cos(t){F1(2/5,[1/2,7/5], —t*/4) /4)
+ Bsin(20T(t/m+1/1)T(1/2 — t/7))F1(9/10,[3/2,19/10], —£2/4)) / (187)))

For us to apply the collocation parallel-shooting method, the interval [0, 1] is subdivided into five sub-
intervals as follows: t; = i,i = 0,1,2,...,16. Therefore our problem is divided into the following set

of initial value problems.

Liwo] = f(t), 0<t<5, w(0,:) =0, wy(0,:) = p1

Liws) = f(t), 4 <t <5, wy(4,:)=Ps, wy(4,:)=po

We clearly see from the forgoing that,
Parameter (f3;) are: p = 1.000000000000000, B1 = 1.999960107803945, B, = 1.257818925076409, B3 =
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2.125313465116970, By = 1.531421871018279, Bs = 2.252913874643586, Be = 1.821254368886025, B =
2.385484806828370, Bs = 2.128136446611042, By = 2.526300014825962, B19 = 2.453333426379004, B11 =
2.679216004053744, P12 = 2.798630901273591, B13 = 2.848706567616902, B1a = 3.166414204868768,
B15 = 3.039900306279105. Table 1 shows the exact, approximate solution and the absolute error at
the mesh points. Furthermore, figure 1 shows the exact y(t) and approximate solution u; on [0,5].
Following the same approach as described in Example 3.1 we have the following 7 values, where §;,

(i =0,...,9) are the initial values at the sub interval. The square L, norm E; error is as follows

E ( f) — 4.4664F — 28.

(i)

y(t)

up(t)

AE

0.000
0.125
0.250
0.375
0.500
0.625
0.750
0.875
1.000

1.000000000000000
1.257823186452054
1.531429375942264
1.821263943704249
2.128146809304331
2.453343230372685
2.798638776636009
3.166418796203125
3.559752813266941

1.000000000000000
1.257822660864706
1.531428450318473
1.821262762860220
2.128145531421711
2.453342021556800
2.798637805794381
3.166418230330814
3.559752813266941

0,00000000000000000
5.255873478660078e-07
9.256237909482934e-07
1.180844029002870e-06
1.277882620165371e-06
1.208815885167525e-06
9.708416279785581e-07
5.658723107870856e-07

0.0000000000000000

Table 2: A table shown the Exact, Approximate solution and Absolute for Example 3.2

Under this Example 3.2, we take the collocation points m = 3 and applied the collocation parallel
shooting, the results are shown in Table 2. The column 2 of Table 2 present the exact solution y(f),
column 3 shows the approximate solution u;(t) and column 4 presents the absolute error. We see from
the results that the method gives a good approximation of the exact solution.

Further, Figure 2 show the the graphs of the approximate solution and exact solution for m = 10 and
the absolute error graph. We see from the graph that the method approximate exact function with

minimal error.
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Figure 2: Graph of the exact solution y(t), approximate solution u,(t) and the absolute error AE for
Example 3.2
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4. Conclusion

A boundary value problem for non-homogeneous linear fractional differential equation is solved
analytically and numerically using the Laplace transform approach and the collocation parallel
shooting method, existence and uniqueness of the exact solution are proved via the contraction
mapping principle. Numerical examples are constructed to demonstrate the effectiveness and the
applicability of method. The results show that the numerical method approximate the exact solution

effectively.
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