International Journal of Int. ]. Math. And Appl., 13(2)(2025), 167-181
W attematics #ud cts Applications Available Online: http://ijmaa.in
ISSN: 2347-1557

Applications to the Mathieu-type series in Generalized Volterra functions Via Saxena

I-Function

Vishakha Motwani'*, Rajeev Shrivastava'

1Department of Mathematics, Government Girls P.G. College, Shahdol, Madhya Pradesh, India

Abstract
In this paper we introduce the new class of generalized Volterra functions. We prove some integral
representations for them via Saxena I-functions and Meijer G-functions. From positivity conditions
on the weight in these representations, we found sufficient conditions on parameters of the
generalized Volterra function to prove its complete monotonicity. As applications we prove a Turan
type inequality for generalized Volterra functions and derive closed—form integral representations

for a family of convergent Mathieu-type series defined in terms of generalized Volterra functions.
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1. Introduction

Consider definitions of classical Volterra and related functions as stated in ([1, p. 217]):

v = e @
t+a
vixe) = / Ft+oc—|—1)d @)
- x4 dt 3
ixp) = T(t+ )I(B+1) ®)
t+lxt,5
P = F(t+1x—|—1)1"(ﬁ+1)dt’ )

where «, > —1 and x > 0, but some particular notations are usually adopted in special cases

a=p=0, v(x) =pu(x,0,0)
a#0,8=0, v(x,a) = u(x,0a) ®)
«=0,p7#0, ulx,p)=puxp0).
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Volterra functions were introduced by Vito Volterra in 1916. Its theory was thoroughly developed by
Mhitar M. Dzhrbashyan, his own and his coathors results were summed up in the monograph [2] in
1966. In this book many important results on Volterra functions, known and new, were gathered and
introduced. Many results on Volterra functions were also gathered in two books of A. Apelblat [3,4],

for important application cf. also [6].

2. Integral Representations for the Generalized Volterra Functions Associated with [-

function

In this paper we define the new class of generalized Volterra functions VI;é qﬁR [.] with p; numerator

parameters &7, ..., &p, and q; denominator parameters f1, ..., B, by

=
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where a, 5 > —1,suchthat0 <n < pand 0 <m <g (x >0,A;,B; >0, a;,b; >0,(i = 1,...,R)>. For

the special case x = 1/¢, = s — 1 the function (6) up to the constant reduces to the function

I'(Ait +a;)

e

yita tﬂ

e Pt 4t (7)
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r(sjt+b) P

o

N
\
I,

which is interesting and important as a simultaneous expression for Laplace and Mellin transforms for
the gamma—function ratio.

The paper is organized as follows. In section 2 we prove several integral representations for the new
class of the generalized Volterra function via Saxena I functions and the Laplace transform. Various
new facts regarding the generalized Volterra function are proved, including complete monotonicity
property, log—convexity in upper parameters, and a Turdn type inequality. In section 3 closed—form
integral expressions are derived for a family of convergent Mathieu-type series and its alternating
variant when terms contain the generalized Volterra function. We start with the We recall the following
special functions and their properties in preparation for introducing exact invariant solutions. The

Saxena I-function is defined by means of the Mellin-Barnes type contour integral

(Bll b ) (B”/, bzr)n+1,pr

mn

|z
Pk ’ (A, aj)1,m5 (Ajrs A ) ms1,9,
m n
TIT(Bj—bjs) [IT(1— A; +ass) (®)
B L j=1 i=1 s
= 2mi /L P 7 s

ZR{ IT T(1 =B +bys) 11 T(1—Aj—aps)}
i=n+1 j=m+1
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for z € C\ {0}, where m,n,p,g € No = {0,1,2,...},0<m < q,0 <1 < p, (m1) #(0,0), a;, B; € Ry,
a;, b]- eR(@=1,...,p;j=1,...,9). Here L is a suitable contour from <y — ico to y 4 ico, where 7 is a

real number. The integral in (8) converges if the following conditions are met

! Pr m qr T
w:;“i—‘_z bir‘}'gﬂj—‘_z aj; > 0 and |arg z| <>
i=1 i=n+1 j=1 j=m+1

The Saxena I-function vanishes for large z because

1 1 20+1

I;’f,;ﬁ [z] = O <exp (—yzvyv) 225 ) )

P 9 _B. q 4 q p

where = ITa}" I1 f, Pi, 6 = Y b= Y+t and v = Y~ Y a; > 0. The generalized Wright
i= j= j= i= j= i=

function is defined as

p
(@i, ai)1,p > 1'1;[1 [(a; + ask) z*
¥y |2 i D Ea— ©)
(b]', ﬁ]’)l,q k=0 H F(b] —+ ﬁ]k) )

]

Il
_

q p
forz € C, p,q € Ny, a;,b; € C and w;, B; € R\{0}(G=1,....,p;j=1,...,9). f A = Y Bi— Ya>
j=1 i=1

|4 q
—1 or A = —1, then the series in (9) is absolutely convergent for z € C or |z| < [T|a|~% IT|B;/P,
i=1 j=1
respectively.
To formulate our first main result we need a particular case of I-function for R = 1,m = p,n = 0 is

defined by

p.0
Iq,p;l

(Z‘(Bl,bl),...,(Bq,bq) ) . P,() <Z‘(Bq/bq) ) ]_ Hf:l F(Al‘S =+ [/'ll‘)

=1 = Z_SdS, 10
(Ava1) ., (Apsap) P (Ap.ap) 2im Jr H?:l ['(Bys + b]’) (19

where A;, B; > 0 and 4;, b]- are real. The contour £ can be either the left loop £_ starting at —oco + ix
and ending at —co + if for some a < 0 < f such that all poles of the integrand lie inside the loop, or
the right loop £ starting co + ix at and ending oo + i and leaving all poles on the left, or the vertical
line £i, R(z) = ¢, traversed upward and leaving all poles of the integrand on the left. Denote the
rightmost pole of the integrand by 7 :

v = — min (a;/ 4;).

1<i<p

Let
p

p ' 9 g q _
P:< AZAZ>< B]- ]>,y:ij—Zoq+pzq. (11)
=1 i=1 i j

i= j j=1 i=1

Existence conditions of I-function under each choice of the contour £ have been thoroughly considered
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in the book [14]. Let z > 0 and under conditions:

. p,0
we get that the function I,

p
Y Aj=

q
i—1 j=1

B, p<1,

jr

(z) exists by means of [14, Theorem 1.1], if we choose £ = L or L = L,

under the additional restriction x > 1. Only the second choice of the contour ensures the existence

of the Mellin transform of I 5 i1

condition u > 1 to # > 0 and proved that the function I"”

Theorem 2.1. Let «, f > —1. Assume that y > 0, and Zle Aj

(z), see [14, Theorem 2.2]. In [10, Theorem 6], the authors extend the

it 1( z) is of compact support.

= Zzzl By. Then the following integral

representation for the generalized Volterra function (6)

, (up/Ap) Y ’O (Bq/.Bq) xlxdt
Vi L ¥ :/ e <t’ > B / (12)
(Bq.Bq) 0 (Apap) /) tlogP ™ (1/(tx))
holds true for all x € (0,1).
Proof. By using the Mellin transform for the I-function I’ - 1( z) [10]:
P T(Ait+a P (By.By)
H,;Zl (Ait + ;) = / 15,”?;1 <z‘ " )ztldt, R(t) > 7, (13)
Hk:1 IH(Bkt + ,Bk> 0 (Apsttp)
we obtain
V‘X'ﬁ (ap,Ap) _ o Hle F(Ait + ai) xttah
A x q t
(Bq/Bqg) 0 ijl F(B‘t + bj) r(ﬁ +1)
Bq 5q) xH“Zt*ltﬁ
= >> rpr1)
(Bg,Bq) o x%z~1
= ng < > </ xtzttﬁdt> — = 4z 14
(B /3 ) o0 x¥z~1
0 2P _
:/ 15p1< > </ tPe tdt) A dz
(Ap “p) 0 T([%—i—l)log (1/(3(2))
(Bg,Bq) oyl
:/ Ip01< qﬁq) Jiz dz.
PN Napy) ) 1ogP ™™t (1/(x2))
This completes the proof of Theorem 2.1. O

Remark 2.2. The special case for which the I-function reduces to the Meijer G—function is when R = 1 and

A1::Ap:B1:

17111’1

q,p;1

~.=B;=A, A>0.In this case,

(

AGW

(A'bq)> ( 214 bq) (15)
(Aap) a, ’
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where a, = (ay,...,ap) and by = (by, ..., by). So we get

(ap,A) 1 0
b ] = [ et <t1/A
PP [mp,A)‘ } o

by xtdt
/ 16
ap> AtlogP™(1/(tx)) 1e)

forall x € (0,1) and o, p > —1.

Let us note that the special case of the Meijer G—function Gﬁ,’g(-) from (16) is very important for
applications. Due to it in [9] it was proposed to name the function Gf;,’g(-) as Meijer-Norlund one, due

to important results of N.E. Nerlund for this function. We denote the ratio of gamma—functions by

_ I T + (n+m)Ay)
[T/, T(B; + (n+m)B;)’

Yu,m n,m € No.

In [20] it was proved that the function I 5, ,12;1 (z) is non-negative on (0, p) if
(IY) : Yup < $u and ¢7 1 < Yoo, for all n € No.

In addition, it was proved that the Saxena I-function 17 Y [t](A’ﬁ ”))] is non—negative, if

pp L LAy
k k
(H): 0<a; <..<ap, 0<B1 <. < By, Z,Bj— Zocj >0, fork=1,..p.
=1 j=1

Corollary 2.3. Suppose that conditions (Hy) are satisfied. Then the function

A s VP [Eﬁ)) .

is log—convex on (0, 00). Furthermore, the following Turdn type inequality

<

A ] - () =0 a7

holds true.

Proof. Rewriting the integral representation (16) in the following form

( /A) 1 b ®
v;;‘,f[“” M _ / Gho <t P> xtdt = (18)
(Bp,A) 0 ap ) t(log(1/x) + Alog(1/t))P
let us recall the Rogers-Holder—Riesz inequality [21, p. 54], that is
b b 1/p b 1/q
[1swgoiar < | [Ciropa] | [sora] 19
where p > 1, %—i—% =1, f and g are real functions defined on (a,b) and |f|V, |g|? are integrable

functions on (a,b). From the Rogers-Holder-Riesz inequality again and integral representation (18)
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using the fact that the function A —

A1, A >0and A € [0,1],

W’ a>0,b> 0is log—convex on (0,) we derive that for

(X,,B |:(llp,/\A1 +(1*/\)A2)
p.p

(BpAA1+(1-1)A2)
1 GP 0
— O
/O p.p <
1
< [ " <t
_/O p.p
1
</
0

1-A
b o
Gho (t p) i dt
PP\ la t(log(1/x) + Ax log(l/t))ﬁ+1

d
bP) xdt
3/t (log(1/x) +log(1/t)(A1 + (1—A)A2))P*!
bP) x*dt
3/ t (log(1/x) + A1 log(1/6))*™V (log(1/x) + Az log(1/t)) "M+

by, x*

A
ap> t (log(1/x) + A log(l/t))ﬁﬂl

p.0
Gpp

bp> xtdt g
ap ) t(log(1/x) + Aqlog(1/t))P*!

by

) x*dt o
ap ) t (log(1/x) + Az log(1/t))PH!

A ay, —A
) ()

This implies that the function
ol
x

(Bp.A)

a,p
A= Vph [

is log—convex on (0, o). Now let’s go to the Turan type inequality (17). Choosing A1 = A, Ay = A+2

and A = % in the above inequality we get the desired result. O

Corollary 2.4. Suppose that assumptions stated in Theorem 2.1 and conditions (H}') are satisfied. Then the
following inequality for the generalized Volterra function

sz,ﬁl [(”P'AP)

(‘lprAp)
Vb
4 Ly P

P T(a) . (ap,Ap)
o ] [T, (a)V,ﬁlJrﬁz[”” p
(bquq)

x| < ;
H?:lr(bi) P (bg,By)

x} (20)

holds true for all 0 < x < 1,a,pB1, B2 > —1.

Proof. Recall the Chebyshev integral inequality [21, p. 40]: if f, g : [a,b] — R are synchronous (both
increasing or decreasing) integrable functions, and p : [4,b] — R is a positive integrable function,

then
b

[ poswa e < [ po [ poswsoa e

Note that if f and g are asynchronous (one is decreasing and the other is increasing), then (21) is

reversed. Let B1, B2 > —1 and consider functions p, f, g : [0, p] — R defined by:

(By ) 1 !
_ —1p0 " = =
p(t) =t <t‘(Ap,ap>>’ F ) = Gogtiyx) t10ga/n7” 89 = Tog/x) + log(1/ D)%
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Since the function p is non-negative on (0,p) and functions f and g are increasing on (0,p), we
conclude that the inequality (20) holds true by means of the Chebyshev integral inequality (21) applied

to the Mellin transform of the Saxena [-function 13. O

Remark 2.5. Under the conditions (Hy), the inequality (20) reduces to the following inequality

yeb [(ap,A)‘x} b [(QP'A)’x} < I, r(ﬂi)va,ﬁ1+ﬁz [(ap,A)‘x} 22)

(bp,A) H]q'zl r(bi) P (bp,A)

holds true forall 0 < x < 1,a,pB1, B2 > —1.

Now let us note that Turdn type inequalities and connected results on log—convexity /log-concavity for
different classes of special functions are very important and have many applications.

Here, and in what follows, we denote the Laplace transform pair for a suitable function f as follows:
F(t) = Lf(t), and f(t) = L7'F(¢),

that is,

Lf(t) = /Ooo e f(x)dx, and L7 F(t) = ﬁ . e F(s)ds,

where Br denotes the Bromwich path. Recall that a function f : (0,00) — (0, o0) is called completely
monotonic, if f is continuous on [0, o), infinitely differentiable on (0,c0) and satisfies the following
inequality:

(=1)"f"W(x) >0, (x>0, n € Nog={0,1,2,..}).

The celebrated Bernstein Characterization Theorem gives a sufficient condition for the complete
monotonicity of a function f in terms of the existence of some non-negative locally integrable
function K(x) (x > 0), referred to as the spectral function, for which

£(s) = L(K)(s) = / T e ()dt

0

Corollary 2.6. Suppose that conditions of the Theorem 2.1 are satisfied. In addition, assume that conditions

(H}) are also valid. Then the function sz [x] defined by

V(X'ﬁ {(ﬂprAp)

w5 [(anAp)
f o x} v ‘B[IWAP

e*X], (23)

is completely monotonic on (0,00) for all « > 0 and B > —1. Moreover, the function

i

is also completely monotonic on (0, 00) for each « > 0 and p > —1 under the hypothesis (H).

Peb [WAP)
p’q (bq/Bq)
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Proof. By using the integral representation (12), we can write the function V,'f,’,f [x] in the following form:
(ap,Ap) (Bg.Bq) dt
a,B | VP __—ax p0 Fq
= I 24
Via [(bp,Bq) x] ‘ /o a.p:1 ( ‘(A,,,/x,,)) t(x+log(1/t))F+1 @)

So, the above representation reveals that V;‘/’f [x] can be written as a product of two completely

monotonic functions. This implies that V;,‘f [x] is completely monotonic on (0,00) for each &« > 0 and

B> —1. O

Moreover, in [11], Karp and Prilepkina found the Mellin transform of the delta neutral H function

when y = —m, m € Ny, that is

P T(Ait +a P (Ba.Bq)
Tt () B e
[T]_, T(Bkt + Bx) o (App)

where the coefficient v is defined by
. .P 1 11
v=(m) = [[A []B; ", (26)

and the coefficients [, satisfy the recurrence relation:

1 r
= ] Z Lo, withlp=1, (27)
with
_ D" Ba(ai) i By11(b;)
L I = T VN~ T T

where B, is the Bernoulli polynomial defined via generating function [24, p. 588]

teat

=S} #
n=

Obviously, by repeating the same calculations in Theorem 2.1 with (25) and use the following known
formula

- c+1
[ rera - T EL, 28)

we can deduce the following result:

Theorem 2.7. Let o, > —1,y = —m, m € No and Zle Aj = ZZ:1 By. Then the generalized Volterra

function possesses the following integral representation:

(By.B4) Xt vx® I L, T(B+k+1)
— [ PP ( " ) — k , 29
x] /0 #pil ’(Aww tlogP ' (1/(tx))  T(B) (= [log(1/ (xp))]F ! )

<

B |:(”prAp)
P L gy y)

where 0 < x < 1, the coefficients 1, are computed by (27), v and p are defined in (26) and (11).
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In the next Theorem, we derive a Laplace type integral expression for the function !~ 1V i b )
Theorem 2.8. Let o, > —1 and A > 0. Then, the function

a+A/ﬁ[(ap(,A),(a+A,l)‘1] _ o Apup [(ﬂpfA)r(“Jr/\fl)‘l}’

pLp Bq.Bq) X prLp (Bq:By) X

possesses the following integral representation

(ap,Ap),(a+A1) 11 co (ap,Ap)
V““’ﬁ[ ”( ’ H = / e*”tA*V,‘j‘,ﬂ ”” t]dt, x>0, (30)
0

1,
PEVP L (By,By) (By/By

1 . .
Moreover the function V E] is completely monotonic on (0, 00).

Y [( Ap) (a+A 1)
PALE L (p,,B,)

Ap)

Proof. Make use the formula (28) and straightforward calculation yields
/ o XA 1V“ B [( © [T, T(As +a;) #FesP
0 (Bq.Bq)

4 ¥ pxtpA1
} = / g 0 IT,T(Bjs+0b) T(B+1)
_/ [T, T(Ais+a) sP ) [/ngttsmﬂldt} ds
0

ds| dt

I'(Bjs+b;) I(B+1
s—l—oc—i—)t JTTE_ T(Ajs + a;) sPx—(s+ath)
—/ ds
H]1F(35+b) Ir(g+1)
(ap,Ap),(a+A,1) 1 ]
oy at+AB <
Votip [ (By,By) ’x}

Since the spectral function tA_lV;,X,’f [t] being positive, all prerequisites of the Bernstein

Characterization Theorem for the completely monotone functions are fulfilled, that is the function
a+A,8 (ap,Ap),(a+A,1)
1,
AL (g By)
involved. -

1
X

} is completely monotone in the above-mentioned range of the parameters

For some difficulties and wide-spread errors concerning generalization of the Bernstein

Characterization Theorem to absolutely monotonic functions cf. [25].

Theorem 2.9. Let o, > —1,17 > 0. Then, we get

X) = = dt
0 T(B+1)(a+1+HTT, T(b;+tB))

(ap,Ap)
—1 vy 5 ,
Og((f) [(bq—lqu—l)z(“"‘lrl) ‘x]

= {log(gf) B [ (ap,Ap)
( 4

1} () o TT, T(a; + tA) P p(t+ a + 1)
(? a1 by—1,B4-1)

(31)

where P(z) = E,((ZZ)) is the digamma function.

Proof. We set (by, B;) = (« + 17+ 1,1) and define the function F(x) by

/ Voc+17 /5 Ap)
bP Bq)

}f(ﬂ)dn-
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Keeping (28) in mind, we get

[} e} Ere T, (ﬂp/Ap)
:/ / e~ ¢ Vp,;”ﬁ ) x}f(;y)d;ydx

=TT FAt—i—a) tratnh
_ ¢x1li=1
/// [+ DI, (Bjt+bj)f(’7)d'7dwt

A t+a )t'B 1 t+a+n+1
_/ / ﬁ+1 H’i 1 I'(B;t + b;) <§> flr)dnds

e [ (é)ﬂf(ﬂ)dﬂ

1y F prhr)

- pa—1 (bg-1,B4-1)
B (ap,Ap) 17Lf(log(&))
it [
P (bqferqfl) g C

This implies that

(ap,Ap)
(Xﬁ pretp
Fe) =1 vt [

q 1/qul)

g Lf(lzg(ﬁ)) } (x).

(32)

(33)

Now, suppose that f(17) = §'(1), where J is the Dirac delta function. Since L(¢'({)) = ¢, we deduce,

by the above formula, that

_ (ap,Ap) Lf(log +
-1 yeb / Ve '75 / .
{ p,q—l |:(bqerq 1) x:| } b Bq xi|(5 (ﬂ)dﬂ
Combining (34)with the following formula
F(B6W (1)t = (—=1)"£"(0),
0
we obtain
_ (apAp) 117 Lf(log(x)) .0 (ap,Ap)
1 B LR g _ O yatnp
L {le [(bql,Bql) x] x }(6) ;1712(1) on P [(bp,Bq) 5}.
Moreover, we have
.0ty (ap,Ap) 0p (ap,Ap)
lim —V,, " =1 V!
po0 3y P pr,Bq) é} °8(E)Vri [wa,Bql),(m,l) g}

o [T0_ T(a; + tANPE T p(t +a+ 1)

- dt
0 T(B+1)T(a+1+4)TI, T(b; +tB))

In view of (35) and (36) we obtain the desired result. The proof of Theorem 2.9 is complete.

Remark 2.10. let g = p+1,a; = b; and A; = B; fori =1, ..., p in (31), we obtain

_ 1 o tﬁxtﬂllp(t—{—(x—}-l)
" 1{@"’“?1105;5(5)} e 0 r(ﬁ+1)F(a+1+t)dt_log(x)ﬂ(x/5/“)-

(34)

(35)

(36)

(37)
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In particular, for B = 0, we find [5]

x* B (4 o+ 1)
Tla+1) /0 Titatrl) o losvixa) a>—1 (38)

Corollary 2.11. Suppose that
x>0,B>-1, (ap,Ap) = (&,1) and (b, B;) = (a+1y+1,1).

Then the next convolution representation holds
[
0 (bp,By)

Proof. By means of Theorem 2.8, we have

[(aplprl)

(bp-1,B4-1)

x| f(n)dy = f(log(x)) « (iv,‘fﬁ,q_1

xD . (39)

(ap.Ap) | 1 (ap,Ap), (1)) 1
Lxtyyp =vr =0 4
{ [(b By) x] } (5) = Vit [(bq,Bq) ‘ s] (40)
So, from the above formula and (33) we conclude that (39) holds. O

3. Mathieu-type Series Associated with the Generalized Volterra Function

Our aim in this section is to derive some integral representations for a family of convergent Mathieu—
type series and its alternating variants with terms containing generalized Volterra functions.

Throughout this section, we adopt the following notation for the real sequence c:
c:0<cp<... <y T o0, 41)

It is useful here to consider the function ¢ : R, — IR, such that

In this section, we investigate the Mathieu-type series K and its alternating variant K, which are

defined by

o0 ‘B (aV,Ap),({X‘i‘/\,l) 1 42

’C( P+1 q’ G T ]Z C] —|—T P+1‘7|: (bp,Bq) Cj:|’ ( )

and (v 00 ] 1C]_/\ VtXﬁ (@p,Ap) (at+A 1)) 7 43
( +1 4’ “r ]Zl C] + 7" prla [ (bp,By) C]:| . )

The Laplace integral form of a Dirichlet series was one of most powerful tools in getting closed integral

form expressions for the Mathieu-type series K and its alternating variant K. For c satisfying (41), we
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have

Sy e = x/ e ¥ A, (t)dt, (44)

n=1 0

where the so—called counting function A, (f) has been found easily in the following manner

A= Y 1= (1),

n:azzt

where ¢~1(t) is the inverse function of c(x), and [a] is the integer part of a real number a. From this,
and using the fact that
e (#1)] =0, t € [0,c)),

we find that
De(x) = x / e e (et (45)
St

A comprehensive overview of this technique is in [22,23]. Note important results on inequalities for

Mathieu series proved by V.P.Zastavnyi in [28,29] and Z. Tomovski et al. in [26,27].

Theorem 3.1. Let «, 3 > —1 and A, u,r > 0. Then for the Mathieu—type power series IC(V 1,00 C ;1) the next

integral representation is valid:

K(Vyf per) =K (A p+1) +ukY (A +1,p), (46)
where
-1
. e [N 0] ap A atAD) r
KY(r, A, 1) —/Cl xA(x+r)P‘VP+1f”/[ o) = ax. (47)

Proof. Consider the Laplace transform formula (30) of the function x)‘*lV;, ’qﬁ [.] and in view of (28) and

(45), we get

) o0 (ap,Ap)
—cis A—11,4B prtp
KV, p+1 7€ ]Z; c] YT / e s T Vg [(waq) rs} dx
71 / / —cjs— (et pu—1gA~ 1V“’5[( 49 rs] dxdt
r(.” (bp,Bq

rs} dxdt
rs} d5> dx (48)

rs} ds) dx

1 / / Ze j(s+t) e 1 A 1V1X.B [( A)
T T (bp.By)
_ 0 [C_l(x)] </°° e(r+x)tt]41dt> (/OO efxs )\V;qu‘B |:( AP)
€1 1—'(]4) 0 0 (by.By)
® [ 1(x)] (/oo —(r+x)t ></°° A1 a,p [

- \"/1 r+Xx t]/ldt XS V
o T b € 0 ¢ P [w By)

I [C 1(x)] «,p (ap,Ap),(a+A+11) | ¢
o xA+1 (}" + x)l" p+lg [(bq,B ) ‘ ]de.’X
o0 [ 71()()] a,p (ap,Ap),(a+A1) | ¢
+u o XA(r + x)iFT Pl [(bq,Bq) ‘ } sdx,
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which proves the Theorem 3.1. O

Obviously, by repeating the same calculations as above and using the formula (see [23, Eq. (13)])

De(y) = Y (-1) e = y/: e ¥¥sin? (g [cfl(x)}) dx, (49)

j=1
we can deduce the following result for the alternating Mathieu-type power series K.

Theorem 3.2. Let o, B > —1and A, u, v > 0. Then for the alternating Mathieu—type power series K (V;‘ fl, e r)

the next integral representation is valid:

IC(V;qu;c;r) = RY(r, A, u+1) +uRY (r,A4+1,1), (50)
where )
SV _[®sin (%[c_l(x)]) wp  [@pAp) et D) r
R (r, A, p) = /Cl A L) Vpﬂlq[ ) u dx. (1)
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