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Abstract

This article studies the rate of convergence of equi - convergence series for functions belonging to
Lip(w, p), p > 1 class. Previously Salem and Zygmond have studied the equi - convergence of the
series associated with certain integrals for functions of bounded variation class of monotonic type

and which is belonging to Lipschitz class.
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1. Introduction

In the extensive area of approximation theory, the study of trigonometric approximation theory is
both practically and mathematically significant. It is crucial both mathematical sciences like
approximation of functions and solution of integral equations, as well as in engineering sciences such
as signal processing, image processing, and computer-aided geometric design. The degree of
approximation of functions are studied by many researchers [1-6, 8, 9], where the functions belonging
to Lip a,Lip(a,p) class or BV class generalized Lipschitz class using various means through
trigonometric Fourier approximation. Salem and Zygmond [7] have studied the equi - convergence of
the series associated with certain integrals for functions of bounded variation class of monotonic type

and which is belonging to Lipschitz class.

2. Definitions and Notations

Suppose that the function f € L,[0,27] for p > 1 and is 27 periodic then the Fourier series of f at x is

defined as follows:

% + Y (axcoskx + besinkx) = ) Bi(x) (M)
k=1 k=1
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and its corresponding conjugate series is
oo [e0]
Y (agsinkx — by coskx) = ) Ag(x)
k=1

We can write

p(x,t) = flx+1) + f(x =) = 2f(x)
Y(x,t)=f(x+t)—f(x—t)
3. Modulus of Continuity

Suppose w is the modulus of continuity if it satisfies the following

o(w(|t)))
IFC+6) = FOllp =
’ { o(w(]t]))

)

Then for the first case f € Lip(w, p), p > 1. In second f € lip(w,p),p > 1. For0 <a <1,and p > 1,

if w(t) = t* then Lip (w, p) class reduces to Lip («, p) class.

Monotonic Type: A function f is said to be monotonic type [7] if for some constant C the Function

f(x) + Cx is either monotonic increasing or monotonic decreasing.

glx, tu) =%(x,t+u)+¥(x,t —u) —2%¥(x,t)

o logn _ 1
"~ |log2 = o

sin (n + %)t

1 n
Du(t) = 5+ ) _ coskt = 25in(t/2)

2 k=1
From [10], we have
n
Y(x,t) ~ =2 By(x)sinkt
k=1

Su(x,t) = ZZSmktBk( )
k=1

ForO0<dé<land 0 < 8 < oo

L;(x;é))———l‘ (04+1) cos—/ t1+(5

Suppose that f € Cp, and the function be bounded variation of monotonic type

p()—15< > Zk‘53k

®)
(4)

©)

(6)

)

8)
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4. Main Theorem

Theorem 4.1. Suppose that the function f is monotonic type and f € Cor Lip(w,p),p > 1. For0 <6 <1

w

ig)du

1 7T
low()ll, =05/
where
1 n
pn(x) =I5 (x; > — Zk‘sBk(x)
n k=1
The following lemmas are required to prove the theorem
Lemma 4.2. If f € Cor NLip(w, p),p > 1 and ¥ (x,t) and g(x,t, u) are defined above then we get
(@). |lg(x,t,u)ll, = O(w(u))
(ii). [[p(x, t+u) —¢(x, t —u)|[, = O(w(u))
Proof.
(i). As g(x, t,u) = ¥(x, t +u) +¥(x, t —u) —2%¥(x,t). Applying Minkowski’s inequality in above

inequality we get,

lg(x, t,u)llp = [[F(x, t+u) + ¥ (x, t —u) —2¥(x, )|,
SfG+t+u) = flx+)lp = If(x—t) = flx—t+u)p

Fllfx+t—u) = flx+t)llp = llf(x—t) = flx =t +u)|l,
= O(w(u)) 3.1

(ii). In the similar manner applying Minkowski’s inequality

¥ Cet+u) =¥ (2t —u)llp < [If(x+t+u) = fle 8l = [If(x =) = flx =+ u)]|

Flf ) = fle+t—u)llp =l f(x =t +u) = fFlx =)
= O(w(u))

This completes the proof of Lemma 4.2.

Lemma 4.3. Suppose the hypothesis of Theorem 4.1 holds. Then we can prove the following

I54() = w0l =0 () A ol 4,

u
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Proof.
1 /7 .
Su(x;t) k;ZSmkt (—27_[ /_n‘{’(x,u)smkudu>
1 7 L
:—/ u) Y [cosk(u —t) — cos(u +t)]du
27 =1

—/ (x,t+u)+¥(x,t —u)|Dy(u)du

= ;/0 g(x, t,u)Dy(u)du +¥(x,t)

which follows that

[L(x,t) + (x, t)] ©)
For the first integral applying Lemma 4.2 (i), we get
1160y = [ Otew(u)) Dy ()]
—0(t)(y)m = Ot () (10)

Since the function is of monotonic type there exists a constant C so that F(x) = f(x) + Cx is either
never decreasing or increasing in (—oo,00). Now we assume that F is increasing in similar manner we

can prove for the decreasing case. In the replacement of f(x) by F(x) — Cx, we obtain

g(x,t,u) =[F(x+t+u) —F(x+1t)] — [F(x —t4+u) — F(x — t)]
+[F(x—t)—F(x—t—u)] — [F(x+t)—F(x+t—u)] (11)

Using above we get

J(x,t) = /}77T[F(x+t+ u) — F(x +t)|Dy(u)du + /;[F(x —t)—F(x—t—u)|Dy(u)du

- /n[F(x —t 1) — F(x — £)] Dy () — /”[F(x 1) = F(x + — )] Dy (u)dus
Ul Ul

= ]l(xl t) +]2(x/ t) +]3(X, t) +]4(x/ t) (12)
We can write
m /21 m
Ji(x, 1) = Z/ [F(x+t+u) — F(x+ H)]Dy(w)du = Y Qi(x, 1) (13)
j=177m/? j=1
where ‘ )
/201 ; +1
Qi(x,t) = /n/zf [F(x+t+u) —F(x+t)]51r;£;u/22)udu (14)
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Since F(x +t +u) — F(x +t) is increasing in u and 5 ( 7 is decreasing in u. Repeated application of

Mean-Value Theorem, we get

¢
Qj(x,t):?l/ [F(x+t+u)—F(x+t)]dusin <n+1> udu
2sin 577 J1/2 2

Where 5 < ¢ < 2]“

:_11[F(x-f—t-i—C)—F(x—i—t)]/éjsin(n—i—é) udu,%<§1 <

2sin 577

_ [F(x+1t+8) —F(x +1)]

1
2sin 5747

cos(n+3)¢& —cos(n+3)¢
(n+3)

From which it follows that for j = 1,2...m. and sinu > 2;”

2 F(+e+0) —FC+ 0,
e T s
:o<1>2; © = 02 ()

IJ1(., Z
= 0(1)% iw <2]11) p)

" (15)
Using the above we can prove that, for k = 2,3 and 4
_ 1 mw(u)
G, =00y, [
Combining (15) and (4), we get
1 (7 w(u)
176l < Zufk =00, [, € (16)

Incorporating (5) and (16) in (9), we obtain

I5:(:6) = plan)l, = 0 () +001) [ e

According to the monotonicity of w,
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o (D) ()

Lemma 4.4. Suppose f is monotonic type and f € Cor NLip(w, p),p > 1 then

1401, = | 5 () " w(u)
Proof
33 (5:0510) = = Y- 2kcoskib ()
L e s ) s
2171/” ¥l u) o n(u+tdu——/ 2 i

_ 1 [/ +/} (%, + 1) + ¥ (x, t — )] Dy (u)du

—[P(x6) + Q(x, )

Applying Lemma 4.2 (ii), we obtain

1P < [ Gt + )+ ¥ (et =) [ | Do) |

= 0(1)w(u) /0’7 n?du = O(1)nw (i)

Q(x,t):/n[ (x+t+u)—F(x—t—u)+F(x—t+u)—F(x+t—u)—4Cu|D;(u)du

—/ (x +t+u) F(x+t)]D,’1(u)du+/n[F(x—t—|—u) — F(x —t)|D),(u)du
Ul

+/ (x —t) x—t—u)]D;(u)du—l—/;[F(x—i—t)—F(x—i—t—u)]D;(u)du

—4C/ uD, (u)du

Pi(x,t) 4C/ uD;, (u)du

'M%

Il
—

We can write

£ = fk,(x,t)
j=1

where

/271
Ki(x )= [ [Feot ) = Fx 4 )0} (u)du

(17)

(18)

(19)

(20)

(21)

Since F(x +t+u) — F(x + 1) is increasing in u, applying Mean-Value Theorem, we have, for 7/ 2 <
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< /271

¢
Ki(x,t) = /mj [F(x 4+t +u) — F(x + £)|D! (u)du

After simplification we get

(.0, =0 (5 ) [Pu(@) = D ()]

1RGOl < S5, =00 -2 ()

In similar manner we can prove for i = 2,3,4

1RGOl =00) [ g,

w/n 1u?

Integrating we obtain,

7T

4c/7nuD;(u)du — 4C [t (Dy(70) — 1) (Da(1))] —/7 Dy () du

=0(1)
Applying (23) and (24) in (20), we obtain

du

”Pi(-ft>||p:o(1)/" w(u)

w/n u?

Plugging (19) and (4) in (17)

H;’t(sn 1) p :0(1)/; wLE;’[)du
This completes the Lemma 4.4.
Lemma 4.5. Using [7], we get
/°° S”(x’t)dt _ 7Tk®
0ot 2cos(mta/2)T(a + 1)

Proof of Theorem 4.1. We obtain from (11) and Lemma 4.5,

S, (x, ® gin kt
/O t1+5 ZZB /0 144 dt

n

B cos”z‘sY J+1) 2

(22)

(23)

(24)

(25)
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Incorporating (8) and (25)

1 LA ~Y(6+1)cos 2 [ 1o ¥(x,t) ® S, (x,t)
15 (x,n) —I;k Bk(x) p= 2 [/1 140 —/0 ntlJré dt

Y[+ 1)cos % | 7 S,(x,t) —¥(x,t) T Su(x,t)
[/1 dt —/O ] it (26)

T t1+6 t1+6

Applying Lemma 4.3, we have

© G, (,t) —¥(,t) o [|Su(,t) =¥ (. 1),
’/1 146 dt S/l 46 dt
p n
1 T w(u)
Vs f; S @)

As S,(x,0) = 0, we can get S, (., t) = Su(.x,t) — Su(x,0) = tS},(x,A), where 0 < A < t. Using Lemma

4.4, we obtain

e LTI
0 f1+6 , o f1+6

T 1/n g
:0(1)< ) “’5?@)/0 ?j
1 T
1)711—5/15 “’g)du (28)

Plugging (27) and (28) in (26), we obtain

Iy (xi) - kizlk‘sBk(x) - 0(1)5 /; wt) 4,

u2

This completes the proof of Theorem. O
Taking w(t) =t%,0 < a < 1

Corollary 4.6. If f is monotonic type and f € Cor NLip(a, p), p > 1, for 0 < a < 1, then

%,0<(5§0¢<1

10g"0<(5<0¢—1

lon (I, = O(1) {

Putting p = oo, in Corollary 4.6, we get

Corollary 4.7. If f is monotonic type and f € Co NLipa, 0 < a < 1, then

—45,0<6<a<1
logn

lon (I, = O(1) {

,0<do<a=1
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