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Abstract

Euclidean algorithm and Division algorithm for solving the system of linear congruence and fixing
the necessary and sufficient condition for the system of congruence relation to possess a solution is
established for any number of variables other than the Chinese reminder theorem, that continued
on the basis of Gauss elimination method/Gauss Seidel method have been explored in the paper
titled simultaneous Diophantine equations and consistency. The approach has been given a

algorithm in the present discussion.
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1. Introduction

A Euclidean domain R in which a, b&m # 0, the division algorithm can be rephrased as ax = b mod m
holds for every x € E whenever gcd(a,m) = p | b for some p in E. extending the role of x to more
variables, this will become a Diophantine equation whose solutions can be one or more depending
on the greatest common divisor ‘gcd” of a2 and b. this is summarized in the theorem following. As
the method of augmented matrix to solve a system of non-homogeneous linear equations, in the case
of system of Diophantine equations also, the augmented matrix model under the Gauss elimination
technique has been introduced. The three variable Diophantine equations or the system of linear
congruences are solved and a generalization has been brought out to a finite number of variables or in

particular n variables.
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2. Main Results

Discussion 1

Definition 2.1. A system of n congruence relations in n variables all are congruent modulo m is said to be

consistent if they have at least one solution set.

Theorem 2.2. A linear Diophantine equation ax + by = c has a solution if and only if d | c where
d = ged(a,b) @

That is, if xo,yo are integers or forming a solution to the Diophantine equation, then all other solutions are

x = x0+ (g) t;y =yo— (§) t for some integer t.

d=gcd(a,b) =>a=dp,b=dqpgecZ 2
2
axg+byo=c=d(pxo+dqy) =c=d|c

The linear Diophantine equation ax + by = c has a solution if and only if ged(a,b) = d | c. If xo,Yyo is one
solution of this equation, then all other solutions are of the form x = xo + (g) t;y = yo+ (5) t for an arbitrary
integer t. To get the 1° solution of the Diophantine equation, let us apply the Euclidean algorithm and find p
and q such that d = ap + bq where p and q bear the opposite signs. Since d divides c, suppose § = k, then it
can explicitly be written as dk = akp + bkq or ¢ = axy + byg solves the Diophantine equation.

Flow chart 1: writing the greatest common divisor GCD d of a and b as a linear combination d =

axj_1+bxj when b < a and d = ax; + bx; y whenb > a
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Input: a # 0;
b # 0 integers

List divisorsof a =L
List divisorsof b =M

List common divisors of

aand b=D

2.1 Discussion 2

Ged (a, b)= d= maximum of D

)

Divide a by bif b< a

— | Else

!

a=bqy+n;
n=0o0rn <b

b=nq+n
n=00rn <q,

)

|Divide bbya

1

Dow‘hiler} <q;
j>2

b=aq, +n;
n=0o0rn<a

a=r1q2+r’2.
n=00rn<gq;

)

Do while r; < g,/
j>2

}}.+1=0;]}.=d

d= qj-1— "'}_-lq_:

= q;-1.(1+ q;m5-2) — q;-29;

=qj-1Xp+ qj-2)0

!

a
i1 = ;r|=d

= q;-1(1+ q;15-2) — q;-29;
=qj-1Xp t q;-2)0

Do whileg;_, < b

.

Gj—2 = Qa

qj—l = b:

d = ax;_y + bx;

!

Do whileg;_, < a

)

qdji-1= @
qj—2 = Db
d = ax; + bx;_,;

The ged of a and b is d, when m divides d, there is a solution to the linear congruence ax = b mod m

from the introduction. So, % = k for some integer k that is used to increase the congruence relation

d = ax + by as m = akx + bky in which a4, k, y are known. So, x is obtained from this relation which is

the solution of the congruence.
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Flow chart 2:

Input: a # 0;
b # 0 integers

1

List divisorsof a =L

List divisors of b =M

List common divisors of
aand b=D
Ged (@, b)= d= maximum of D
| Divide a by bif b< a
a=bq,+n;

n=0o0rn <b

b=nrnq,+n
n=00rn<q,

-

Divide b by a

b=aq,+mn;
n=0o0rn<a

a=nq+n
n=00rn <q,

Do while 7; < g; Do while 7; < q;
j=2 j>2
=01 =d a1 =0;1=d

4= g1 =714

= ¢ (14 agm-2) - q520;
= qj-1%0 + Gj-2)o

d = q;_y — 1544,

= g (1+q120) - 45295
= qj-1% t+ q;-2)0

1

Dowhileg;_, < b

qj-1= b;
qj2=a
d = ax;_; + bx;

Gji-1= @

qj-2 =

Discussion 3

The discussion 1 and 2 are used to extend the argument to 2 congruences in 2 variables and putting
the conditions ad — bc # 0 into it as the necessary condition, the two variable congruence relations can
be reduced to one variable congruence. Using the flow chart 2, the one variable congruence can be
solved which in turn help to evaluate the other variable.

Flow chart 3:

input:a,b,c,d,n > 0
integers

ax+ by =rmod n

cx +dy = smodn
usep = gqmod m
= pr = qr mod m

(ad — be)x = (rd — sc)mod n
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input:a,b,c,d,n >0
integers

l

ax+ by =rmodn
cx +dy =smodn

[
—>
I

r+s -
gcd(ad—bc,n)zllll—“ r=s |
syster% . system has ax+ by =rmodn
) luti no solutions | | X + @y =smod n
unique solution have infinite solutions

ged(ad —be,n) =k >1
There are kincongruent
solutions modulo n

Discussion 4

Extending the above discussion to the three variable system of three linear congruences and putting
the necessary conditions, the three variable congruences can be reduced to two variable congruences
and using the discussion 3 that can be solved in the said necessary conditions, this new system again
can be reduced to one variable congruence that ultimately can be solved using the necessary condition
in discussion 2. So, in the retreating manner, the remaining two variables can be found.

Flow chart 4:

Inputa,,,a,,,a43;
Q31,Q33, @23 Q31,332,033
by, by, by, m >0

1

ay1Xy + Qy5X5 + @y3X3 = bymod m
Qy1X1 + A%y + Qx3x3 = bymod m
Q31X) + @33X5 + Q333 = bymod m

1

If
ged(ayy, ayp,a;3,m) |by;
ged(agy, @zp, @3, m) |bs;

cd(as,@z,, 22, m) |b.
ged(asy, asy, aszs,m) |bs
usep = qgmod m
= pr=qrmod m The system has
€11%; + €y5X; = dymod m no solution
C31Xy + €32X5 = dymod m
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