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Abstract

This manuscript gives methods of constructing multifactor BAFDs of type II. Multi-factor BAFDS
of type II are constructed from two factor BAFDs. Two methods of construction are given. The
first method is the product of balanced arrays which is similar to the product of orthogonal arrays
defined by [4]. The second methods was given by [28] which generates a BAFD from two given
BAFD’s. These methods can provide efficient BAFD’s if efficient two factor BAFD’s are used. The

designs constructed are balanced with orthogonal factorial structure.
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1. Introduction

In many situations there arise scenarios when an experimenter has to use factors at different levels.
The problem of obtaining confounded plans for such cases has received a good deal of attention. To
this extent, [37], by trial and hit methods obtained confounded plans of the type 3™ x 2", where m and
n are any positive integers. Using orthogonal arrays of strength 2 [25] gave methods for constructing
Extended Group Divisible Designs {EGD} for s; x s, experiments in blocks of size s; < sp. [33]
starting from a basic s; x s, design in blocks of size s, (s < s1, s; being a prime number or power
of prime) obtained three factor designs. [27] constructed some series of designs from orthogonal
latin squares for s; X sy experiments in block of size s; and s, — 1 replications. [32] gave a class of
balanced designs with OFS. [23] considered the use of balanced incomplete block designs for the
construction of sy X sy balanced factorial designs with OFS when s; > s;. Informative accounts
and subsequent developments have been done by [14,19,31]. [29] proposed a general method of

obtaining block designs for asymmetrical confounded factorial experiments using block designs for
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symmetrical factorial experiments. [15] describes a general method of construction of supersaturated
designs for asymmetric factorials obtained by exploiting the concept of resolvable orthogonal arrays
and Hadamard matrices. [12] considered three forms of a general null hypothesis Ho on the factorial
parameters of a general asymmetrical factorial paired comparison experiment in order to determine
optimal or efficient designs. [18] constructed designs by using confounding through equation methods.
Construction of confounded asymmetrical factorial experiments in row-column settings and efficiency
factor of confounded effects was worked out. [1] attempted to construct asymmetrical factorial type
switch over designs having strip type arrangement of combination of the levels. To start with, two
factors at different levels were considered. [11] described a method of constructing cost-efficient
response surface designs (RSDs) as compared to the replicated central composite designs (RCCDs), that
are useful for modelling and optimization of the asymmetric experiments. [34] identified a Kronecker
product structure for a particular class of asymmetric factorial designs in blocks, including the classes
of designs generated by several of the classical methods in literature. [8] focuses on the construction
and analysis of an extra ordinary type of asymmetrical factorial experiment which corresponds to
a fraction of symmetrical factorial experiment as indicated by [9]. [6] establishes a lower bound to
measure optimality with respect to a main effects model in a general asymmetric factorial experiment.
[21] conceptualized the fundamental aspects of the Complete, Fractional, Central Composite Rotational
and Asymmetrical factorial designs. Recent applications of these powerful tools were described.
[3] developed a method for the construction of p x 3 x 2 asymmetrical factorial experiments with
(p — 1) replications. [30] proposed a general method of obtaining block designs for asymmetrical
confounded factorial experiments using the block designs for symmetrical factorial experiments. [38]
Constructed asymmetrical factorial designs containing clear effects. [22] explained how to choose an
optimal (s?)s" design for the practical need, where s is any prime or prime power and accordingly
considered the clear effects criterion for selecting good designs. [24] dealt with situations where there
was a need for designing an asymmetrical factorial experiment involving interactions. Failing to get
a satisfactory answer to this problem from the literature, the authors developed an adhoc method
of constructing the design. It is transparent that the design provides efficient estimates for all the
required main effects and interactions. The later part of this paper deals with the issues of how
this method is extended to more general situations and how this adhoc method is translated into
a systematic approach. [26] developed The R package DoE.base which can be used for creating full
factorial designs and general factorial experiments based on orthogonal arrays. Besides design creation,
some analysis functionality is also available, particularly (augmented) half-normal effects plots. [17]
Published a monograph that is an outcome of the research works on the construction of factorial
experiments (symmetrical and asymmetrical). In this booklet, construction frameworks have been
described for factorial experiments. The construction frameworks include general construction method
of p" factorial experiments, construction methods with confounded effects and detection methods of

confounded effects in a confounded plan.
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The concepts of combinatorial, matrix operations and linear equation technique have been deployed
to develop the methods. [8] discussed an Alternative Method of Construction and Analysis of
Asymmetrical Factorial Experiment of the type 6 x 22 in Blocks of Size 12. [8] focuses on the
construction and analysis of an extra ordinary type of asymmetrical factorial design which
corresponds to fraction of a symmetrical factorial design as indicated by [9]. For constructing this
design, they used 3 choices and for each choice they used 5 different cases. Finding the block contents
for each case shows that there are mainly two different cases for each choice. In case of analysis of
variance, is seen that, for the case where the highest order interaction effect is confounded in 4
replications, the loss of information is same for all the choices. [16] in his book chapter discusses
different methods of constructing systems of confounding for asymmetrical factorial designs,
including: Combining symmetrical systems of confounding via the Kronecker product method, use of
pseudo-factors, the method of generalized cyclic designs, method of finite rings (this method is also
used to extend the Kempthorne parameterization from symmetrical to asymmetrical factorials), and
the method of balanced factorial designs. He showed the equivalence of balanced factorial designs
and extended group divisible partially balanced incomplete block designs, establishing again a close
link between incomplete block designs and confounding in factorial designs. [10] in her book chapter
discusses confounding in single replicate experiments in which at least one factor has more than two
levels. First, the case of three-levelled factors is considered and the techniques are then adapted to
handle m-levelled factors, where m is a prime number.

Next, pseudofactors are introduced to facilitate confounding for factors with non-prime numbers of
levels. Asymmetrical experiments involving factors or pseudofactors at both two and three levels are
also considered, as well as more complicated situations where the treatment factors have a mixture of
2,3,4, and 6 levels. Analysis of an experiment with partial confounding is illustrated using the SAS
and R software packages. [13] shows that Asymmetrical single replicate factorial designs in blocks are
constructed using the deletion technique. Results are given that are useful in simplifying expressions
for calculating loss of information on main effects and interactions, due to confounding with blocks.
Designs for estimating main effects and low order interactions are also given. [20] in his work
presents the results of a systematic literature review (SLR) and a taxonomical classification of studies
about run orders for factorial designs published between 1952 and 2021.

The objective here is to describe the findings, main and future research directions in this field. The
main components considered in each study and the methodologies they used to obtain run sequences
are also highlighted, allowing professionals to select an appropriate ordering for their problem. This
review shows that obtaining orderings with good properties for an experimental design with any
number of factors and levels is still an unresolved issue. [36] in his present book gives, for the first
time, a comprehensive and up-to-date account of the modern theory of factorial designs.

Many major classes of designs are covered in the book. While maintaining a high level of

mathematical rigor, it also provides extensive design tables for research and practical purposes. [2] in
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his work discusses the construction of ‘inter-class orthogonal’ main effect plans (MEPs) for
asymmetrical experiments. In such a plan, the factors are partitioned into classes so that any two
factors from different classes are orthogonal. The researcher also defined the concept of “partial
orthogonality” between a pair of factors. In many of his plans, partial orthogonality has been
achieved when (total) orthogonality is not possible due to divisibility or any other restriction. He
presented a method of obtaining inter-class orthogonal MEPs. Using this method and also a method
of ‘cut and paste” he obtained several series of inter-class orthogonal MEPs. One of them happens to
be a series of orthogonal MEP (OMEPs), which includes an OMEP for a 330 experiment on 64 runs.
[7] in his book, provides a rigorous, systematic, and up-to-date treatment of the theoretical aspects of
factorial design. To prepare readers for a general theory, the author first presents a unified treatment
of several simple designs, including completely randomized designs, block designs, and row-column
designs. As such, the book is accessible to readers with minimal exposure to experimental design.

In [5], Lee discrepancy has wide applications in design of experiments, which can be used to measure
the uniformity of fractional factorials. An improved lower bound of Lee discrepancy for asymmetrical
factorials with mixed two-, three- and four-level is presented. The new lower bound is more accurate
for a lot of designs than other existing lower bounds, which is a useful complement to the lower
bounds of Lee discrepancy and can be served as a benchmark to search uniform designs with mixed
levels.

In this manuscript, we going to use already known methods and some known balanced factorial
designs to construct multifactor balanced asymmetrical factorial designs of Type II. We are especially
interested in designs in which main effects and lower order interactions can be estimated with higher

efficiencies.

Definition 1.1. An experiment involving m>2 factors Fy, F, ..., Fy that appear at sy, ... 5, (> 2) levels is

called an s1 X - - - Xsy, factorial experiment (or an sqX- - - Xsy, factorial for brevity).

The purpose of this paper is to give simplified methods of constructing multifactor asymmetrical
factorial designs of type II that are characterized by balance with orthogonal factorial structure.

In this paper we shall involve well known arrangements of arrays such as Difference Schemes,
Orthogonal Arrays, Balanced Arrays, Transitive Arrays, and Hadarmard Matrices whose definitions

are given below.

Definition 1.2. An r x c array D with entries from A is called a difference scheme based on (A, +) if it has
the property that for all i and j with 1 < i, j < c, the vector difference between the i*" and j*" columns contains

every element of A equally often if i # j
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0 0 00O O O0OO0OTFPO
01201201 2
0210210 21
0001112 2 2
01 212 0 2 01
021102210
0 00222111
0122011220
02121010 2

Table 1: This difference scheme is derived from (GF(3),+)

Where GF(3) is a galois Field with 3 elements.

Definition 1.3. A k X b array A with entries from a set of v symbols is called an orthogonal array of strength t
if each t x b subarray of A contains all possible v' column vectors with the same frequency A = % It is denoted
OA(b,k,v,t; A); the number A is called the index of the array. The numbers b and k are known as the number of

assemblies and constraints of the orthogonal array respectively.

Example 1.4.
01111000
10110100
11010010
11100001
OA(8,4,2,3;1)

Definition 1.5. Let A be a k X b array with entries from a set of v symbols. Consider the v' ordered t-tuples
(x1,...,x¢) that can be formed from a t-rowed subarray of A, and let there be associated a non-negative integer
A(x1,...,xt) that is invariant under permutations of x1, ..., x;. If for any t-rowed subarray of A the o' ordered
t-tuples (x1, ..., xt), each occur A(x1, ..., x;) times as a column, then A is said to ba a balanced array of strength

t. It is denoted by BA(b,k, v, t) and the numbers A(x1, ..., x;) are called the index parameters of the array.

Clearly a BA(b,k,v,t) with A(x1,...,x¢;) = A for all t-tuples (x1,...,x¢) is simply an orthogonal array
OA(b,k,0,t 7).

Example 1.6.
0101010101
1110110000
00111000011
1100001011
0000111110
BA(10,5,2,2)

In this manuscript we are going to construct multi-factor BAFDs using balanced arrays of strength

t = 2 with parameters A(x,y) = Ay or A, according as x = y or not. In particular we are interested
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in the BA[(ks — 1)sA, ks, s, 2] with parameters A(x,y) = (k —1)A or kA according as x = y or not. For
brevity we shall call it the balanced array of type T with index A and denote it by BA[T][k,s, A]. Tt is

clear that a

BA[T][1,s,A] = BA[As(s — 1),s,5,2]

= TA[As(s — 1),s,s,2].

In constructing a BA[T][k, s, A] for any given k and s we would like A to be as small as possible so that
the size of the balanced array is not too large. However if there is no restriction on A, we can always

construct a BA[T][k,s, A] for any k and s.

Definition 1.7. A transitive array TA(b,k,v,t;A) is a k x b array of v symbols such that for any choice of t

rows, the (v%)' ordered t-tuples of distinct symbols each occur A times as a column.

Example 1.8.
012301230123
103223013210
230132101032
3210103223201
TA(12,4,4,2;1)

Definition 1.9. A Hadamard matrix of order n is an n x n matrix H, of +1's and —1's whose rows are
orthogonal, that is, which satisfies

H,H! = nI, (1)

For example, here are Hadamard matrices of order 1,2 and 4.

)

S Y
—_
|
—_
|
—_

Theorem 1.10. For all k and s,there always exists a BA[T][k,s, A] for some A. Where BA[T][k,s,A] is a

balanced array with parameters A(x,y) = (k — 1) or kA accordingly as x = y or not.

Proof. For all k and s, there exists a TA[(ks — 1)ksn, ks, ks, 2] for some n. Let the symbols of the transitive
array be denoted by [0, 1, ..., ks — 1]. If we replace each symbol in the transitive array by x(modk). Then
the transitive array becomes a BA[(ks — 1)ksn, ks, s,2] with parameters A(x,y) = (k — 1)kn or k*n
according as x = y or not, which is a BA[T][ks, s, kn|. The method of construction in Theorem 1.10

does not usually provide balanced arrays with a small number of assemblies as we desire. O
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Definition 1.11. An orthogonal array OA[N, k,s,2] is said to be a-resolvable if it is statistically equivalent
to the juxtaposition of X arrays such that each factor occurs in each of these arrays a times at each level. A

1-resolvable orthogonal array is also called completely resolvable, otherwise it is called Partly resolvable.

Definition 1.12. A v x v matrix G where v = Ils; will be said to have property A if it is of the form G =

Y. h(y)ZY, where h(y),y € QF, are real numbers, 0" is a set of all m component binary vectors.
yeQ*

Let O* be the set of all m— component binary vectors, that is Q* = QU {(0,0,...,0)} where Q) is the

set of all none null binary component vectors for y = (y1,y2,...,Ym) € Q then

where for 1 <i <m, and
Ziyi = Il' if Yi = 1 (4)
=] if y;=0 5)

where [ is an identity matrix and ] is matrix of 1’s both of order m x m. From (3) and (4) we can
ultimately obtain

C = r(®f4L;) — k 'NN’ (6)

where C is the design matrix and N is the incidence matrix of a BAFD. (6) shows that the design has
property A see [35]. For connected equireplicate designs with property A and a common replication

number r the interaction efficiencies are given by
E(y)=1- —kg(y) and E(y) = 1if and only if g(y) =0 (7)

2. Type II Designs

Let s, = n1S1 = naSy = ... = Ny_15y—1 and there exists BA(T)[n;,s;, 1] fori = 1,2,...,m — 1. By
Theorem A.5 there exists an s; X s X ... X s, BAFD with k = s, b = (5, — 1)" s180...8,_1, 7 =
[sm — 1)1, Ay1,y2, - - Ym-1,0) = 0 and A(y1,y2, ... Ym-1,1) = [T nf (n; — 1)1=%. By Theorem A.6
the eigenvalues of the NNT of the BAFD are given by

slvuya,ym] =7+ ) Ax) {Hﬁil[(l — Yi)si — 1]""} ®

xeQ)

Y an, — ) LT [ = s — 1% ) )

xeQ) i—
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Lety, =1,y;=0fori=1,2,...,m—1in equation (9)

(Al(xl,m,...,xm_l,l) {(1 —0)s1 — 1}X1 {(1 — 0)512 _ 1}x2 N
..{(1—1)sm_1}
A2(x1,%2, .. Xm_1,1) {(10)51{1} {(10)}5121} .
(1—1)s,, —1
80,0, 01) =70 (10)
B +
A 1(x1 X m1,1) {(1—0)31—1}x1{(1_0)52_1}362
\ A ..{(1—1)sm_1}1 J

where Ah(xl,xz,. e Xp—1,1), h=1,2,..., m—1is the hth distinct term of A(x1,%2,...,%,-1,1) and

hence we have 2" — 1 distinct terms of A(x1,x2,...,xy,_1,1). After expanding equation (10) we have

{—sﬂ_l +(m—1)sm=2 — 7("’_1)2('"—2) sm=3 4. — 521(—1)’“‘1}
=r—{spt = (m— sy 4 g (1)

{mlcosml(l)o A+ L ogsi=2(—1) 4L ops 3 (—1)2 4L +}

m—lcm_ls%(_l)m—l

similarly we can show that ¢(1,0,0,...,0) = ¢(0,1,0,...,0) = ... = £(0,0,0,...,1,0) = 0. Thus all
main effects are estimated with full efficiency. Let y,,—1 = ym =land y; =0 fori =1,2,...m — 2 then

(9) becomes

Al(xl, X2, .. .,xm,1,1)

X1
(1—0) X2
B B {0-0s-1)
g(0,0,...,0,1,1) =r+ < +A%(x,x2,... X1, 1) | | 51 =1 +... (11)

+A2 L (xy, 30, X1, 1) {(1 —0)s, — 1} ! {(1 —0)s2 — 1}X2
1

: {(1—1)sm_1—1}xm { 1-1)s }1

Wlil
(In the above equation (11), let {(1—1)5”171 —1}x be a value represented by (a)), where

Mi(xy, %2, %m-1,1),h = 1,2,...,2" — 1 is the k" distinct term of A(xq,x2,...,%,_1,1) and hence we

\
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have 2" — 1 distinct terms of A(x1,x2, ..., X,—1,1). After expanding equation (11) we have

m

N {mzcosﬁz(l)o m—2 c1s%*3(—1)1 4m=2 czsm*‘*(—l)2 + ... +}
=7

mfZCm_zs% (_1)m72

8(0,0,...,0,1,1) = r + {sﬁfz — (m—2)sm 3 4 mAmI) gm—a 321(—1)’”*2}

=7+ (5, —1)"2

— (Sm _ 1>m71 4 (Sm _ 1)m72
In general, when } /" ; y; = q equation (9) is

g1 Y2, Ym) = (5w —1)" 7+ (=1)7 (s, — )" (12)
hence by Corollary A.7

Elyi,v2,-- - Yym) =1 — g[;’/lzyzr,lé..,ym]

(s = 1) 4 (~1)1(5 ~ 1)
(s —1)m—1s,,

1wy

=1- Sm Sm(sm —1)171

—1—

(13)

where Y ", y; = g. It can be seen that equation (13) is the same as the equation (23) with s,, = s,
hence the efficiencies are equal to those of s; symmetrical balanced factorial design in Lemma A.8

with j = m.

Example 2.1. A BA(T)(3,2,1) given in Example A.17 can be used to construct a 22 x 6 BAFD with k = 6,
b =100, r =25, A(1,0) = A(2,0) =0, A(0,1) =4, A(1,1) =6, A(2,1) = 9. The efficiencies are;

E[0,1] = E[1,0] = 1.0

E[1,1] = E[2,0] :%
21

E1] = 2

[2,1] = 5

Example 2.2. A BA(T)(2,3,1) given in Example A.14 can be used to construct a 3° x 6 BAFD with k =
6,b = 3,375,7 = 125,A(1,0) = A(2,0) = A(3,0) = 0, A(0,1) = 1,A(1,1) = 2,A(2,1) = 4,A(3,1) = 8.

The efficiencies are;

E[0,1] = E[1,0] = 1.0

E[1,1] = E[2,1] = =

5
21
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104

Example 2.3. Example A.18 is also of this type. Other examples include 2 x 2 x 4, 2 x4 x4, 3 X3 x 6,

2x5x%x10,...and so on.

The following example is also a 22 x 6 BAFD with only 5 replications;the main effects are estimated

with full efficiencies and some interactions are not estimable.

Example 2.4. A 2% x 6 BAFD withk =6,b=20,r =5,A(1,1) = A(1,0) = A(2,0) =0 and A(0,1) =2,
A(2,1) = 3. The efficiencies are; E[0,1] = E[1,0] = E[2,1] = 1.0; E[1,1] = 3, E[2,0] = 0 can be constructed
using Theorem A.19 and by letting N be the incidence matrix of the 2 x 6 BAFD that was corresponding to a
BA(T)[3,2,1] which was given in Example A.17.

In this case, we shall let N* be the incidence matrix of the following 22 design with block size 1.
00 11 01 10

Table 2: resolvable 22 Symmetrical design

and if we let N, be the following 22 balanced factorial design with interaction confounded

00 01
11 10

Table 3: 22 balanced factorial design with interactions confounded

Applying Theorem A.19 we get the following 22 x 6 BAFD.

Blocks 1 2 3 4 5 6 7 8 9 10
Levelsof I5 | Levels of F; and b
0 00 o0 o0 00O OO0 11 11 11 11 11
1 00 00 11 11 11 00 00 00 11 11
2 11 00 00 11 11 11 11 00 00 00
3 00 11 11 00 11 00 11 11 00 00
4 11 11 11 00 00 11 00 00 00 11
5 11 11 00 11 00 00 00 11 11 00

Blocks 11 12 13 14 15 16 17 18 19 20
Levelsof I5 | Levels of F; and b
0 01 01 01 01 01 10 10 10 10 10
1 01 01 10 10 10 01 01 01 10 10
2 10 01 o1 10 10 10 10 01 01 O1
3 01 10 10 01 10 01 10 10 01 O1
4 10 10 10 01 01 10 01 01 01 10
5 10 10 01 10 01 01 01 10 10 oO1

Table 4: 22 x 6 BAFD
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Example 2.5. A 2% x 4 BAFD with k = 4, b = 24, r = 6, A(1,1) = A(1,0) = A(2,0) = 0 and A(0,1) =
2,A(2,1) = 4 and efficiencies are;

E[0,1] = E[1,0] = E[2,1] = 1.0

E@ﬂ:%f@@:o

can be constructed by letting N be the incidence matrix of the 2 x 4 BAFD that corresponds to the BA[12,4,2,2]
in Example A.21.
In this case, we let N* be the incidence matrix of the following 22 design with block size 1

00 11 01 10

Table 5: 22 design

If we let N3, to be the following 22 balanced factorial design with interaction confounded

00 01
11 10

Table 6: 22 BFD with interactions confounded

Then applying Theorem A.19 we get the following 22 x 4 BAFD.

Blocks 1 2 3 4 5 6 7 8 9 10 11 12
Levelsof I5 | Levels of F, and b

0 00 00 00 00 00 OO 11 11 11 11 11 11

1 11 1 00 11 00 11 00 00 11 00 11 00

2 00 00 11 11 11 11 11 11 00 00 00 00

3 11 11 11 00 11 00 00 00 00 11 00 11

Blocks 13 14 15 16 17 18 19 20 21 22 23 24
Levelsof I3 | Levels of F, and b

0 01 01 o1 01 01 01 10 10 10 10 10 10

1 10 10 01 10 01 10 01 01 10 01 10 oO1

2 01 0r 10 10 10 10 10 10 01 01 01 oO1

3 10 10 10 01 10 01 01 01 01 10 01 10

Table 7: 22 x 4 BAFD

Example 2.6. A 32 x 9 BAFD with k = 9, b = 144, r = 16, A(1,1) = A(1,0) = A(2,0) = 0 and
A(0,1) = 4,A(2,1) = 3 and efficiencies;

E[0,1] = E[1,0] = 1.0

Euuzgfpm:%
15

ER1 =1
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can be constructed by letting N be the incidence matrix of the 3 x 9 BAFD that corresponds to the BA(T)[3,3,1]
in Example A.16.

In this case, we let N* be the incidence matrix of the following 3 design with block size 1.

00 12 21 01 10 22 02 11 20 00 11 22 02
10 21 01 12 20

Table 8: 32 design with block size 1

if we also let N3, be the incidence matrix of the following 32 balanced factorial design with interaction
confounded.

00 01 02 00 02 01
12 10 11 11 10 12
21 22 20 22 21 20

Table 9: 32 BFD with interactions confounded

Then applying Theorem A.19 we get the following 32 x 9 BAFD.

Blocks 1 2 3 4 5 6 7 8 9 10 11 12
Levelsof I5 | Levels of F, and b
0 00 00 00 00 00O 00 00 00 12 12 12 12
1 12 21 00 12 21 00 12 21 21 00 12 21
2 21 12 00 21 12 00 21 12 00 21 12 00
3 00 00 12 12 12 21 21 21 12 12 21 21
4 12 21 12 21 00 21 00 12 21 00 21 00
5 21 12 12 00 21 21 12 00 00 21 21 12
6 00 00 21 21 21 12 12 12 12 12 00 00
7 12 21 21 00 12 12 21 00 21 00 OO0 12
8 21 12 21 12 00 12 00 21 00 21 00 21

Blocks 13 14 15 16 17 18 19 20 21 22 23 24
Levelsof I3 | Levels of F, and b
0 12 12 12 12 21 21 21 21 21 21 21 21

00 12 21 00 00 12 21 00 12 21 00 12
21 12 00 21 12 00 21 12 00 21 12 00
21 00 00 00 21 21 00 0O OO 12 12 12
12 00 12 21 00 12 00 12 21 12 21 OO
00 00 21 12 12 00 00 21 12 12 00 21
00 21 21 21 21 21 12 12 12 00 00 OO0
21 21 00 12 00 12 12 21 00 OO0 12 21
12 21 12 00 12 00 12 00 21 00 21 12

O IDNUT R WN =
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Blocks 25 26 27 28 29 30 31 32 33 34 35 36
Levelsof I3 | Levels of F, and b

0 01 01 01 01 01 01 01 01 10 10 10 10

1 10 22 01 10 22 01 10 22 22 01 10 22

2 22 10 01 22 10 01 22 10 01 22 10 01

3 01 01 10 10 10 22 22 22 10 10 22 22

4 10 22 10 22 01 22 01 10 22 01 22 01

5 22 10 10 01 22 22 10 01 01 22 22 10

6 01 01 22 22 22 10 10 10 10 10 01 oO1

7 10 22 22 01 10 10 22 01 22 01 01 10

8 22 10 22 10 01 10 01 22 01 22 01 22

Blocks 37 38 39 40 41 42 43 44 45 46 47 48
Levelsof I5 | Levels of F, and b

0 10 10 10 10 22 22 22 22 22 22 22 22

1 01 10 22 01 01 10 22 01 10 22 01 10

2 22 10 01 22 10 01 22 10 01 22 10 01

3 22 01 01 01 22 22 01 01 01 10 10 10

4 10 0r 10 22 01 10 01 10 22 10 22 01

5 01 01 22 10 10 01 01 22 10 10 01 22

6 01 22 22 22 22 22 10 10 10 01 01 oO1

7 22 22 01 10 01 10 10 22 01 01 10 22

8 10 22 10 01 10 01 10 01 22 01 22 10

Blocks 49 50 51 52 53 54 55 56 57 58 59 60
Levelsof I3 | Levels of F, and b

0 02 02 02 02 02 02 02 02 11 11 11 11

1 11 20 02 11 20 02 11 20 20 02 11 20

2 20 11 02 20 11 02 20 11 02 20 11 02

3 02 02 11 11 11 20 20 20 11 11 20 20

4 11 20 11 20 02 20 02 11 20 02 20 02

5 20 11 11 02 20 20 11 02 02 20 20 11

6 02 02 20 20 20 11 11 11 11 11 02 02

7 11 20 20 02 11 11 20 02 20 02 02 11

8 20 11 20 11 02 11 02 20 02 20 02 20

Blocks 61 62 63 64 65 66 67 68 69 70 71 72
Levelsof I3 | Levels of F, and E

0 11 11 11 11 20 20 20 20 20 20 20 20

1 02 11 20 02 02 11 20 02 11 20 02 11

2 20 11 02 20 11 02 20 11 02 20 11 02

3 20 02 02 02 20 20 02 02 02 11 11 11

4 11 02 11 20 02 11 02 11 20 11 20 02

5 02 02 20 11 11 02 02 20 11 11 02 20

6 02 20 20 20 20 20 11 11 11 02 02 02

7 20 20 02 11 02 11 11 20 02 02 11 20

8 11 20 11 02 11 02 11 02 20 02 20 11
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Blocks

73

74

75

76

77

78 79

80

81

82

83

84

Levels of F;

Levels

of

F

and

I3

0

O INNUT R WN =

00
11
22
00
11
22
00
11
22

00
22
11
00
22
11
00
22
11

00
00
00
11
11
11
22
22
22

00
11
22
11
22
00
22
00
11

00
22
11
11
00
22
22
11
00

00 00
00 11
00 22
22 22
2200
22 11
11 11
11 22
11 00

00
22
11
22
11
00
11
00
22

11
22
00
11
22
00
11
22
00

11
00
22
11
00
22
11
00
22

11
11
11
11*
22
22
22
00
00

11
22
00
22
00
11
00
11
22

Blocks

85

86

87

88

89

90 91

92

93

94

95

96

Levels of F;

Levels

of

151

and

i)

0

OIS UT R WN =

11
00
22
22
11
00
00
22
11

11
11
11
00
00
00
22
22
22

11
22
00
00
11
22
22
00
11

11
00
22
00
22
11
22
11
00

22
00
11
22
00
11
22
00
11

22 22
11 22
00 22
2200
11 00
00 00
22 11
11 11
00 11

22
00
11
00
11
22
11
22
00

22
11
00
00
22
11
11
00
22

22
22
22
11
11
11
00
00
00

22
00
11
11
22
00
00
11
22

22
11
00
11
00
22
00
22
11

Blocks

97

98

99

100

101

102

103

104

105

106

107

108

Levels of F;

Levels

of

H

and

5

0

BIDNUI R WN =

02
10
21
02
10
21
02
10
21

02
21
10
02
21
10
02
21
10

02
02
02
10
10
10
21
21
21

02
10
21
10
21
02
21
02
10

02
21
10
10
02
21
21
10
02

02
02
02
21
21
21
10
10
10

02
10
21
21
02
10
10
21
02

02
21
10
21
10
02
10
02
21

10
21
02
10
21
02
10
21
02

10
02
21
10
02
21
10
02
21

10
10
10
21
21
21
02
02
02

10
21
02
21
02
10
02
10
21

Blocks

109

110

111

112 113 114 115 116 117 118 119 120

Levels of I3

Levels

of

F

and b

0

I DNU B WON =

10
02
21
21
10
02
02
21
10

10
10
10
02
02
02
21
21
21

10
21
02
02
10
21
21
02
10

10
02
21
02
21
10
21
10
02

21
02
10
21
02
10
21
02
10

21 21
10 21
02 21
21 02
10 02
02 02
21 10
10 10
02 10

21
02
10
02
10
21
10
21
02

21
10
02
02
21
10
10
02
21

21
21
21
10
10
10
02
02
02

21
02
10
10
21
02
02
10
21

21
10
02
10
02
21
02
21
10
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Blocks 121 122 123 124 125 126 127 128 129 130 131 132
Levelsof 5 | Levels of L and b
0 01 0p o1 o011 01 01 01 o0 12 12 12 12
1 12 20 01 12 20 01 12 20 20 01 12 20
2 20 12 01 20 12 01 20 12 01 20 12 01
3 01 01 12 12 12 20 20 20 12 12 20 20
4 12 20 12 20 01 20 01 12 20 01 20 01
5 20 12 12 01 20 20 12 01 01 20 20 12
6 01 01 20 20 20 12 12 12 12 12 01 01
7 12 20 20 01 12 12 20 01 20 01 01 12
8 20 12 20 12 01 12 01 20 01 20 01 20
Blocks 133 134 135 136 137 138 139 140 141 142 143 144
Levelsof 5 | Levels of F and b
0 12 12 12 12 20 20 20 20 20 20 20 20
1 01 12 20 01 01 12 20 01 12 20 01 12
2 20 12 01 20 12 01 20 12 01 20 12 01
3 20 0r o1 o0 20 20 01 01 01 12 12 12
4 12 01 12 20 01 12 01 12 20 12 20 01
5 01 01 20 12 12 01 01 20 12 12 01 20
6 01 20 20 20 20 20 12 12 12 01 01 01
7 20 20 01 12 01 12 12 20 01 01 12 20
8 12 20 12 01 12 01 12 01 20 01 20 12

Table 10: 3% x 9 BAFD

A. Appendix

Theorem A.1. For all k and s,there always exists a BA[T|[k,s, A] for some A.

Proof. For all k and s, there exists a TA[(ks — 1)ksn, ks, ks, 2] for some n. Let the symbols of the transitive
array be denoted by [0, 1, ..., ks — 1]. If we replace each symbol in the transitive array by x(modk). Then
the transitive array becomes a BA[(ks — 1)ksn, ks, s,2] with parameters A(x,y) = (k — 1)kn or k*n
according as x = y or not, which is a BA[T][ks, s, kn]. The method of construction in Theorem A.1 does

not usually provide balanced arrays with a small number of assemblies as we desire. O

Definition A.2. Suppose (F,A) is a (v,k, A)-BIBD, a parallel class in (F,.A) is a subset of disjoint blocks
from A whose union is F. A partition of A into r parallel classes is called a resolution; and (F, A) is said to be

a resolvable BIBD if A has at least one resolution. We say that F is a finite set of points called treatments, where
F = {0,1,2,--- ,v—l}

An example of a BIBD [4, 6, 2] has been captured in table 16

Theorem A.3. If there exists a resolvable BIBD with gs treatments and block size q, then there exists a ps X qs

BAFD with block size pqs such that all main effects are estimated with full efficiency.



Multifactor Balanced Asymmetrical Factorial Designs of Type II / N. J. Wanyoike, Guangzhou Chen 152

Proof. Construct a BA(T)(p,s,n) for some integer n by Theorem A.l. In the resolvable BIBD, there
being s blocks in each replication , we can number the block in each replication by 0,1,---,s — 1.
Replacing each symbol in the balanced array by a group of symbols which represents blocks in the
BIBD for each replication, we obtain a pgs x [ps — 1]snr’ matrix, where 7' is the number of replications
in the BIBD. Assign i’ level of F; to the rows from the (ig+ 1) to the (i +1)", where i = 0,1,--- , ps —
1.Identifying columns and symbols with blocks and the levels of F,, we get a ps x gs design with block
size pgs.

We shall show that all the main effects of the design constructed above are estimated with full efficiency.
Let A" be the number of blocks in which two treatments occur together in the BIBD, then (gs — 1)A" =
(g —1)r. Assume that ¥ = (gs —1)m and A" = (g — 1)m, where m need not be an integer. Let
Aot1, Mo, A1 denote the parameters and r denote the number of replications in the ps x gs design, then

through inspection we have

ACxy) = (ps = 1) Hgs = )" (p = 1)*(q — 1)Ymn + (xy) (pqg) (s — 1)mn (14)
x,y=0o0r1 (mod 2)so

Ao1 =
Ao =

(ps —1)(q —1)mn
(qs =1)(p — 1)mn 15)
A= (p—1)(q — )mn+ pg(s — 1)mn

Ao =r1=(ps—1)(gs —1)mn

if we substitute the parameters of the equations (17), (18) and (19) in equations (15) and Corollary A.7

we get
s—1

(ps—1)(gs — 1

Given any g and s, there always exists a resolvable BIBD with gs treatments and block size g if the

E[0,1] =E[1,0)=1 and E[1,1] = — )+1
number of replications is allowed to be large.

s
Example A.4. The irreducible BIBD of gs treatments with block size q in which each of the (0]

) possible q—
q

element combinations form a block is resolvable with parameters

-1 -2
v=gsb= 7 T = 1 Jk=g,A = 7 (16)
q q-1 q-2
The eigenvalues of NTN of a BAFD are given by

g(1,0) =7+ (s2 — 1)Ao1 — Ao — (s2 — 1)Any (17)

g(O,l) =1 — /\01 + (Sl — 1))\10 — (Sl — 1)/\11 (18)
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g(1,1) =r—Ag — Ao+ Ann (19)

where N is the incidence matrix of the BAFD. O

Theorem A.5. If there exists a BA[N;,sm,5;,2](i = 1,...,m — 1) with parameters A;j(x,y) = pl or pi
according as x = Yy or not then there exists an s; X s X ... X s, BAFD with k = sy,
b= Ni...Npy_1, A .0, 10=0,

_ 1.2 m—1
ADL1D(2...DCW,,1 1= I’lal,uaz cee Vocm,l
where «; = 0or 1.

Proof. Multiply the m — 1 balanced arrays to obtain a BA[N1Ny...Ny_1, Sm, $152...Sm—1,2] with
parameters A[(x1, X2, .., Xu—1), (Y1, Y2, - Ym—1)] = pa,p?a2... pit~! where a; = 0 or 1 according as
x = y or not. Identifying the symbols with the levels of Fj, B,...,E,_1, rows with the levels of F,, and
columns with blocks, we obtain an s; X s; X ... X s;; BAFD with the specified parameters. The method
used in Theorem A.5 can usually produce efficient BAFDS if we use balanced arrays corresponding
to efficient two factor BAFDS. While applying this method, the block size remains the same but the

number of blocks increases very rapidly. Hence this method is used when the number of assemblies

in the balanced arrays are not too large. ]

Theorem A.6. The eigenvalues of NN’ of a BAFD are g(y1,Y2,...,Ym)’s with corresponding eigenvectors
given by the columns of p¥', where y = (y1,v2, ..., ym) € Qand N is the incidence matrix of a BAFD. y is an

interaction effect and C is the design matrix.

It should be noted that the multiplicity of g(vi,y2,...,ym) is [TiL; (si — 1)¥. Since C = r(®",I;) —

k~'NN’. The columns of PY y € Q are also the eigenvectors of C with corresponding eigenvalues

1

p) =728z ym) (20)
=f—% v), yeQ (21)

Let E(y) denote the interaction efficiencies, then
Corollary A.7. E(y) =1— tg(y) and E(y) = 1if and only if g(y) = 0.

Lemma A.8. If s is a prime power, then given j (1 < j < m) there exists an s™ symmetrical balanced factorial

design with block size s and parameters A; =1, A; =0 for all i#j.

The efficiencies of the symmetrical balanced factorial design constructed in Lemma A.8 can be

calculated by equation (22)

s i=12,...,m (22)
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In particular when j = m,

Pu(i;m,s) = (=1)'(s —1)""
and equation (22) becomes (23)
1 (- .
El—l g m 1—1,2,...,m. (23)

The main effects of this balanced design are estimated with full efficiency since E; = 1 in equation (23)

Theorem A.9. In an sy x s, BAFD with block size s1(s1 < sp), if the main effects of F are estimated with full
efficiency and the main effects F, are estimated with maximum efficiency % then the BAFD has parameters
Ao = Ag1 = 0and Aqy # 0. This design is equivalent to a TA[A1152(s2 — 1),51,52,2]. Since Ayg = 0 means
that two treatments at the same level of F, do not occur together in the same block, which implies s; > k = s4

we do not need s; < sy in the construction of the designs in Theorem A.9.

The construction of TA[sy(sp — 1)A11,51,52,2] has been discussed in [31]. Deleting any (s, — s1)
constraints from a TA[sy(sp — 1)Aq1,82,52,2] we obtain a TA[sy(sp — 1)Aq1,51,52,2].  If we restrict
A11 = 1 then the existence of a TA[sy(sp — 1), s1,52,2] is equivalent to the existence of s; — 1 mutually
orthogonal latin squares of order s; or s; — 2 mutually orthogonal latin squares of order s, with

different elements in the diagonal.

Example A.10. A 3 x 6 BAFD withb =30,k = 3,r =5 Ap1 = A9 = 0 and Ay; = 1 can be constructed from

a TA[30,3,6,2]. The efficiencies are E[1,0] = 1.0,E[0,1] = £ and E[1,1] = 2.

Theorem A.11. If s is a power of an odd prime then there exists a difference scheme D(2s,2s,s) and an

orthogonal array OA(2s%,2s +1,s,2).

Proof. We construct four s x s matrices A = (a;j), B = (b;;), C = (c;;), F = (fij), 0 < i, j < s —1 whose
entries are given by
ajj = kik;
bij = kikj + hka
cij = kikj 4 mk?
| fij = nkik; + gka. + ek?

(24)

Where h,m,n, g, e are elements of GF(s) that satisfy the conditions
n:1+4he:e/m:n2—4ge, (25)
In particular we may take

Mm=——,9=_-ande=——, (26)
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Then
A C
D= (27)
B F
is a difference scheme D(2s,2s,s) based on the additive group GF(s) O
Example A.12. Table 11 shows a difference scheme D(6,6,3) constructed in a similar way from GF(3)
0 00 0 0O
01 21 20
0 2110 2
0 22 011
0 01 2 21
010 2 1 2

Table 11: A difference Scheme D(6,6,3)

Corollary A.13. Ifs = p", k = 25! where p is an odd prime, n > 1 and | > 0, then a BA(T)lk, s, 1] can always

be constructed.

Proof. By using Theorem A.11, we can construct OA[ksZ, ks,s,2] by developing a difference scheme

D(2s,2s,s). We then apply Theorem A.23 to construct a BA(T)(k,s, A) O

Example A.14. For s = 3 and k = 2 implies 3 = 3!,k = 2.3° — n = 1 and | = 0 We can therefore construct
0A[2.3%,2.3,3,2] = OA[18,6,3,2]

by developing a difference scheme D(2s,2s,s) = D(6,6,3) which is exhibited in table 11

oo0o0oo0o00111111222222

012120122902501201F¢0T1 2

021102102210 21U0°0 21

02201110012 22112200

0012211124002 222901T1SF®0

0102121212020 22021°01
Table 12: Table OA[18,6,3,2]

Applying Theorem A.23 to this orthogonal array we obtain BA(T)|2,3, 1]
oo0oo0oo0o011111122222
121202 0201TU0101 2
21 1020221010021
2201100122112 T00O0
60122112002 2011FO0
10212 2102002101

Table 13: Table BA(T)[2,3,1] = BAJ[15,6,3,2]

Parameters of BA(T)[2,3,1]
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* A(0,0) =A(1,1) =A(2,2) =1
* A(0,1) =A(1,0) = A(0,2) = A(2,0) = A(1,2) = A(2,1) =2
Corollary A.15. If k and s are both powers of the same prime p a BA(T)Ik, s, 1] can always be constructed.

Proof. We can always construct a completely resolvable orthogonal array OA[As?, A(s + 1) +1,5,2] by
deleting any A + 1 constraints(factors) we obtain OA[As?, As, s,2]. Then Theorem A.23 is applied. [

Example A.16. For k = 3 and s = 3 we can construct a BA(T)[3,3,1] by first constructing a completely
resolvable OA[27,9,3,2] which is exhibited in table 14. Applying Theorem A.23, we obtain BA(T)(3,3,1]

oo0ooo0oo0bo0booo11111111122272272727272
o1 201201212012 0120201220172901
o 21 0210211021021 0%221021021@0
o o0oo011122211122240°0022200W01T1:71
o1212020112020101220101212¢@20
o2110221010%2210©0?21210W0%21T1°T0 2
o o0oo0222171T111100022222211T1TU¢0TUG0°F0
o1 2201120120012 2012011%2950W01 2
o 212101 0210202121021 010%29021
Table 14: An OA(27,9,3,2)A =3

o o0 0o0000O0O0OI17T1T1T1T11 112222227272

1 20120122 0120129001201 7201

21 0 21 0 21 0 21T 0 21T 021021902190

o 0111 222112220002 2900W0T1TT1:1

1 212 0201202019011 2W901W012172¢@20

211 0 221 002210021100 21T120 2

o0 222111110002 2222111000

1 220112020012 201O011T12090™01 2

21 21 01020202121 01W01U4029021

Table 15: Table BA(T)[3,3,1] = BA[24,9,3,2]

Parameters are
e A(0,0) =A(1,1) = A(2,2) =2
* A(0,1) = A(1,0) = A(0,2) = A(2,0) = A(1,2) = A(2,1) =3

Example A.17. Using Example A.4 a 4 x 6 BAFD with block size 12 can be constructed using BA[10,6,2,2]

and a resolvable BIBD with 4 treatments and block size 2 as shown below.

Consider the following BIBD with 4 treatments and block size 2 where Xy, X1, Yo, Y1, Zo, Z1 represents
the blocks.
Also consider the BA(T)(3,2,1) given below
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Xo Xi Yo Y1 Zy Z4
o 2 0 1 o0 1
1 3 2 3 3 2

Table 16: Table of BIBD[4,6,2]

0 000011111
0 0111 00011
100 1 111000
01101 011O00O0
11100100 01
11010 0 0110

Table 17: Table of BA(T)[3,2,1]

By Theorem A.3 we can construct a 4 x 6 BAFD with k = 12,r = Agp = 15,b = 30,A9p = 5, A1 =
6,An = 8 with E[1,0] = 1,E[0,1] = 1, E[1,1] = 1}

Blocks 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
levels of F, Levels of F
0 Xo Xo Xo Xo Xo X1 X3 X1 X3 X1 Yo Yo Yo Yo Yo i Y1 i i Vv Zo Zo Zo Zo Zo Z1 1 71 Z1 74

Q1= W N =
>
g
2
2
>
g
2
&
2
2
&
Y
g
=
=
=
=
=
=
=
=
=
=
N
5
N
N
N
5
N
N
g
N
N
N
g
N
g

Table 18: Table of a 4 x 6 BAFD

Example A.18. The product of BA(T)(3,2,1) in Example A.17 and a BAT(2,3,1) in Example A.14 generates
a2 x 3 x6BAFD with r = 25,b = 150,k = 6,A(0,1,0) = A(1,0,0) = A(1,1,0) = 0,A(0,0,1) =
2,A(0,1,1) =4,A(1,0,1) =3 and A(1,1,1) = 6. The efficiencies are

E(0,0,1) = E(0,1,0) = E(1,0,0) = 1.0

E@Ln:E@an:E@Lng
21
E1L1L1) = .

We can also obtain an efficient 2 x 3 x 6 BAFD by collapsing the first factor of the 6> symmetrical balanced
factorial design in Example A.10 into two factors one at 2 levels and the other at 3 levels. The BAFD has
parameters r = 10,b = 60,k = 6,A(0,0,1) = A(0,1,0) = A(1,0,0) = A(0,1,0) = 0 and A(0,1,1) =
A(1,0,1) = A(1,1,1) = 2. The efficiencies are E(0,0,1) = E(0,1,0) = E(1,0,0) = E(1,1,0) = 1.0 and
E(0,1,1) = E(1,0,1) = E(1,1,1) = % all the main effects are also estimated with full efficiency like in Example
A.18 but we only need 10 replications in this design.

Assume that there exists a BAFD with m factors Fi, F, ..., F, at s1,52,...,5, levels respectively,each
of the v * (= s153...5y) treatments replicated r+ times in b* blocks of k* plots each,with the incidence

matrix.

N* = [A]]A3]... |A]+] 28)
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Further assume that b* = pg, and the pg blocks can be divided into p groups of g blocks each, such that
the design consisting of p blocks formed by adding together all the blocks of a group is a BAFD.The

incidence matrix is :
* q q q
Npg = [Zj:l Al Zj:1 A%l | Zj:l A pg—q+i (29)

for a resolvable design N*, the corresponding N*,; exists with p = r*. The following theorem was

proven by [28].

Theorem A.19. Let there be a BAFD with the incidence matrix N in

n + 1 factors Fy, Fys1, -, Fusn at q,Sm41, - . ., Smyn levels respectively in b blocks of k plots each.Also let there
be two BAFDs with incidence matrices N* and N*, as given by equations (28) and (29) respectively.If the level
j — 1 of the factor Fy is replaced by the block Ajq;(j =1,2,...,q) in each of the treatments of N ,then the design
obtained by adjoining the p designs so formed (for i = 0,1,2,...,p — 1) is a BAFD in m + n factors in bp
blocks of kk* plots each.

This method generates an m + n factor BAFD from an n + 1 factor BAFD and an m factor BAFD.Thus
from the two-factor BAFD’s we can generate a three-factor BAFD. If the two-factor BAFD's are efficient,
then three-factor BAFD is also efficient. We can therefore construct efficient multi-factor BAFD’s step
by step from efficient two-factor BAFD’s. While applying this method, the number of blocks does not
increase so quickly as in the first method, but the block size does increase. The method of Difference
Schemes used in the construction of orthogonal arrays can also be used to construct some type of

balanced arrays discussed in this manuscript.

Theorem A.20. Let M be a module of s elements. It is possible to choose k rows and N columns (N =

A1+ Aa(s — 1), Ay and A, integers)

a1 412 . . . 41N
a1 dpp . . . O2N
a1 A4y . . . AgN

with elements belonging to M such that among the differences of the corresponding elements of any two rows,
the element O occurs Ay times and the other non zero elements occur Ay times, then by adding the elements of the
module to the elements in the above array and reducing mod s, we can generate Ns columns: this constitutes a

BA|[N, k, s, 2] with parameters A(x,y) = Ay or Ay according as x =y or x # y.

The balanced arrays that can be constructed by Theorem A.20 are completely resolvable. We give the

following example to illustrate the application of Theorem A.20.

Example A.21. Let M = [0,1]. Among the differences of the corresponding elements of any two rows of the
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following array 0 occurs twice whereas 1 occurs four times

- O = O
_ o V= O
- = O O
(R i e )
_ = O O
(e i e )

hence we can construct a BA[12,4,2,2] shown in table 19 below

0 0o000O0OT17TT1TT1T1T11
110101001010
0 01 111110000
111010000101

Table 19: Table BA[12,4,2,2]

Parameters of BA[12,4,2,2]
e A(0,0) =A(1,1) =2
* A(0,1) =A(1,0) =4

Definition A.22. An orthogonal array OA[N,k,s,2| is said to be a-resolvable if it is statistically equivalent
to the juxtaposition of X arrays such that each factor occurs in each of these arrays a times at each level. A

1-resolvable orthogonal array is also called completely resolvable, otherwise it is called Partly resolvable.

Theorem A.23. The existence of a partly resolvable OAlks?, ks,s,2]is equivalent to the existence of a

BA[T][k, s, 1].

Proof. If a partly resolvable OA[ksZ, ks,s,2] exists then there exists s assemblies which form
OA[s, ks,s,1]. We can permute the symbols of the orthogonal array in each row such that these s,
assemblies are of the form (i,i,...,i) for i = 0,1,..,s — 1. Deleting these assemblies we obtain a

BA[T][k, s, 1]. O
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