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Abstract

In this paper analytical solution for Abel integral equation of the second kind in the coupling

of the Laplace-Stieltjes, Kamal, Laplace-Carson and Aboodh transform method with homotopy

perturbation transform method is introduced. Abel integral equation of the second occurs in several

models in physical sciences, astrophysics, applied sciences etc. The numerical approach of the

method is very simple and illustrates the accuracy, validity, and stability of the solution in form of

the exact solution.
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1. Introduction

Niels Henrik Abel was the first mathematician, who took the initiative of integral equations of singular

type in 1823. Abel integral equation [1] is one of the integral equations which is derived directly from

a concrete problem of physics, without passing through a differential equation. This equation appears

in several models in astrophysics, solid mechanics, physical sciences and applied sciences. Zeilon N.

[2] in 1924, gave an idea of the solution of Abel integral equation on a finite segment. The various

methods for solving Abel integral equation and fractional differential equations are given in [3-5]. He

[6-7] developed the homotopy perturbation transform method. Numerical solutions of Abel integral

equations are given in [8,24,28,29] by using the different Wavelets methods. The homotopy perturbation

transform method is used in [9-11,19]. The different polynomial methods are used in [13,14]. Various

transform methods are used in [12,18,21-23]. Analytical solutions are given in [16,17]. Fractional

calculus is used in [20]. The Variational Iteration method is used in [27]. The Laplace decomposition

method is used in [15]. The Taylor-Collocation method is used in [25]. The solution of Abel integral
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using the differential transform method is given in [26]. The solution of generalized Abel integral

equation of second kind using various transform methods is given in [30]. The solution of Abel integral

equation of second kind in coupling of Laplace transform method and Leibnitz linear differential

equation is discussed in [31]. The main purpose of this paper is to produce an analytical solution

for Abel integral equation of the second kind via various transform methods using the homotopy

perturbation transform method.

2. Some Basic Definitions and Terminologies

Definition 2.1. The Laplace-Stieltjes transform [22] of a function f (t) defined for t ≥ 0 is defined by the

improper integral

LS[ f (t)] =
∫ ∞

0
e−std[ f (t)], (1)

where LS is the Laplace-Stieltjes transform operator.

Definition 2.2. The Kamal transform [22] over the set of functions { f (t) : ∃ M > 0 (finite) , σi >

0, (finite or infinite) with | f (t)| < Me
|t|
σi if tϵ(−1)i × [0, ∞) , i = 1, 2} is defined by the improper integral

K [ f (t)] =
∫ ∞

0
e
−t
s f (t) dt, (2)

where K is the Kamal transform operator.

Definition 2.3. The Laplace-Carson transform (Mahgoub transform) [23] of a function f (t) defined for t ≥ 0 is

defined by the improper integral

Lc[ f (t))] = s
∫ ∞

0
e−st f (t) dt, (3)

where Lc is the Laplace-Carson transform operator.

Definition 2.4. The Aboodh transform [18] over the set of functions { f (t) : ∃ M > 0 (finite) , u, v >

0 (finite or infinite) such that | f (t)| < Me−st and u ≤ s ≤ v} is defined by the improper integral

A [ f (t)] =
1
s

∫ ∞

0
e−st f (t) dt, (4)

where A is the Aboodh transform operator.

3. Basic Idea of the Proposed Method for an Analytical Solution for Abel Integral

Equation of the Second Kind

To demonstrate the idea of the solution by using HPTM, we consider the following Abel integral

equation of the second kind as

f (t) = g (t) +
∫ t

0

f (u)

(t − u)
1
2

du, where 0 ≤ t ≤ 1 (5)
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3.1 Coupling of Laplace-Stieltjes transform and homotopy perturbation transform

method on Abel integral equation of second kind

Operating the Laplace-Stieltjes transform on both sides of the equation (5), we have

LS[ f (t)] = LS[g(t)] + LS

{∫ t

0

f (u)

(t − u)
1
2

du

}
. (6)

By using convolution property of the Laplace-Stieltjes transform, in equation (6), we get

LS[ f (t)] = LS[g(t)] +
1
s

LS [ f (t)] LS[t
−1
2 ]

= LS[g(t)] +
1
s

LS [ f (t)]
√

πs

⇒ LS[ f (t)] = LS[g(t)] +
√

π

s
LS [ f (t)] . (7)

On operating the inverse Laplace- Stieltjes transform, in equation (7), we have

f (t) = g(t) + LS
−1
{√

π

s
LS [ f (t)]

}
(8)

We assume the solution of Abel integral equation of the second kind (5) in the series form as φ (t) =
∞
∑

n=0
pn φn(t), where φn(t) are to be determined by the iterative scheme of HPTM. Consider the following

convex homotopy in order to solve the equation (5),

∞

∑
n=0

pn φn(t) = g (t) + p

[
LS

−1

{√
π

s
LS

(
∞

∑
n=0

pn φn (t)

)}]
. (9)

This is a combination of the Laplace-Stieltjes transform and the homotopy perturbation transform

method. On equating the coefficients of same powers of p of (9), we obtained the following

approximations;

p0 : φ0(t) = g(t) and pn : φn(t) = LS
−1
{√

π

s
LS [φn−1 (t)]

}
; n ∈ N. (10)

The approximate analytical solution of the equation (5) is given by

f (t) = lim
p→1

φ (t) =
∞

∑
n=0

φn(t). (11)
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3.2 Coupling of Kamal transform and homotopy perturbation transform method on Abel

integral equation of second kind

Operating the Kamal transform on both sides of the equation (5), we have

K[ f (t)] = K[g(t)] + K

{∫ t

0

f (u)

(t − u)
1
2

du

}
. (12)

By using convolution property of the Kamal transform, in the equation (12), we get

K[ f (t)] = K[g(t)] + K [ f (t)]K
[
t
−1
2

]
= K[g(t)] + K [ f (t)]

√
πs

⇒ K[ f (t)] = K[g(t)] +
√

πsK [ f (t)] . (13)

On operating the inverse Kamal transform, in the equation (13), we have

f (t) = g(t) + K−1{
√

πsK [ f (t)]} (14)

We assume the solution of Abel integral equation of the second kind (5) in the series form as φ (t) =
∞
∑

n=0
pn φn(t), where φn(t) are to be determined by the iterative scheme of HPTM. Consider the following

convex homotopy in order to solve (5)

∞

∑
n=0

pn φn(t) = g (t) + p

[
K−1

{
√

πs K

(
∞

∑
n=0

pn φn (t)

)}]
. (15)

This is a combination of the Kamal transform and the homotopy perturbation transform method. On

equating the coefficients of same powers of p of (15) we obtained the following approximations;

p0 : φ0(t) = g(t) and pn : φn(t) = K−1{
√

πsK [φn−1 (t)]}; n ∈ N (16)

The approximate analytical solution of the equation (5) is given by

f (t) = lim
p→1

φ(t) =
∞

∑
n=0

φn(t). (17)

3.3 Coupling of Laplace-Carson transform and homotopy perturbation transform method

on Abel integral equation of second kind

Operating the Laplace-Carson transform on both sides of the equation (5), we have

LC[ f (t)] = LC[g(t)] + LC

{∫ t

0

f (u)

(t − u)
1
2

du

}
. (18)



An Analytical Solution of Abel Integral Equation of the Second Kind... / Naveen Sharma, Umed Singh 241

By using convolution property of the Laplace-Carson transform, in equation (18), we get

LC[ f (t)] = LC[g(t)] +
1
s

L
C
[ f (t)] LC[t

−1
2 ]

= LC[g(t)] +
1
s

LC [ f (t)]
√

πs

⇒ LC[ f (t)] = LC [g (t)] +
√

π

s
LC [ f (t)] . (19)

On operating the inverse Laplace-Carson transform, in the equation (19), we have

f (t) = g (t) + LC
−1
{√

π

s
LC [ f (t)]

}
. (20)

We assume the solution of Abel integral equation of the second kind (5), in the series form as φ (t) =
∞
∑

n=0
pn φn(t) , where φn(t) are to be determined by the iterative scheme of HPTM. Consider the following

convex homotopy in order to solve the equation (5),

∞

∑
n=0

pn φn(t) = g (t) + p

[
LC

−1

{√
π

s
LC

(
∞

∑
n=0

pn φn (t)

)}]
. (21)

This is a combination of the Laplace-Carson transform and the homotopy perturbation transform

method. On equating the coefficients of same powers of p of (21), we obtained the following

approximations;

p0 : φ0(t) = g (t) and pn : φn(t) = LC
−1
{√

π

s
LC [φn−1 (t)]

}
; n ∈ N (22)

The analytical solution of the equation (5) is given by

f (t) = lim
p→1

φ(t) =
∞

∑
n=0

φn(t). (23)

3.4 Coupling of Aboodh transform and homotopy perturbation transform method on

Abel integral equation of second kind

Operating the Aboodh transform on both sides of the equation (5), we have

A[ f (t)] = A[g(t)] + A

{∫ t

0

f (u)

(t − u)
1
2

du

}
. (24)

By using convolution property of the Aboodh transform, in equation (24), we get

A [ f (t)] = A [g (t)] + sA [ f (t)] A[t
−1
2 ]

= A [g (t)] + sA [ f (t)]
√

πs
−3
2
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⇒ A[ f (t)] = A[g(t)] + A [ f (t)]
√

p
s

(25)

On operating the inverse Aboodh transform, in the equation (25), we have

f (t) = g (t) + A−1
{√

π

s
A [ f (t)]

}
(26)

Assume the solution of Abel integral equation of second kind (5), in the series form as φ (t) =
∞
∑

n=0
pn φn(t), where φn(t) are to be determined by the iterative scheme of HPTM. Consider the following

convex homotopy in order to solve the equation (5),

∞

∑
n=0

pn φn(t) = g (t) + p

[
A−1

{√
π

s
A

(
∞

∑
n=0

pn φn (t)

)}]
. (27)

This is a combination of the Aboodh transform and the homotopy perturbation transform method. On

equating the coefficients of same powers of p of (27), we obtained the following approximations;

p0 : φ0(t) = g (t) and pn : φn(t)A−1
{√

π

s
A [φn−1 (t)]

}
; n ∈ N. (28)

The approximate analytical solution of the equation (5) is given by

f (t) = lim
p→1

φ(t) =
∞

∑
n=0

φn(t). (29)

4. Numerical Implementation of the Method

The approximate analytical solution determined by coupling of the homotopy perturbation transform

method and the Laplace-Stieltjes transform method is same as determined by coupling with Kamal,

Laplace-Carson and Aboodh transform method, due to their duality relations.

Example 4.1. Consider the Abel integral equation of second kind as f (t) = π
2 t +

√
t −
∫ t

0
f (u)

(t−u)
1
2

du, where

0 ≤ t ≤ 1 with exact solution
√

t. By using the convex homotopy perturbation transform method, we have

∞

∑
n=0

pn φn(t) =
π

2
t +

√
t − p

[
LS

−1

{√
π

s
LS

(
∞

∑
n=0

pn φn (t)

)}]
.

On equating the coefficients of the various powers of p on both sides in above equation, we have

p0 : φ0(t) =
π

2
t +

√
t, p1 : φ1(t) = −LS

−1
{√

π

s
LS (φ0 (t))

}
= −2

3
πt

3
2 − 1

2
πt,

p2 : φ2(t) = −LS
−1
{√

π

s
LS (φ1 (t))

}
=

1
4

π2t2 +
2
3

πt
3
2 ,

p3 : φ3(t) = −LS
−1
{√

π

s
LS (φ2 (t))

}
= − 4

15
π2t

5
2 − 1

4
π2t2,
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p4 : φ4(t) = −LS
−1
{√

π

s
LS (φ3 (t))

}
=

1
4

π3t3 +
4
15

π2t
5
2 ,

. . .. . .. . .. . .. . .. . .

Finally, we approximate the analytical solution f (t) using the truncated series as

f (t) =
∞

∑
n=0

φn (t) =
(π

2
t +

√
t
)
−
(

2
3

πt
3
2 +

1
2

πt
)
+

(
1
4

π2t2 +
2
3

πt
3
2

)
−
(

4
15

π2t
5
2 +

1
4

π2t2
)
+

(
1
4

π3t3 +
4
15

π2t
5
2

)
− . . .

Hence f (t) →
√

t as n → ∞, which is exact solution.

Example 4.2. Consider the Abel integral equation of second kind as f (t) = t + 4
3 t

3
2 −

∫ t
0

f (u)

(t−u)
1
2

du, where

0 ≤ t ≤ 1 with exact solution t. By using the convex homotopy perturbation transform method, we have

∞

∑
n=0

pn φn(t) = t +
4
3

t
3
2 − p

[
LS

−1

{√
π

s
LS

(
∞

∑
n=0

pn φn (t)

)}]

Now equating the coefficients of the various power of p on both sides in above equation, we have

p0 : φ0(t) = t +
4
3

t
3
2 , p1 : φ1(t) = −LS

−1
{√

π

s
LS (φ0 (t))

}
= −4

3
πt

3
2 − 1

2
πt2,

p2 : φ2(t) = −LS
−1
{√

π

s
LS (φ1 (t))

}
=

1
2

πt2 +
8
15

πt
5
2 ,

p3 : φ3(t) = −LS
−1
{√

π

s
LS (φ2 (t))

}
= − 8

15
πt

5
2 − 1

6
π2t3,

p4 : φ4(t) = −LS
−1
{√

π

s
LS (φ3 (t))

}
=

1
6

π2t3 +
16
105

π2t
7
2 ,

. . .. . .. . .. . .. . .. . .

Finally, we approximate the analytical solution f (t) using the truncated series as

f (t) =
∞

∑
n=0

φn(t) =
(

t +
4
3

t
3
2

)
−
(

4
3

πt
3
2 +

1
2

πt2
)
+

(
1
2

πt2 +
8
15

πt
5
2

)
−
(

8
15

πt
5
2 +

1
6

π2t3
)

+

(
1
6

π2t3 +
16
105

π2t
7
2

)
+ . . .

Hence f (t) → t as n → ∞, which is exact solution.

Example 4.3. Consider the Abel integral equation of second kind as f (t) = 2
√

t −
∫ t

0
f (u)

(t−u)
1
2

du, where 0 ≤

t ≤ 1, with exact solution 1 − eπter f c(
√

πt) and the complementary error function er f c(t) is defined as

er f c(t) = 2√
π

∫ ∞
t e−u2

du. By using the convex homotopy perturbation transform method, we have

∞

∑
n=0

pn φn(t) = 2
√

t − p

[
LS

−1

{√
π

s
LS

(
∞

∑
n=0

pn φn (t)

)}]
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On equating the coefficients of the various powers of p on both sides in above equation, we have

p0 : φ0(t) = 2
√

t, p1 : φ1(t) = −LS
−1
{√

π

s
LS ( f0 (t))

}
= −πt,

p2 : φ2(t) = −LS
−1
{√

π

s
LS (φ1 (t))

}
=

4
3

πt
3
2 ,

p3 : φ3(t) = −LS
−1
{√

π

s
LS (φ2 (t))

}
= −1

2
π2t2,

p4 : φ4(t) = −LS
−1
{√

π

s
LS ( f3 (t))

}
=

8
15

π2t
5
2 ,

. . .. . .. . .. . .. . .. . .

Finally, we approximate the analytical solution f (t) using the truncated series as

f (t) =
∞

∑
n=0

φn(t) = 2
√

t − πt +
4
3

πt
3
2 − 1

2
π2t2 +

8
15

π2t
5
2 + . . .

= 1 −
(

1 − 2
√

t + πt − 4
3

πt
3
2 +

1
2

π2t2 − 8
15

π2t
5
2 + . . .

Hence f (t) → 1 − eπter f c(
√

πt) as n → ∞, which is an exact solution.

Example 4.4. Consider the Abel integral equation of second kind as f (t) = t2 + 16
15 t

5
2 −

∫ t
0

f (u)

(t−u)
1
2

du, where

0 ≤ t ≤ 1, with exact solution t2. Using coupling of Laplace-Stieltjes transform and the convex homotopy

perturbation transform method, we have

∞

∑
n=0

pn φn(t) = t2 +
16
15

t
5
2 − p

[
LS

−1

{√
π

s
LS

(
∞

∑
n=0

pn φn (t)

)}]

Now equating the coefficients of the various power of p on both sides, in above equation, we have

p0 : φ0(t) = t2 +
16
15

t
5
2 , p1 : φ1(t) = −LS

−1
{√

π

s
LS (φ0 (t))

}
= −16

15
t

5
2 − 1

3
πt3,

p2 : φ2(t) = −LS
−1
{√

π

s
LS (φ1 (t))

}
=

1
3

πt3 +
32

105
πt

7
2 ,

p3 : φ3(t) = −LS
−1
{√

π

s
LS ( f2 (t))

}
= − 32

105
πt

7
2 − 1

12
π2t4,

p4 : φ4(t) = −LS
−1
{√

π

s
LS ( f3 (t))

}
=

1
12

π2t4 +
64
945

π2t
9
2 ,

. . .. . .. . .. . .. . .. . .

Finally, we approximate the analytical solution f (t) using the truncated series as

f (t) = lim
p→1

φ (t) =
∞

∑
n=0

φn(t) =
(

t2 +
16
15

t
5
2

)
−
(

16
15

t
5
2 +

1
3

πt3
)
+

(
1
3

πt3 +
32
105

πt
7
2

)
−
(

32
105

πt
7
2 +

1
12

π2t4
)
+

(
1
12

π2t4 +
64
945

π2t
9
2

)
− . . .
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Hence f (t) → t2 as n → ∞, which is an exact solution.

5. Conclusion

We have drafted an analytical solution for the Abel integral equation of second kind in coupling of

various integral transform methods using homotopy perturbation transform method. The approach of

the method is very simple and illustrates the accuracy, validity and stability of the solution obtained

in form of an exact solution.
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