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Abstract

In this paper analytical solution for Abel integral equation of the second kind in the coupling
of the Laplace-Stieltjes, Kamal, Laplace-Carson and Aboodh transform method with homotopy
perturbation transform method is introduced. Abel integral equation of the second occurs in several
models in physical sciences, astrophysics, applied sciences etc. The numerical approach of the
method is very simple and illustrates the accuracy, validity, and stability of the solution in form of

the exact solution.
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1. Introduction

Niels Henrik Abel was the first mathematician, who took the initiative of integral equations of singular
type in 1823. Abel integral equation [1] is one of the integral equations which is derived directly from
a concrete problem of physics, without passing through a differential equation. This equation appears
in several models in astrophysics, solid mechanics, physical sciences and applied sciences. Zeilon N.
[2] in 1924, gave an idea of the solution of Abel integral equation on a finite segment. The various
methods for solving Abel integral equation and fractional differential equations are given in [3-5]. He
[6-7] developed the homotopy perturbation transform method. Numerical solutions of Abel integral
equations are given in [8,24,28,29] by using the different Wavelets methods. The homotopy perturbation
transform method is used in [9-11,19]. The different polynomial methods are used in [13,14]. Various
transform methods are used in [12,18,21-23]. Analytical solutions are given in [16,17]. Fractional
calculus is used in [20]. The Variational Iteration method is used in [27]. The Laplace decomposition

method is used in [15]. The Taylor-Collocation method is used in [25]. The solution of Abel integral
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using the differential transform method is given in [26]. The solution of generalized Abel integral
equation of second kind using various transform methods is given in [30]. The solution of Abel integral
equation of second kind in coupling of Laplace transform method and Leibnitz linear differential
equation is discussed in [31]. The main purpose of this paper is to produce an analytical solution
for Abel integral equation of the second kind via various transform methods using the homotopy

perturbation transform method.

2. Some Basic Definitions and Terminologies

Definition 2.1. The Laplace-Stieltjes transform [22] of a function f(t) defined for t > 0 is defined by the
improper integral

Lslf(n] = [ e dlf (1), )

0

where Lg is the Laplace-Stieltjes transform operator.

Definition 2.2. The Kamal transform [22] over the set of functions {f (t) : 3 M > 0 (finite) ,0; >
1t ,
0, (finite or infinite) with |f(t)] < Me% if te(—1)" x [0,00),i = 1,2} is defined by the improper integral

KIF0)= e i @

where K is the Kamal transform operator.

Definition 2.3. The Laplace-Carson transform (Mahgoub transform) [23] of a function f(t) defined for t > 0 is
defined by the improper integral
LlfED] =s [ e f () a, ©

where L. is the Laplace-Carson transform operator.

Definition 2.4. The Aboodh transform [18] over the set of functions {f (t) : 3 M > 0 (finite) ,u,v >
0 (finite or infinite) such that |f(t)| < Me ' and u < s < v} is defined by the improper integral

AlFB) = [T f @

where A is the Aboodh transform operator.

3. Basic Idea of the Proposed Method for an Analytical Solution for Abel Integral
Equation of the Second Kind

To demonstrate the idea of the solution by using HPTM, we consider the following Abel integral

equation of the second kind as

f(t):g(t)-l-/ot(tf_(b;))%du, where 0 <t <1 (5)
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3.1 Coupling of Laplace-Stieltjes transform and homotopy perturbation transform

method on Abel integral equation of second kind

Operating the Laplace-Stieltjes transform on both sides of the equation (5), we have

uvunzugmyu6{t-””1M}. ©)

0 (t—u)?
By using convolution property of the Laplace-Stieltjes transform, in equation (6), we get
1 B
Ls[f(t)] = Ls[g(t)] + S Ls [f (D] Ls[t > ]
1

= Ls[g(t)] + _Ls[f ()] Vs
7T
= Ls[f()] = Lslg()] + / SLs [£ (1)]. )

On operating the inverse Laplace- Stieltjes transform, in equation (7), we have

ﬂw:aﬂ+ul{¢quﬁn} ®)

We assume the solution of Abel integral equation of the second kind (5) in the series form as ¢ (f) =
Y. p"on(t), where ¢, (t) are to be determined by the iterative scheme of HPTM. Consider the following
n=0

convex homotopy in order to solve the equation (5),

Ls™ {\/fLs ()o_fo P on <t>> H : )

This is a combination of the Laplace-Stieltjes transform and the homotopy perturbation transform

iop”qvn(t) =g(t)+p

method. On equating the coefficients of same powers of p of (9), we obtained the following

approximations;

P”?dﬂZﬂﬂaWP“¢M0=h1{¢ZMWWMM}MGN~ (10)

The approximate analytical solution of the equation (5) is given by

[e0]

f(t) =1lime (t) = Z @n(t). (11)

p—1 =0
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3.2 Coupling of Kamal transform and homotopy perturbation transform method on Abel

integral equation of second kind

Operating the Kamal transform on both sides of the equation (5), we have

K[F (1) :K[g<t>]+f<{ f“d} 12)

0 (t—u)2

By using convolution property of the Kamal transform, in the equation (12), we get

K[f(t)] = K[g(t)] + K[f ()] K [tﬂ
= K[g(1)] + K[f (1)] Vs
= K[f(D)] = K[g()] + V7sK [f (£)] 13

On operating the inverse Kamal transform, in the equation (13), we have

f(t) = g(t) + K"H{VmsK[f ()]} (14)

We assume the solution of Abel integral equation of the second kind (5) in the series form as ¢ (t) =
f p" n(t), where @, (t) are to be determined by the iterative scheme of HPTM. Consider the following
n=0

convex homotopy in order to solve (5)

K1 {\/?K (f: Vo <t>> }] . (15)
n=0

2;7"%(0 =g(t)+p

This is a combination of the Kamal transform and the homotopy perturbation transform method. On

equating the coefficients of same powers of p of (15) we obtained the following approximations;

PO o(t) = g(t) and p": ¢u(t) = K H{V7sK[p, 1 (t)]}; neN (16)

The approximate analytical solution of the equation (5) is given by

p—1

£(8) = Tim g (t) = ioqonm. 17)

3.3 Coupling of Laplace-Carson transform and homotopy perturbation transform method

on Abel integral equation of second kind

Operating the Laplace-Carson transform on both sides of the equation (5), we have

LelF(8)] = Lelg(t)] +Lc{ S d} as)

0 (t—u)2
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By using convolution property of the Laplace-Carson transform, in equation (18), we get
1 =1
Lelf ()] = Lelg(B] + L _[f (D] Let=]
1
= Lelg(O] + S Le [f (0] Vs

= Lelf®)] = Lelg ()] +/ TLe [ (]

On operating the inverse Laplace-Carson transform, in the equation (19), we have

f =g+ {yf T telrol}

(19)

(20)

We assume the solution of Abel integral equation of the second kind (5), in the series form as ¢ (t) =

§ p"@n(t) , where ¢, (t) are to be determined by the iterative scheme of HPTM. Consider the following
n=0

convex homotopy in order to solve the equation (5),

Wi (Ereo)))

quon =g(t)+p|Lc”

(21)

This is a combination of the Laplace-Carson transform and the homotopy perturbation transform

method. On equating the coefficients of same powers of p of (21), we obtained the following

approximations;

PP :o(t) =g (t) and p":@u(t) =Lc™ {\/ch [Pn—1 (t)]}; neN

The analytical solution of the equation (5) is given by

£ () = Tim g(t) = io ou(t)

p—1

(22)

(23)

3.4 Coupling of Aboodh transform and homotopy perturbation transform method on

Abel integral equation of second kind

Operating the Aboodh transform on both sides of the equation (5), we have

A[f(t>]=A[g(t>]+A{ f”d}

0 (t—u)2

By using convolution property of the Aboodh transform, in equation (24), we get

Alf ()] = Alg (1) +sA[f (D] A[t?]
= Alg()] +sA[f (1] Vs

(24)
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= Alf(0] = Alg®)] + ALF (O] 1/ 25)

On operating the inverse Aboodh transform, in the equation (25), we have

F=gw+a{/Zaron} 26)

Assume the solution of Abel integral equation of second kind (5), in the series form as ¢ (t) =
oZo; p"n(t), where @, (t) are to be determined by the iterative scheme of HPTM. Consider the following
n=0

convex homotopy in order to solve the equation (5),

Al {\/fA (io P (t)) }] : (27)

This is a combination of the Aboodh transform and the homotopy perturbation transform method. On

iop”fpn(t) =g(t)+p

equating the coefficients of same powers of p of (27), we obtained the following approximations;

ﬁ:¢dw==g0)andp":@AOA‘l{VE?H¢m4UH};n€E¢ 28)

The approximate analytical solution of the equation (5) is given by

[ee]

f(t) =1lim ¢(t) = Z @n(t). (29)

p—1 n=0

4. Numerical Implementation of the Method

The approximate analytical solution determined by coupling of the homotopy perturbation transform
method and the Laplace-Stieltjes transform method is same as determined by coupling with Kamal,

Laplace-Carson and Aboodh transform method, due to their duality relations.

Example 4.1. Consider the Abel integral equation of second kind as f (t) = Zt + /t — fot (f(iuildu, where
t—u)2

0 < t < 1 with exact solution \/t. By using the convex homotopy perturbation transform method, we have

iop”qvn(t) = gt +Vit—p [le {\/fLs (iop”% (t)> H :

On equating the coefficients of the various powers of p on both sides in above equation, we have
0 T 1 -1 U 2 5 1
pigo(t) = §t+ Vi p':ei(t) = —Ls ;Ls (po(t)) ¢ = —gntZ — Errt,

p%¢xw=—u*{w”uw%a»}=1%ﬁ+2mi

s 4 3

3. | s 4 5 1 5,
P’ gs(t) = —Ls {\/SLs(qu(t))}— st gt



An Analytical Solution of Abel Integral Equation of the Second Kind... / Naveen Sharma, Umed Singh 243

T 1 4
Pt = L TLs (a0} = 0+ e,

Finally, we approximate the analytical solution f(t) using the truncated series as
- L op 2 3
:Zqon(t):(—t+\f) nt2+ nt + [ =22 4 St
= 4 3
4 2 L sa, 4 23
— 243 2t -7t — 7t | — ...
(15 + - 7r ) + ( 17 + 57
Hence f(t) — /t as n — oo, which is exact solution.

Ot ) —du, where
(t— u)

0 <t <1 with exact solution t. By using the convex homotopy perturbation transform method, we have

o 4 - T o
L pienlt) =t 38— p [Ls 1{\[% (ﬂZOP qon(t)) }]

Now equating the coefficients of the various power of p on both sides in above equation, we have

Example 4.2. Consider the Abel integral equation of second kind as f (t) = t + %t% —

P gu(t) = £+ 35 s rlt) = L™ {\/fLs (90 <t>>} — gt - o,

Finally, we approximate the analytical solution f(t) using the truncated series as

_y 4 4 5.1 0 1 o, 8 3)_ (8 1 23
f(t)—gq)n(t) <t+3t> <37Tt2+27rt)+<27rt+157rt2> (157rt2+67rt>

I o3, 16 57
+(67‘Ct +1057rt2)+...

Hence f(t) — t as n — oo, which is exact solution.

NI

Example 4.3. Consider the Abel integral equation of second kind as f (t) = 2/t — f du where 0 <

t < 1, with exact solution 1 — e™erfc(y/mt) and the complementary error functzon er fc( ) is defined as

erfc(t) = ﬁ ftoo e " du. By using the convex homotopy perturbation transform method, we have

- n — _ -1 z - n
HZ:%)P Pu(t) =2/t P[Ls {\/:Ls(;op %(t))}]
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On equating the coefficients of the various powers of p on both sides in above equation, we have

Finally, we approximate the analytical solution f(t) using the truncated series as

4 s 1 8 5
ft) = Zﬁ"n(t) 22\/2—7'ct+§7rt3 —§n2t2+ﬁnzt§ 4.

— 4 3 1 50 8 5
=1 <1 2\/f+7rt gntZ—i—Ent Enﬁ—i—...

Hence f(t) — 1 —e™erfc(y/mt) as n — oo, which is an exact solution.

Example 4.4. Consider the Abel integral equation of second kind as f(t) = t> + %t% — [P LY gy, where

0

)2

0 < t < 1, with exact solution t>. Using coupling of Laplace-Stieltjes transform and the convex homotopy

perturbation transform method, we have

_2 E%_ -1 T —
qu)n £+ ot P[Ls {\ELs(;)Mn(f))H

Now equating the coefficients of the various power of p on both sides, in above equation, we have

2 N Ry _lp 320
p°:@2(t) = —Ls {\/:Ls((p1(t))}—3nt+1o5ﬂt2,

3 7 -1 s _ 32 7 1 5.4
P’ @s3(t) = —Ls { SLs(fz())}— 71057.“2 127'ct,
b palt) = —Ls_l{ T (fs <t>>} O

5 12 945

Finally, we approximate the analytical solution f(t) using the truncated series as

= 16 5 16 5 1 1 32 7
_ [ 3. 1.3 3 u
f(t)=limg(t) = nEZOqon(t)—(t +15t > <15t2+3nt>+(3 it + 108 tZ)

p—1
1

z 1 5.4 24, 6
Y el R Sy
<105"2+127T >+(12" o5

4 n2t3> — ...
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Hence f(t) — t? as n — oo, which is an exact solution.

5. Conclusion

We have drafted an analytical solution for the Abel integral equation of second kind in coupling of
various integral transform methods using homotopy perturbation transform method. The approach of
the method is very simple and illustrates the accuracy, validity and stability of the solution obtained

in form of an exact solution.
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