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Abstract

Let @ be an analytic self-map of the open unit disc ID in the finite complex plane C and 3 be an
analytic map of the open unit disc ID to C. Let C, , My and D" be the composition, multiplication
and differentiation operators defined by Cyf = fo @, Myf = ¢.f and D"f = f" respectively. In
this paper, we shall study the boundedness and compactness of the generalized weighted
composition operator Wy, ,D" defined by Wy ,D"f = ¢.(f" o $) on weighted Hardy spaces by
using the orthonormal basis of the weighted Hardy spaces H?(f).
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1. Introduction

Throughout this paper, by ID we shall denote the open unit disc of the finite complex plane C; by
dD the boundary of ID; by H(ID) the set of all complex valued analytic functions on ID and by ¢, the
analytic self-map of D. Let B = {B,}>, be the sequence of positive numbers such that Sy = 1 and
lim ﬁl’;—“ = 1. Then, the weighted Hardy spaces H?(p) is the Banach space of all analytic functions f

n—oo Pn

on the open unit disk ID defined by
Hz(ﬁ) = {f Yz Z ayz"  s.t Hf”%—[z(ﬁ) = Z ‘“ﬂ’zﬁi < oo}
n=0 n=0

where ||.[|2(g) is @ norm on H?(B). If B = 1, then H?(B) becomes the classical Hardy space H?(D).
Also, H?(B) is a Hilbert space w.r.t the inner product defined as (f,g) = OZO‘, ay.byB% where f,g €
H?(B). For a detailed discussion on H?(B) one can see [12]. Let ¢ be an arrllazl(;ltic function from the
open unit disc ID to C. Associated with ¢ and i, the linear operator Wy, ,D" : H(ID) — H(D) is
defined by f — ¢ f"o¢ and this operator is called the generalised weighted composition operator
induced by self-map ¢ and . Also associated with ¢, the multiplication operator My f is defined by
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Myf = ¥f. It has been known that the composition operator C, is bounded on almost all spaces of
analytic functions for example see [1-3], and D is usually unbounded on spaces of analytic functions.
Recently, the above defined operators has received the attention of many researcher see, for example
[5,7-11,16]. In [5], Hibschweiles and Portony defined the product C,D and DC, and studied the
boundedness and compactness of these operators between Bergman and Hardy spaces by using the
carleson-type measure, where as in [10], the author studied the boundedness and compactness of C,D
and DC, between Hardy type spaces. This paper is organised as follows. In the second section, we
shall discuss the boundedness of the operator Wy, ,D" on weighted Hardy spaces H?(B), whereas
in the third section, we shall study the compactness of the operators Wy, ,D" on weighted Hardy
spaces H?(B) and in the final section, we shall give necessary and sufficient condition for the operators

Wy, D" to be the Hilbert-Schmidt operator on weighted Hardy spaces H?(B).

2. Boundedness of Wy, ,D"

In this section, we shall give the necessary and sufficient condition for the boundedness of the operators
Wy, oD" on weighted Hardy spaces H?(B). Recall that a linear operator T on a Hilbert space X is

bounded if it takes every bounded set in X into a bounded set in X.

Theorem 2.1. Let ¢ : D — D be an analytic map such that {¢" : n > 0} be an orthogonal family. Then, the
operator Wy, ,D" : H*(B) — H?(B) is bounded if and only if

Il < B0,

Proof. First, suppose that the operator Wy, ,D" : H?() — H?(B) is bounded. Then, there exist M > 0
such that

Wy, oD" fll12s) < Ml|fllp2s) Vf € H*(B). 1
Let f(z) = z" then f € H?(B) so, from equation (1), we have
Wy, o D"2"|[112(g) = [[ip-n]] < MI[2"|[ 2 g)-

This implies that
M
Il < M)

Conversely, suppose that

lpll < 2B, @
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To prove that Wy, ,D" is bounded. Let f € H*(B) be any element such that f(z) = } _ a,z". Then, we
n=0

have

HW#’/(PanH%ﬂ(ﬁ) = || 2 ant ”!H%{Z(;;)
n=0
= Y P[] g

0 2
< Y [ n o £(n)

Ve io anP(B(n))?

= M|fIP

This implies that |[Wy, o D" f||p2(g) < M||f|[12(p) and hence the operator Wy, ,D" is bounded. O

Corollary 2.2. Let ¢ : ID — D be an analytic self such that {¢™ : n > 0} be an orthogonal family. Then, the
composition operator MyCyD : H*(B) — H?(B) is bounded if and only if

99" < 2 B(n)

Proof. Let n =1, then W, ,D" = MyC,D and proof follows by taking D" = D in Theorem 2.1. O

Corollary 2.3. Let ¢ : D — ID be an analytic map such that {¢™ : n > 0} be an orthogonal family. Then the
composition operator CoD : H*(B) — H?(PB) is bounded if and only if

1911 < L p(n)

Proof. Let(z) = 1,n = 1 then, we have Wy, ,D" = C,D and proof follows by taking 1(z) = 1, D" = D
in Theorem 2.1. O

Corollary 2.4. Let ¢ : ID — D be an analytic map such that {¢" : n > 0} be an orthogonal family. Then,
the composition operator DC, : H*(B) — H?(p) is bounded if and only if

o™ 1] < 2 p(n)

Proof. Let ¢(z) = ¢'(z) ,n = 1 then Wy, ,D" = DCy and proof follows by taking ¢(z) = ¢'(z) ,D" = D
in Theorem 2.1. O

3. Compactness of Wy, ,D"

In this section, we shall study the compactness of the operator Wy, ,D" on the weighted Hardy spaces

H?(B). For this, we shall need the following Lemma.
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Lemma 3.1. Let ¢ : ID — D be analytic self-map of ID. Then, the generalised composition operators Wy, ,D" :
H?(B) — H?(B) is compact if and only if for any bounded sequence { f, }%°_, converges to zero locally uniformly
on D, we have

Wy, D" full 2 (g) — 0
Proof. The proof of this Lemma can be written by using the similar argument as in [2]. O

Theorem 3.2. Let ¢ : D — D be an analytic self map of D such that {¢" : n > 0} be an orthogonal
family.Then, the operator Wy, ,D" : H*(B) — H?(B) is compact if and only if

[[ip-n]]
B

—0 as n — oo

Proof. First, suppose that Wy, ,D" : H*(f) — H?(p) is compact and {E—Z ®_, converges uniformly to

zero on ID. Then, by using the Lemma 3.1, we have

Zl’l
||W¢/¢Dn{E}H —0 as n— o

that is
n!
[p-nt] — 0 as n — oo,
Bn
Conversely, suppose that
n!
il —0 as n— co.
Bn
Then, for every € > 0, there exist a positive integer m such that
!
-] <e Vn>m.
Bn

Now, let f € H*(B) be such that f(z) = ) _ a,z". Define an operator T on H*(p) as
n=0

k
Tof = ) ay(Wy, o,D"2")
n=0

k
= Z a,yp n!
n=0

Then, Ty is a finite rank operator on H*(8) and

[ee]

||(W¢,¢Dn_Tk)f||%{2(ﬁ) = | Z ﬂnll’-ﬂ!H%Jz(ﬁ)
n=k+1
<X JanPt? Yl g
n=k+1

[ee]

a,|*(n!)? e 2
L lanP ) s ()

n=k+1

N
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_ 2042
= ||l

Thus
||[Wy, D" = Ti|| <& V k>m.

This proves that the operator Wy, ,D" is compact. O

Corollary 3.3. Let ¢ : ID — ID be an analytic map such that {¢" : n > 0} be an orthogonal family. Then the
composition operator MyCyD : H*(B) — H?(B) is compact if and only if

|

[p-ne
Bn

—0 as n— o

Proof. Let n = 1, then Wy, ,D" = MyC,D and so the proof follows by taking D" = D in Theorem
3.2. O

Corollary 3.4. Let ¢ : D — ID be an analytic map such that {¢" : n > 0} be an orthogonal family. Then the
composition operator CoD : H*(B) — H?(B) is compact if and only if

[lng" 1|

B

—0 as n— o

Proof. Let ¢(z) = 1,n = 1 then Wy, ,D" = C,D so the proof follows by taking ¢)(z) = 1,D" = D in
Theorem 3.2. O

Corollary 3.5. Let ¢ : D — ID be an analytic map such that {¢" : n > 0} be an orthogonal family. Then the
composition operator DC, : H*(B) — H?(B) is compact if and only if

n—1 /
lle™ ne'll
Bn
Proof. Let ¢(z) = ¢'(z),n = 1 then Wy, D" = DC, and so the proof follow by taking P(z) =
¢'(z), D" = D in Theorem 3.2. O

4. Necessary and Sufficient Condition for Wy, ,D" to be Hilbert-Schmidt Operator on
H?(B)

In this section, we shall give necessary and sufficient condition for the operator Wy, ,D" to be Hilbert-
Schmidt operator on H?(B). Recall that a linear operator T on a Hilbert space H is said to be Hilbert-

Schmidt operator if ) || Ten ||*> < oo for some orthonormal basis {e, : n > 0} of Hilbert spaces H.
n=0

Theorem 4.1. Let ¢ be an analytic self-map of D. Then the composition operator Wy, oD" : H5(ID) — HE(ID)
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is a Hilbert-Schmidt operator if and only if

5 (8) Wity <o

Proof. Since {E—Z,’n > 0} is an orthonormal basis for H%(]D) Therefore, the operator Wy, ,D" :

HE(ID) — HE(ID) is a Hilbert-Schmidt operator

if and only if Z [|Wy, q)D"{ }||

o 191!
if and only if 27) < o0

if and only if E( >||4’H <o

O

Corollary 4.2. Let ¢ be an analytic self-map of D. Then the composition operator MyCyD : H*(B) —>
H?(B) — Hé(]D) is a Hilbert-Schmidt operator if and only if

ST 10 gy <o

n=0

Proof. Let n = 1, then Wy, ,D" = MyC,D and so the proof follows by taking D" = D in Theorem
41. O

Corollary 4.3. Let ¢ be an analytic self-map of ID. Then the composition operator CyD : HE(ID) — Hé(]D)
is a Hilbert-Schmidt operator if and only if

o) 2
n _
):()(ﬁ) 19" By <o

Proof. Let (z) = 1,n = 1 then Wy, ,D" = C,D so the proof follows by taking ¢(z) = 1,D" = D in
Theorem 4.1. O

Corollary 4.4. Let ¢ be an analytic self-map of ID. Then the composition operator DC,, : H%(ID) — H /3(]D)
is a Hilbert-Schmidt operator if and only if

> [n
):(ﬁn) 19" 91 By < oo

Proof. Let ¢(z) = ¢'(z),n = 1 then Wy, ,D" = DC, and so the proof follows by taking 1(z) =
¢'(z), D" = D in Theorem 4.1. .
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