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Abstract
In this paper, we have established some results relating to the comparative growth properties of
composite transcendental entire or meromorphic functions and Wronskians generated by one of the
factors on the basis of («,p,y)-order and («, B, v)-lower order, where «a, B,y are continuous non-

negative functions defined on (—o0, +-00).
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1. Introduction, Definitions and Notations

Throughout this manuscript,we have used the fundamental results and the standard notations of the
Nevanlinna theory of meromorphic functions which are available in [3,5,7,8]. We have also used the
standard notations and definitions of the theory of entire functions which are available in [6] and
therefore we do not explain those in details. Let f be an entire function defined in the open complex
plane C and M(r) = max{|f(z)|:|z| =r}. When f is meromorphic, one may introduce another
function T¢(r), known as Nevanlinna’s characteristic function of f (see [3, p.4]), playing the same role
as M¢(r), which is defined as
T¢(r) = N¢(r) +mg(r),

where m¢(r) and N¢(r) are respectively called as the proximity function of f and the counting function
of poles of f in |z| < r. For details about T¢(r), ms(r) and N¢(r) one may see [3].

If f is entire, then the Nevanlinna’s characteristic function T¢(r) of f is defined as

27
Tf(r) = mf(r) = ;ﬂ/log+ ‘f(reig)‘ dao,
0
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where, log" x = max(logx,0) for all x > 0.

For a meromorphic function f, the Wronskian determinant W(f) = W(ay, a, ....a, f) is defined as

aq an e ay f
ay  ay, ... a;( f
W(f) =
K (k k
A g
where ay, a3, . . . . ai are linearly independent meromorphic functions and small with respect to f i.e.,
Ty (r) = S¢(r) fori = 1,2,3 ...k From the Nevanlinna’s second fundamental theorem, it follows
that the set of values of a € C U {oo} for which d(a; f) > 0 is countable and Y 6(a; f) + 5(c0; f) < 2
a7#oo
. N(r,a; . . ,a; . .
[3, p-43], where, §(a; f) =1 — 11rgs£p };(”r)f) = 11;1_1>glfmg(“r{), If in particular a;j(a;f) +5(c0; ) = 2,

we say that f has the maximum deficiency sum.

Now, first of all, let L be a class of continuous non-negative on (—co, +00) function « such that a(x) =
a(xg) > 0 for x < xo with a(x) T 400 as xg < x — +o00. We say that « € L1, if « € L and a(a+b) <
a(a) +a(b) +c for all a,b > Ry and fixed ¢ € (0,+c0). Further we say that « € L, if « € L and
a(x+0(1)) = (14+o0(1))a(x) as x — 4oo. Finally, « € L3, if « € L and a(a+b) < a(a) + a(b) for all
a,b > Ry, i.e., a is subadditive. Clearly L3 C L;.

Particularly, when a € L3, then one can easily verify that a(mr) < ma(r), m > 2 is an integer. Up to a
normalization, subadditivity is implied by concavity. Indeed, if a(r) is concave on [0, +0) and satisfies

«(0) > 0, then for ¢ € [0,1],

a(tx) = a(tx+(1—1)-0)

> ta(x) + (1 —t)a(0) > ta(x),

so that by choosing t = 47 or t = a%b, we obtain
a(a+b) = a a(a+b)+ b a(a+Db)
Coa+b a+b
a
<
< w a+b(a+b)>—|—oc( b(a+b)>
= wa(a)+a(b), a,b > 0.

As a non-decreasing, subadditive and unbounded function, a(r) satisfies

a(r) < a(r+Ro) < a(r) +a(Ro)
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for any Rp > 0. This yields that a(r) ~ a(r + Rg) as r — +oo. Throughout this paper we assume
x €Ly, Be Ly y€ L.

Heittokangas et al. [2] have introduced a new concept of @-order of entire and meromorphic functions
considering ¢ as subadditive function. For details one may see [2]. After that, Belaidi et al. [1] have
extended the above idea and have introduced the definitions of (&, B, y)-order and («, B, v)-lower order

of a meromorphic function f, which are as follows:

Definition 1.1 ([1]). The (, B, v)-order denoted by p(y,p,.)|f] of a meromorphic function f is defined as:

a(log(Ty(r
Plapyf] = lim SWM'

r—400

Definition 1.2 ([1]). The (a, B, v)-lower order denoted by A, g, [f] of a meromorphic function f is defined as:

= iminw
Map U] = liminf g o )

In this paper, we have established some results depending on the comparative growth properties of
composite transcendental entire or meromorphic functions and Wronskians generated by one of the
factors on the basis of (&, B, y)-order and («, B, v)-lower order.

2. Lemmas

In this section we present some lemmas which will be needed in the sequel.

Lemma 2.1 ([4]). Let f be a transcendental meromorphic function having the maximum deficiency sum. Then

T
lim W) (r)

= 1+k—ké(a; f).

Lemma 2.2. Let f be a transcendental meromorphic function having the maximum deficiency sum. Then the

(a, B, y)-order and («, B, y)-lower order of W(f) and that of f are same.

Proof. From Lemma 2.1 we get a(log Tyy(s)(r)) ~ a(log T¢(r)) as r — +o0. So,

a(log Ty (s)(r)) a(log T¢(r))
Blogr ()~ Bllogy(n) "
i.e., limsup #(log Tw )(r ) = limsupia(IOng(r))
T ste Bllog(r)) r+eo Plog(r))’
Le., Q(a,B,7) [ (f)] = Qupy) [f]

Similarly,
)‘(oc,ﬁ,'y)[wg:)] = )‘(a,‘B,'y) [f]

Thus the lemma follows. O
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3. Main Results

In this section we present the main results of the paper.

Theorem 3.1. Let f be a transcendental meromorphic function with Y. é(a; f) + 6(o0; f) = 2 and g be an
a#oo
entire function such that 0 < A, g\ [f] < 0(ap,) [f] < +ooand A g, [f 0 8] = +0o, then

a(log(Tyog(r)))

m = 4-o00.
r=+ooa(log(Tw(r)(r)))

Proof. If possible, let the conclusion of the theorem does not hold. Then we can find a constant A > 0

such that for a sequence of values of r tending to infinity

a(log(Tog(r))) < A - a(log(Twy)(r)))- ©)

It follows from Lemma 2.2 and Definition 1.1, for all sufficiently large values of r that

a(log(Tw(r) (1)) < (0(ap)[f] + €)B(log(7(r))). &)

From (1) and (2), for a sequence of values of r tending to +co, we have

a(log(Tyog(r))) < Alp(wpn) [f] +€)Blog(r(r))),

I UNG)) .
© “plog(r(r))) = APesnlfiTer
i I0B(Treg))
e R pllog(y () <

This is a contradiction. Thus the theorem follows. O

Remark 3.2. Theorem 3.1 is also valid with “limit superior” instead of “limit” if “A(, g.)[f 0 g] = +00” is

replaced by “p(4,p,)[f © g] = +00” and the other conditions remain the same.

Theorem 3.3. Let f be a transcendental meromorphic function with Y 6(a; f) + 6(o0; f) = 2 and g be an
a#oo

entire function such that 0 < Ay g [f] < P(ap)[f] < +o0and 0 < Ay, g0)[f 08l < O(ayp7)[f 28] < +0o,

then

Margy)f 0 8] - hmmfﬁél(log(Tfog(f )
Pwpnlf] = ot a(log(Tws)(r)))

< min 4 Mevpnlf 28 Pwpylf o]
Mapm ] 7 Oapmf]
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< max { Marp)f 0 8] Plarpf o8l }
- /\(“/ﬂ/’Y) [f] ' O(a,By) [f]

im sup L (log(Tfog(r)))
= lrﬁiwp“(log(Tw(ﬁ (1’)))

Oarpy) Lf © 8l

<
A(D@M) [f]

Proof. From Definition 1.1 and Definition 1.2, we have for arbitrary positive ¢ and for all sufficiently

large values of r that

a1 (108(Tyog (1)) > (Aay ) [f 081 = €) Bllog (1 (1)), ©)
a1 (10g(Trog (1)) < (P(an i) Lf © 8] +€) B0g(7(1))). @

Using Lemma 2.2, we have from Definition 1.1 and Definition 1.2, for arbitrary positive ¢ and for all

sufficiently large values of r that

WV

#(10g(Ti(r) (1)) > (Awp [f] — €) Bllog(1 (1)), )
and a(10g(Ty() (1)) < (p(wpm[f] +¢) Bllog(r(r). (6)

Again from Definition 1.1 and Definition 1.2, we have for arbitrary positive ¢ and for a sequence of

values of r tending to infinity,

1 (108(Tyog (1)) < (Aquy 5 [f 081 +¢) Bllog(v(r))), )
a1 (108(Trog (1)) > (0(as p)f © 8] =€) Bllog(7(1)). ®)

Also, using Lemma 2.2, we get from Definition 1.1 and Definition 1.2, for arbitrary positive € and for a

sequence of values of r tending to infinity,

#(10g(Tw(r) (1)) < (Ao ] +¢) Blog(v(1)), )

and

and a(1og(Tiv(s) (1)) > (P, [f] — ) Blog(7(r))). (10)

Now from (3) and (6) it follows for all sufficiently large values of r that

11 (log(Trog (1)) _ Awrpn) [fogl—e
a(log(Tw(r(1)) = papnlfl+e

As ¢ (> 0) is arbitrary, we obtain that

hminf‘xl(log(Tfog(r))) - Mwpnlfosl
r=teo a(log(Tw(r) (1) = Papnlf]

(11)
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Combining (5) and (7), we have for a sequence of values of r tending to infinity that

a1 (log(Tog(r)))
a(log(Ty()(r)))

A([X],ﬁ,’)’) [f o g] + 8‘

<
Awpmfl —€

Since € (> 0) is arbitrary, it follows that

Lo (10g(Treg(1))

)\’(le,ﬁ,r}’) [,f © g]
r—+eo a(log(Ty () (r))) '

<
)‘(ﬂv,ﬁn) [f]

Again from (3) and (9), for a sequence of values of r tending to infinity, we get

w1 (log(Tyog (1))

Awpnlfogl —¢
a(log(Tw(s)(r))) '

Awpm) f1+€

>

As ¢ (> 0) is arbitrary, we get from above that

i sp 11008 (T25())

/\(uq,ﬁ,v) [fog]
r—-+0c0 zx(log(Tw(f)(T))) |

A(a,ﬁ,’y) [f]

>

Also, it follows from (4) and (5), for all sufficiently large values of r that

w1 (log(Tyog (1))

p(le,ﬁ,’y) [f og] +e
a(log(Tw(r)(r))) '

<
T Awpylfl—e

Since € (> 0) is arbitrary, we obtain that

Oar ) f © 8l
/\(rx,ﬁﬁ) [f]

i s 21 (0B T(1))

r——+o00 a(log(TW(f) (r))) =

Now from (4) and (10), it follows for a sequence of values of r tending to infinity that

a1 (log(Tfog(r)))

Py lfogl+e
a(log(Tys)(r))) '

p(a,ﬁ,’y) [f] — €

<

As g (> 0) is arbitrary, we obtain that

oo 81008 (Trog (1))

Papnlf o8l
r—+o0 a(log(Tw(r)(r))) .

P(u,ﬁ,’y) [f]

<

Combining (6) and (8), we get for a sequence of values of r tending to infinity that

a1 (log(Trog (1)) _ Plaspm [fog]—e
a(log(Twr) (1) = Papnlfl+e

Since € (> 0) is arbitrary, it follows that

lim sup 1 (10g(Tfog(r))) > P (1,87 [fogl
r——+too lx(log(TW(f) (7’))) p(tx,ﬁ,’y) [f]

(12)

(13)

(14)

(15)

(16)
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Thus the theorem follows from (11), (12),(13), (14), (15) and (16). O

Theorem 3.4. Let f be a transcendental meromorphic function and g be a transcendental entire function such

that ; 6(a/g) —|—5(oo,g) =20< A(zx,ﬂ,’y) [g] < O(a,B,7) [g] < tooand 0 < /\((xl,‘B,'y) [fog] < O(a1,B,7) [fog] <
400, then

Mapmlf o8l oo a1 (108(Treg (1))
O(apm) 8] r=+o a(log(Tw(g)(r)))

< min { Mgl o8 ],P wpf © 8l }
A(“/.B/)’) [g] (a,8,7) [g]

< max { Maypn [ 0 8] P<a1,m)[ fogl }
/\((x,ﬁ,y) [g] p(uc,[%,’y) [g]

< limsu w1 (log(Trog (1)) _ Plaspr) [f o8]
Hmpa(log(TwU(r))) gl

<
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