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Abstract

This paper presents a mathematical formulation for vector-host disease dynamics in which the
transmission process is governed by incidence functions with non-monotone characteristics. The
study investigates how changes in the behavior of susceptible hosts influence infection levels,
alongside examining the role of vector deterrents in modifying vector infection dynamics. The
long-term behavior of the system is analyzed by establishing the global asymptotic stability of
equilibrium states using suitably constructed Lyapunov functionals. To support the analytical
conclusions, numerical simulations are carried out. The proposed framework provides a clearer

understanding of the mechanisms driving the spread of vector-borne infections.

Keywords: vector host epidemics; stability; disease-free equilibrium; endemic equilibrium.

2020 Mathematics Subject Classification: 34D20, 34D23, 92D30.

1. Introduction

Vectors such as mosquitoes and fleas act as carriers for a wide range of pathogenic agents, including
bacteria, viruses, and parasites, enabling transmission between humans or from animals to humans.
Diseases transmitted through such carriers are collectively known as vector-borne diseases and
account for a significant proportion of global mortality each year [11]. Well-known examples include
malaria, dengue, yellow fever, chikungunya, and Zika virus infection [2,3,12]. These illnesses impose
severe consequences not only on public health systems but also on ecological balance and economic
stability worldwide [4]. Once vectors acquire infection, they generally remain infectious for the
duration of their lifespan, allowing sustained transmission. —Consequently, controlling vector
populations remains a crucial strategy for limiting disease spread. Alongside vector management,
changes in human behaviour during epidemic situations-such as increased awareness and adoption
of preventive practices-play a critical role in reducing transmission. Effective community engagement

and precautionary interventions can substantially mitigate the risk of outbreaks. The persistent
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emergence and re-emergence of vector-borne infections have therefore motivated the development of
mathematical models to better understand their transmission dynamics. During periods of rapid
disease escalation, individuals and authorities often implement measures such as isolation of
susceptible individuals, quarantine of infected cases, social distancing, and community-wide
lockdowns [1]. These behavioural interventions can significantly reduce secondary transmission, even
when the number of infectious individuals remains high. Simultaneously, strategies aimed at
suppressing vector populations, such as the application of insecticides, use of personal repellents, and
household vector control products, further contribute to lowering infection rates [15]. Given the
current global importance of vector-borne epidemics, this study proposes a vector-host epidemic
model incorporating non-monotonic incidence functions for both human hosts and vectors. The
human incidence term accounts for the preventive impact of behavioural adaptations among
susceptible individuals, while the vector incidence term reflects the influence of vector control
measures. This modelling framework aims to provide a more realistic representation of disease

transmission under behavioural and environmental interventions.

2. Model Construction and Analysis

The system of ordinary differential equations presented in (1) represents a vector-host epidemic
model in which the transmission process for both hosts and vectors is governed by non-monotonic
incidence functions. In this formulation, the parameter a; quantifies the reduction in disease
transmission resulting from behavioral adaptations and preventive practices adopted by the

susceptible host population, while a, characterizes the effectiveness of vector control interventions.

dil(tt) = N1 — ,Bls(t)
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where, a1 is the parameter which measures preventive effect from the behavioral changes of susceptible

host population and a; is the parameter which measures the effect of vector control. Here,
e S(t) = number of susceptible individuals in hosts
e [(t) = number of infected individuals in hosts

* R(t) = number of recovered individuals in hosts



Dynamical Modelling for Epidemics of Vector Transmitted Diseases... / Sujatha Janardhan 35

and so total populations of hosts Py (t) = S(t) + I(t) + R(¢)
* M(t) = number of susceptible vectors
e V(t) = number of infective vectors

and so total populations of vectors Py (t) = M(t) + V(t). The parameter a; represents the recruitment
rate of host population, A; is the transmission rate from vector to host, f; is natural death rate of host
population, -y is per capita recovery rate of host, a, is the recruitment rate of vector population, j; is
natural death rate of vector population, A, is the transmission rate from host to vector, the parameter a,
represents the intensity of protective measures and behavioral adaptations adopted by the susceptible

host population, while a, quantifies the effectiveness of vector control interventions. System (1) readily

yields
dP P 2
g Pr(t) = a1 — 1 Pu(t) 2)
SR(E) = 02— paPu() ®

As time progresses, the total host and vector populations stabilize to the following asymptotic values

lim Py (f) = ;‘1 (4)
lim Py (t) = ﬁz (5)
We can assume without loss of generality that
Pult) =gt Pr()=g, 20 ©)
Hence, the dynamical system (1) is qualitatively equivalent to the following system
das(t) — oy — BiS() — kiA1S(H)V (t)
dt 1+ a1 V2(t)
dl(t) _ kmSHV(E) VI(E) = B11(¢) %

dt 1+ aV2(t)

dv(t) koA
= T (V) 10 v

The values of R and M can be determined from R = % —S—Tland M = F V, respectively. From a
biological standpoint, all state variables are required to remain non-negative. Accordingly, our analysis
is restricted to the dynamical behavior of the system within the biologically feasible region. Hence the

system (7) is studied in the closed set

={(S,I,V)61Ri|ogs+1§ﬁlosv ;72 >o,120} )
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System (7) has disease-free equilibrium Ey (%, 0, 0). To find the endemic equilibrium, we set

kiAS(E)V(¢) B
— m — B1S(t) =0 )
), —71()— pr1(t) =0 (10)

koAo A _
T al® (/32 - V(t)> I(t) — BV (t) =0 (11)

This implies

a1B81B3 (7 + B1) V2 + [kikawi A Az + ki A B2 (7 + B1) + ackiAqar o] V

+ B1B2 (v +B1) [1 —Ro] =0 (12)

The basic reproduction number is

kikooyap A A
= 22 1024142 (13)
P1B3 (v + B1)
The endemic equilibrium E*(S*, I*, V*) is given by the following equations
_ (1 +aV*?) (14)
kl/\l V* 4+ ‘31[1 + lZ]V*2]
I — klﬂél)\lv . (15)
(’)’ + ﬁl) [kl)qV* + ,31[1 + a1 V* H
—A+ /A2 —4m B3B% (v + B1)* (1 - R
Lo AN B (4 ) (1 Ro) )

2a1B1B2 (v + B1)

where A = kikpaqA1A2 + kiA1B2 (77 + B1) + azkiA1a1B2. The disease-free and endemic steady states of
system (7) are examined in detail, and the criteria governing their stability are systematically derived

in the following results.
Theorem 2.1. The disease-free equilibrium Ey is locally asymptotically stable if Ry < 1 and unstable for Ry > 1.

Proof. At the disease-free equilibrium Ej, we have

kl/\1IX1 ]
—B1 0 _T
JE)=| 0 —(r+p) a7)
kz)\gﬁéz
I ! P2 —F 1

and the characteristic equation is given by

(Br+1) [P+ (v+B1+B2)+(v+P1)B2(1—Ro)] =0 (18)
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When the basic reproduction number satisfies Ry < 1, application of the Routh-Hurwitz stability
criterion [8] shows that all eigenvalues of the Jacobian matrix possess negative real parts, ensuring local
asymptotic stability of the disease-free equilibrium Ey. In contrast, for Ry > 1, the eigenvalue spectrum
consists of two eigenvalues with negative real parts and one with a positive real part, rendering the

disease-free equilibrium Ey unstable. O

Theorem 2.2. If Ry < 1 then the disease-free equilibrium Ey is globally asymptotically stable and is unstable
for Rop > 1.

Proof. Consider L1 = ki V+I
B1B2
dLl klAlal |: k2)\21 (0&2 > ] kl}HSV
i 2 V) =BV |+ — (v + )
dt ,31,32 1+al ,32 ﬁZ 1+aV2 ('Y 'Bl)
k1k2“10€2/\1)\2 :| klkgﬂclﬂcz)tl/\z klle/\l k1A15V
=—(7+ 1— - VI— v+
o8 1 g B G B e R
klkztxl)\l)\z kllxl)\l kl)\lSV
< —(y+pB1)1—Ro] [ — —= V] — V+
< - (r+ A 1= R B1B2 (1 + al) B 1+a,V2
kykaoy A Ao kya A
< —(r+ 1-Ro|l - 5——F—"7-+VI— V + kA SV
< —(r+pB1)[1—-Ro] B (1 + o)) 5, 1A
k1k20¢1)\1/\2

VI, asSSﬂ

DR Y ) bi

L L
ddtl < 0fort > 0and so L; is a Lyapunov function. The equality ddtl = 0 holds

at the disease-free equilibrium Eg (%,0, O). Thus, {Eop} is the largest invariant set in the closed set T

When Ry < 1, we get

Hence, Ey is globally stable using LaSalle’s invariance principle [8,10]. O

The Jacobian matrix at the endemic equilibrium becomes,

[ kl/\lV* ‘B 0 kl)tls* (1 —01V*2>-
R e M _
1—|—LI1V*2 (1—|—511V*2)2
* %2
JEY=| kv - bikiS* (1-mV?) 19)
— =Y — p1
14 a1 V*2 (1 + a1V*2)2
k koA I*
0 (“2_‘/*>2)‘22 _ 22*_’32
L B2 (1+axI*) 1+ axl i
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Second additive compound matrix J2/(E*) is given by

klAlv* 2‘8 kl/\ls* (1 — H1V*2> kl/\ls* (1 - H1V*2>
_ — 2B —
trmye (1+a2)’ (1 +av?)’
][ﬂ(E*) — (Déz V*> koo _ kiA V* _ ﬁ _ koArI* B ,32 0
132 (1—|—(121*)2 1+EI1V*2 14 axI*
ki Vv koMol
0 — oy —
I 1+mV+? 1+ al* Pr=F
(20)

Theorem 2.3. The endemic equilibrium E* of the system (7) is locally asymptotically stable if Ry > 1.
Proof. From equation (19), we have

MAVE kAl
1+a V2 1+al

trJ(E*) = — —2B1—7—B2<0 (21)

and

det (£ = (~ 1257 = 1) (=7 =) (122

_kl/\ls* (1 B a1V*2> <“2 V*> koo
(

(1+a1V*2)2 B2 1+ﬂ21*)2

* %2
B kl/\ls <1 — a1V ) kl/\lv* <L¥2 V*> k2/\2
(1 + alv*Z)z 1+ ﬂ]V*Z B2 (1 + azl*)z

k1/\1V > <k2)\21* >
L -
<1+a ya PP ) (B (T R
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(1+a,V2)? B2 (1 + ap1+)?
1

.detJ(E*) <0, provided V** > .
1

From equation (20), we have

% kA V* kaAoI*
det 12 (E* :<_11_2 _ )<_11_ _ kel >
S E) = v P ) v TP T T P

o (- koA I*
1+ 6121*

—7—/31—!32>

* *2
ol )<{X2 V*> i < 22l - ﬁz)
- - By —
(1+mv)® P (1+al)? \ 1ol

* %2
kl/\ls (1 —a1V ) <“2 B V*> kz)\Q kl/\lv*
(1+a,V*2)° 1+ apl*) 1+ V2

B2

ki A V* kA V* ko Ao I*
— < 1141 2+ 131_'_ >< 1741 5 2/\2 .
14a,V* 14+a,V* 1+4ayl

+ ,32>



Dynamical Modelling for Epidemics of Vector Transmitted Diseases... / Sujatha Janardhan 39

< koApI*

1+ al +7+51+ﬁ2>

* *2
kS (v -1) <a2 V*> kaha < kahal*
(1+aV*2)? B2 (1+apl*)? \1+a2l*

* *2
B kl)\lS <IZ1V — 1) <062 V*) kZAZ kl/\l V*
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1
as —= — V* > 0, provided V** > —
,32 1

+’y+ﬁ1+52>

We have tr J(E*), det J(E*), and det JZ/(E*) are all negative, and so J(E*) has all of the eigenvalues

with negative real part [6]. Hence the theorem. O

Theorem 2.4. If Ry > 1, then system (7) is uniformly persistent, that is, there exists € > 0 (independent of

initial conditions), such that liminf,_,. S(t) > €, iminf;_,o I(t) > € and liminf;_,., V(t) > €.
Proof. We begin by establishing the following assertions:

(i) The disease-free equilibrium Ej is the unique omega-limit point on the boundary of the positively

invariant set I'.
(ii) For Rp > 1, no trajectory originating in the interior of I' admits Ey as its omega-limit set.

To prove (i), we observe that the boundary of T is transverse to the system’s vector field everywhere
except along the S-axis. Moreover, the vector field associated with system (7) preserves invariance of
the region I', ensuring that solutions remain within this biologically feasible domain. On the S-axis,

we have
ds

= —piS (22)

which gives S — w1 /1 as t — co. Hence Ey is only omega-limit point on the boundary of T for system

).
(ii) We define the function L; in I' such that

_ B1p2(1+ Ry)
Lz(t) a 12k1)\1061

sz(t) - ‘31‘32 (1+RQ) (kl)\ls(

I(t)+ V(t (23)

)
_ )
dt 2k A0 1+a VZ(

koA o
2 (2 -ve) 10 - g
)

B
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- 20(1(1+01V2( ))

< B1Ba (1+Ro) S(H)V(H)
T 20 (1+mVA(Y))

S B1B2 (14 Ro) 20, ) 1/1 a
T [S(t) — ,51(1‘{‘RO>:| V(t) + koA (,Bz —V(t) - > <Ro + ]> ,Bz) I(t)

ﬁz—vu))l(t)— (0
1
>

— B2V (t) + k22 ( = V(t) -
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Since Rg > 1, then % (Rio + 1) and (1+27RO) are less than one, therefore, there exists a neighborhood U of
Ej such that for (S,1,V) € UNIntT, the expression [S(t) — %} is positive. In this neighborhood

U(Ep), we have that dth(t) > 0 in U(Eg) — {Eo}. Observe that the level surfaces of the Lyapunov

function L, are defined by the plane %I (t) + V(t) = C, which recede from the S-axis as the
constant C increases. Since L is strictly increasing along trajectories initiating in U N IntT, it follows

that every solution of system (7) evolves away from the disease-free equilibrium E,. O

Theorem 2.5. If Ry > 1, then the endemic equilibrium E* is globally asymptotically stable.

Proof. For Ry > 1, the system (7) is uniformly persistent and E* is locally asymptotically stable. To
establish the proposition, we demonstrate that system (7) satisfies the criterion of stability with respect
to periodic solutions [9]. Let P(t) = (S(t),I(t), V(t)) be a periodic solution of system (7). To prove the

stability of periodic orbits, it is sufficient to prove that the following linear non-autonomous system,

W) = (JE(P(t)) W(b) 4)

is asymptotically stable. The second additive compound matrix is given by

__ kl/\lv . 2,3 iy kl)Lls (1 - a1V2) kl/\ls (1 — alvz)
1+av2 ' (1+a,V2)? (1+a,V2)?
kz)\Z k1)\1V k2/\2[
][2](5,[,\/): <“2_V> _ _ B, — _ 0
B2 (1+a0)? 1+aV? P et P
kiAV koAsl
L 0 1+a,V2 _1+a21_7_ﬁ1_ﬁ2_
(25)

For the values of P(t), equation (24) becomes,

Wi(t) = — (e + 2B ) Wit + k”(fil_v?)zvz) Wat) + "“(ff:vil)zw) Ws (1)
WD) = (52 V) W)~ (Lo + g g B2 ) Walt) )
i) = Y - (FE5L ) v
To prove that system is asymptotically stable, we consider the following function
Lz (Wq(t), Wa(t), Wa(t),S(t),I(t), V(t)) = HWl(t), ‘I/(t)Wz(t), MW3(t) H (27)
(t) V(t)
where |[|-|| is the norm in R® defined by
W1 (t), Wa(t), Wa(8)[| = sup{[Wi|, W2 + Wal} (28)

We obtain that the orbit of P(t) remains at a positive distance from the boundary of I'. There exists
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constant ¢ > 0 such that
L (Wi(t), Wa(t), W5(t), S(¢), I(t), V(1)) = c [[Wi(t), Wa(t), Ws(t) ||

Let (Wq(t), Wa(t), W5(t)) be a solution of the system and

La(t) =sup { W (D), 310 W) + Ma(o)] |

Thus, we obtain the following inequalities

kiA VvV k1A15 1 —611V2
D (9] < = (25 281+ ) 0]+ SO vt + oo
k1A1V ) k1A15 (1 — a1V2) VvV ( Ji )
<—|—5+2 Wi (t — | = [Wal(t) + Ws(t
= (1+a1V2+ Bit+ | [Wi(B)] + Arave)y [Wa(t) + Ws(t)]

Koy ( ki AV koAl
D, W, < V| ———Wi(t)| — | ——— +
Mol < (G V) IO - (L e

kiamV kool
(0] — ({22 4 7+ B+ B ) IWa(0)

+ﬁ2) Wa (1)

Dy [Ws(t)] <

From system (26), we have

W)+ o) = (G =) R I~ (B o+ ) M)

koMol
— (1+a21 +’y+ﬁ1+ﬁz> |Ws5(t)]

1) kz/\z kZ/\ZI
<<ﬁ2 v)mw\ma)\ (B 1220 o ) W) + (o)

Thus, we obtain

D, <‘I/’W2( ) -+ Ws(t) ) <I—> é‘Wz(t)—|—W3(t)’+£D+‘W2(t)+W3(t)’
I' V'\ I ay kaAn
(I ) 7 [Wa(t) + Wa(h)] + (/32 V) mv (Wi (t)]
(B {222 B ) W)+ ()
oo koA 1
<(£-v) Ty M
* [II B % LA 1k_2|_A;211 - 52] é [Wa(t) + Ws(t)|

From the first equation of system (26) and the above inequality, we get

Do Ls(t) < sup{g1(t),g2(t)} W(t)

(29)

(30)

(31)
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where
(t) _ < kl)\lv —|—2,3 4 > n k1/\15 (1 —alvz) K (32)
st = 14+a,V2 L (1+a1v2)? I
kz)\z <062 ) I I V/ kz)\z]
H=——<—--V])]=4+—-——=—B1— — 33
gZ() (1+ﬂ21)2 ‘BZ V I V 131 1+a21 ;52 ( )
Rewriting the second and third equation of system,
I kiAM SV
j—m—(’ﬁ‘ﬁl) (34)
4 o kz/\z (1% I
V_1+a21(,32_V>V_’62 %)
We have
k1/\1V > k1/\15 1%
H<— (2140 S e L
i) = <1+a1V2+ Prt i a)t
kiA vV kiMS Vv
- BBy T
Travz PL=Pi=7 (1+mv2)y? 1
B kA V I
= Tra YT
I/
git) < —pr+ 7 (36)
v r v koAoI
=t ——— — B —
L) =y +T-y AT
_r koAoI
) =7 k-1
II
(t) < —p1+ T (37)
Hence
I/
sup {g1(t), &2()} < —P1+ 7 (38)
From (31) and Gronwall’s inequality, we obtain
Ls(t) < Ls(0)I()e Pt < Lg(O)gleﬁlt (39)
1

which implies that L3(t) — 0 as t — oco. By (29), we obtain (W (t), Wa(t), W3(t)) — 0 as t — oo.
These observations establish that the linearized system given in (26) is asymptotically stable, which in
turn implies asymptotic orbital stability of the associated periodic solution. Consequently, the endemic

equilibrium E* is globally asymptotically stable. O
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3. Numerical Results

The theoretical conclusions of the model are corroborated through numerical experiments carried out
using MATLAB. For values of the basic reproduction number satisfying Ry < 1, the disease-free
equilibrium remains stable, leading to extinction of the infection, as depicted in Fig. 3.1. Conversely,
Fig. 3.2 illustrates sustained disease prevalence when Ry > 1. Furthermore, Fig. 3.3 shows that an
increase in preventive actions and behavioral adaptations among hosts results in a reduction of infected
individuals. Similarly, Fig. 3.4 demonstrates that effective implementation of vector control measures

leads to a decrease in the infected vector population.
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Figure 1: Here S(0) = 400, I(0) = 100, V(0) = 300, k; = 0.02, k; = 0.3, &1 = 10, a; = 110, A; = 0.006,
A2 = 0.009, By = 0.04, B = 0.31, y = 0.15, a1 = 0.001, a, = 0.012, Ry = 0.488.
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Figure 2: Here $(0) = 400, 1(0) = 100, V(0) = 300, k; = 0.19, k = 1.05, a; = 10, ap = 110, A; = 0.006,
A2 = 0.009, By = 0.04, B = 0.31, 7y = 0.15, 4y = 0.001, a, = .012, Ry = 16.225.



Dynamical Modelling for Epidemics of Vector Transmitted Diseases... / Sujatha Janardhan 44

100 T T T T T T T T T T

80r .

60r .

al=0.01
201 al =003

al=0.1
K

Figure 3: Dependence of I* on a;.
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Figure 4: Dependence of I* on a;.

4, Conclusion

In this study, a vector-host epidemic framework incorporating non-monotonic transmission functions
for both human hosts and vectors have been developed. The theoretical results are supported through
numerical experiments conducted using MATLAB and Simulink. The analysis demonstrates that
when the basic reproduction number satisfies Ry < 1, the disease-free equilibrium is globally
asymptotically stable, leading to eventual elimination of the infection from the population.
Conversely, for Rgp > 1, the disease persists and the endemic equilibrium becomes globally
asymptotically stable. Although the expression for the basic reproduction number given in (13) does
not explicitly involve the parameters a4; and a,, numerical investigations reveal that the equilibrium
level of infected hosts I* declines as these parameters increase. Furthermore, equation (13) indicates

that the implementation of stronger preventive strategies-such as quarantine and isolation in regions
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affected by vector-borne diseases-can significantly reduce infection prevalence, transmission intensity,
and the environmental carrying capacity for vectors. From the endemic equilibrium expression in
(16), it is observed that the infected vector population V* approaches zero as the vector control
parameter a increases without bound. This highlights the importance of maintaining hygienic
conditions and adopting effective vector management practices, including indoor and outdoor
insecticide spraying and the use of repellents, to minimize disease burden. Similarly, the steady-state
solution for infected hosts in (15) shows that I* tends toward zero as both preventive and vector
control measures become increasingly effective. The proposed model also captures the influence of
social awareness among susceptible individuals.  Increased public knowledge of protective
measures-such as vaccination programs, use of bed nets, and personal hygiene-plays a significant role
in suppressing disease transmission within the host population. In parallel, awareness regarding
environmental cleanliness and vector control contributes to reducing vector density, ultimately
interrupting disease spread. Additionally, improvements in sanitation, access to clean drinking water,
and availability of quality healthcare services further enhance disease control. Numerical simulations
suggest that early detection, timely treatment, and reduction of vector breeding sites can substantially
lower transmission levels. Notably, the computed values of the basic reproduction number in the
present model are considerably smaller than those reported in earlier studies [2,3,6,7,10,13], where
behavioral and psychosocial factors were not explicitly incorporated. Overall, the model offers a
valuable tool for policymakers to design effective intervention strategies, anticipate outbreak

dynamics, and support future research and educational initiatives in mathematical epidemiology.
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