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Abstract

Topological indices are important tools for analyzing structural properties of graphs and
interconnection networks. In this paper, we compute seven eccentricity-based degcity indices for
honeycomb, oxide, and hypertree networks. By employing edge partition techniques based on
vertex degree and eccentricity, explicit formulae are derived for each network class. The results
contribute to the theoretical study of degree-eccentricity interactions and provide useful descriptors

for the analysis and design of complex network structures.
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1. Introduction

Graph theory has emerged as a valuable branch of mathematics and contributed to the analysis of
networks in recent years. Topological indices are numerical parameters that capture some aspects of
the structure and behavior of graphs, which can be used to model various networks and systems.
Graphene network, honeycomb network, oxide network and hypertree network are some examples of
networks that have applications in chemistry, physics, computer science and engineering. It explores
the relationship between the structure and properties of networks and their applications in various
fields. Topological indices are used to design and optimize networks for specific purposes, such as
interconnection, communication, computation, and encryption. It can also be used to model and
simulate the behavior and performance of networks under different conditions, such as temperature,
pressure, voltage and current. Further, topological indices helps to discover new properties and
phenomena of networks, such as symmetry, domination, coloring and enumeration. Moreover,
structural properties of some networks like honeycomb, oxide and hypertree have been studied

extensively in [3-7], where several degree and eccentricity related indices were derived. These works
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highlight the growing importance of degree-eccentricity interactions in network analysis. Motivated
by these developments, we investigate degcity indices for honeycomb, oxide, and hypertree networks
and derive explicit closed-form expressions using edge partition techniques. In this paper, we

compute the following degcity indices[9] of these networks.
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where d,,, d, represent the degree of the vertices u, v in the vertex set V(G) respectively, uv is an edge
in the edge set E(G) and ey, e, denote the eccentricity of the vertices u, v respectively of a graph G. For

any undefined graph terminologies and notations, refer [10].

2. Main Results

2.1 Honeycomb Network

Honeycomb networks are a class of interconnection networks derived from hexagonal tessellations of
the plane, known for their regular structure and efficient communication properties. Due to these
features, they have been widely applied in parallel computing, image processing, cellular
communication, and graph-theoretic modeling [1,8]. In recent years, honeycomb-based graph
structures have attracted considerable attention for studying structural properties such as symmetry,

connectivity, domination, coloring, and enumeration.

Definition 2.1 ([7]). The honeycomb network HC; is just a hexagon. The honeycomb network HC, is
constructed by adding six hexagons to the boundary edges of HCy. Similarly, the honeycomb network HC, is
obtained by adding a layer of hexagons around the boundary edges of HC,,_1. The variable n in HC, denotes
the number of hexagons from the centre to the boundary. The number of vertices and edges in HC, are

respectively 6n® and 9n® — 3n. Figure 1 represents honeycomb network HCs.
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Figure 1: Honeycomb Network HCj3

Theorem 2.2. Let HC,, be the n-dimensional honeycomb network. Then
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Proof. The edge sets in HC,, are given by

EZ,Z(HCTl) - {(du, dv)’du - 2, dy - 2, uv € E(HCH)},
E2,3(HCn> - {(du,dv)’du - 2, dv - 3, uv € E(HCn)},
Ess(HCy) = {(du,dy)|du = 3, dy = 3,u0 € E(HC,)}.
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(dy, dy) (eu, ev) Frequency | Range of m and n
(2,2) (4n—1,4n—1) 6 n>1

(2,3) (4n—2,4n—1) 12(n—1) n>1

3,3) | 2n+2m—1,2n+2m—1) 6 1<m<n—1,n>1
(3,3) (2n+2m —1,2n+2m) 6m 1<m<n—-1,n>1
(3,3) (2n+2m, 2n+2m +1) 12m 1<m<n-2,n>2

Table 1: Edge partition of the honeycomb network HC,, with respect to degree and eccentricity.

Using the edge partition with respect to the degree and eccentricity as given in the Table 2.1, the result

follows easily. O

2.2 Oxide Network

An oxide network is a class of structures composed exclusively of metal-oxygen linkages, as observed
in compounds such as copper oxides and iron oxides. These networks can be naturally represented
using graph-theoretic models, where atoms correspond to vertices and bonds to edges. Such graph
representations provide a useful framework for analyzing structural and chemical properties of oxide

compounds, including symmetry, connectivity, structural complexity, and reactivity.

Definition 2.3 ([7]). A silicate network is a silicate sheet of a tetrahedron. The corner vertices and the centre
vertex of a tetrahedron represents oxygen and silicon respectively. An oxide network is a new network obtained
by deleting all the silicon vertices from the silicate network. The n-dimensional oxide network is denoted by OX,,.
The number of vertices and edges in OX,, are respectively 9n® + 3n and 18n>. Figure 2 represents 2-dimensional

oxide network OXo,.

Figure 2: Oxide Network OX;

Theorem 2.4. Let OX,, be the n-dimensional oxide network. Then

DC;(0X,) = 960n° — 1921 + 24n,
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Proof. The edge sets in OX,, are given by

18n

E2’4(OX11> — {(du, dv)’du — 2, dy - 4, uv € E(OXH)},
Eu1(0X0) = {(du,do)|du = 4, do = 4, u0 € E(OX)}.

(dy,dv) (eu, ev) Frequency | Range of m and n
(4,4) | 2n+2m—1,2n+2m—1) | 6(2m—1) 1<m<n n>1
(4,4) (2n+2m —1, 2n+2m) 12m 1<m<n-—-1,n>1
(2,4) (4n — 1, 4n) 12n n>1
(4,4) (2n+42m, 2n+2m +1) 12m 1<m<n-1,n>1

Table 2: Edge partition of the oxide network OX,, with respect to degree and eccentricity.

Using the edge partition with respect to the degree and eccentricity as given in the Table 2.2, the result

follows. [

2.3 Hypertree Network

Hypertree network graphs constitute an important and versatile class of interconnection networks with
applications in parallel computing, data communication, and network architecture design [1]. These
structures are built upon a binary tree framework, which serves as the fundamental backbone of the
hypertree, and are enhanced through additional hierarchical and cross-level connections to improve

connectivity and communication efficiency [2].

Definition 2.5 ([7]). Let BT, denote the complete binary tree in which each level t,0 < t < s contains 2t
vertices. The root vertex of BT; is labeled as 1 and the siblings of the vertex i are labeled as 2i and 2i + 1. The
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s-level hypertree network denoted by HT; is obtained from BT by adding edges in each level t, 1 < t < s between
the vertices whose label difference is 2~1. The number of vertices and edges in HTs are respectively 2571 — 1 and

3(2° —1). Figure 3 represents 3-level hypertree network HTs.

--> level 0

2 3 -->levell

---> level 2

---> level 3

Figure 3: Hypertree Network HT3

Theorem 2.6. Let HT; be the s-level hypertree network. Then
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Proof. The edge sets in HT; are given by

Exo(HT;) = {(dy,dy)|dy = 2,d, =2,uv € E(HT;)},
Ex4(HTs) = {(dy,dy)|dy = 2, dy = 4,uv € E(HTs)},
E4r(HTs) = {(dy,dy)|dy = 4, dy = 2,uv € E(HTs)},
Ey4(HTs) = {(dy,dy)|dy = 4, dy = 4,uv € E(HT;) }.
(dy,dv) (eu, ev) Frequency Range of ¢
(2,4) (s,9) 2.2¢ t=0
(4,4) (s+t—1,s+1) 2t+1 1<t<s—-2,5>2
(4,2) (s+t—1,s+1) 2t+l t=s—1
(4,4) | (s+t—1,s+t—1) 2t-1 1<t<s—1,s5s>1
(2,2) | (s+t—1,s+t—-1) 21 t=s

Table 3: Edge partition of the hypertree network HTs with respect to degree and eccentricity.

Using the edge partition with respect to the degree and eccentricity as given in the Table 2.3, the result

follows. o

3. Conclusion

In this work, we derived explicit expressions for seven degcity indices (DC;1-DC7) of honeycomb,
oxide, and hypertree networks. Using edge partition methods based on vertex degree and
eccentricity, closed-form results were obtained for each class of networks. These findings enrich the
study of eccentricity-based topological indices and provide useful structural descriptors for analyzing
interconnection networks. The results may serve as a foundation for further investigations on other

network families and potential applications in mathematical chemistry and network analysis.
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