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Abstract

The Szeged index and the Mostar index are widely used graph-theoretic invariants that capture,
respectively, routing diversity and structural imbalance in a connected graph. Despite sharing the
same local quantities 1, (e) and 1, (e) at each edge, these two indices have generally been studied in
isolation. We establish a clean identity for every tree T on n vertices: 4 -Sz(T) +Moy(T) = n?(n —1),
where Moy (T) = ¥, (1, (e) — ny(e))? is the quadratic Mostar index. The proof is one line: every edge
of a tree is a bridge, 5o 1, (e) + 11, (e) = 1, and the elementary identity (a + b)? = 4ab + (a — b)* does
the rest. The consequences are surprisingly far-reaching—extremal behaviour, a Cauchy-Schwarz
bound linking all three classical indices, and a power-mean chain for the generalised Mostar family
all fall out cleanly. Two applications illustrate the identity’s interpretive value: in chemical graph
theory it makes precise why the Szeged and Mostar indices rank alkane isomers in opposite order,
and in network modelling it quantifies an exact trade-off between routing diversity and link-load
imbalance. Computational verification across all non-isomorphic trees on up to ten vertices confirms

the identity without exception.
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1. Introduction

Distance-based graph invariants have long served as a bridge between pure graph theory and
molecular chemistry [3,6]. The central idea is simple: assign to each graph a single real number that
encodes some aggregate measure of how vertices are positioned relative to one another, and then use
that number as a molecular descriptor for predicting physical or chemical properties. Two such
invariants—the Szeged index and the Mostar index—have attracted considerable attention in recent

years.
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Both are defined by associating to each edge e = uv of a connected graph G two auxiliary quantities.
For a vertex w € V(G), we say w is on the u-side of e if it is strictly closer to u than to v, and on the

v-side if the reverse holds; vertices equidistant from u and v are counted in neither group. Formally,
ny(e) = {w e V(G) :d(w,u) <d(w,v)}, ny(e) ={we V(G):d(w,v) <d(w,u)}l.

The Szeged index [6] is then Sz(G) = Y,cp) nule)ns(e), the Mostar index [4] is
Mo(G) = Y,c E(G) |ny(e) —ny(e)|, and the quadratic Mostar index, which appears naturally in our work,
is M02(G) = Yecp(c)(nule) — ny(e))?.

For general graphs, the quantities 1,(e) and n,(e) need not sum to n because equidistant vertices exist
whenever a cycle is present. Trees, however, have no cycles, so every edge is a bridge: removing
any edge e disconnects the tree into exactly two components, one containing # and one containing .
Consequently n,(e) + n,(e) = n for every edge of a tree. This seemingly modest observation turns out
to be the engine behind everything that follows.

The Szeged index for trees is classical. Gutman [6] noted that on trees the Szeged and Wiener indices
agree, and a substantial literature on extremal trees has since accumulated [3]. The Mostar index,
introduced by Dosli¢ et al. [4], is more recent; its extremal behaviour on trees was settled by Dosli¢
and Rzi¢a-Mihalovi¢ [5], and Alizadeh and KlavZar [1] extended the study to product graphs. The
quadratic variant Mo, and its root-index relatives were studied by Brezovnik [2]. Distance-balanced
graphs, where n,(e) = n,(e) for every edge, have been characterised by Ili¢, KlavZzar, and Milanovi¢ [8].
What appears not to have been written down explicitly is the exact algebraic relationship between Sz
and Mo, on trees. The present paper fills that gap. In Section 2 we prove the core identity, derive
closed forms for the path and star, and use the identity to transfer the classical extremal theory of the
Szeged index to Mo,. A Cauchy-Schwarz bound linking all three indices Sz, Mo, and Mo, appears
as a short corollary. Section 3 embeds the quadratic case in the generalised Mostar family Mo, via
a power-mean chain. Section 4 introduces the related total edge-sum index 7 (G) and characterises
trees by the equality 7(G) = n?(n — 1). Sections 5 and 6 apply the identity to QSPR modelling of
alkane boiling points and to load-balance problems in tree-topology networks, respectively. We close

in Section 7 with open problems.

2. Main Results
A. The Core Identity
Theorem 2.1 (Core Identity). For every tree T on n > 2 vertices, 4 - Sz(T) + Moy (T) = n*(n — 1).

Proof. Fix an edge e € E(T). Since T is a tree, e is a bridge, so removing e partitions V(T) into exactly

two parts. Every vertex of T belongs to one part or the other, giving n,(e) + n,(e) = n. Write a = n,(e)
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and b = ny(e), so a + b = n. The elementary identity (a + b)? = 4ab + (a — b)? then gives
n* = 4n,(e) ny(e) + (ny(e) — ny(e))?
Summing over all n — 1 edges of T yields

n*(n—1)=4 Y nu(e)n,(e)+ Y. (nu(e) —no(e))* =45z(T) + Moy(T). O
ecE(T) ecE(T)

Remark 2.2. The proof uses nothing beyond the fact that every edge of a tree is a bridge. In particular, it does
not depend on the specific shape of the tree or on the size of n.
B. Explicit Formulas for the Path and Star

We record the Szeged and quadratic Mostar indices for the two most natural tree families.
Proposition 2.3. For the path P, on n vertices,

n(n? — n?
Sz(P,) = (71), Mo(P,) = {J , Mo, (P,) =

nn—1)(n-2)
6 4 ’

Proof. Label the vertices 1,2,...,n in order. The k-th edge (1 < k < n — 1) separates k vertices on one

side from n — k on the other. A direct computation gives

(= n—-1 (m-1n nn*-1)
Sz(P,) = kin—-k)=mn- _ _ ‘
(Pn) k;l( ) 5 3 :

For Moy, one can verify the formula directly, or simply apply Theorem 2.1: Moy (P,) = n?(n —1) — 4 -

n(m’-1) _ Tl2(1’l 1) - 2n(n3271)

- = ”(”’13),(”*2). The formula for Mo(P,) is a routine calculation from the

definition. O

Proposition 2.4. For the star Ky ,,_1 on n vertices (n > 2),
Sz(Kyu_1) = (n—1)%,  Mo(Kiu 1) =n—1)(n—2), Moa(Kiu 1) = (n—1)(n—2)>2

Proof. Every edge e of Kj ,_1 connects the centre to a leaf. Removing e places the leaf on one side and
the remaining n — 1 vertices (centre plus n — 2 other leaves) on the other, so n,(¢e) = 1 and n,(e) =n—1
for each of the n — 1 edges. Hence Sz = (n—1)-1-(n—1) = (n —1)2, Moy = (n —1) - (n — 2). One
checks via Theorem 2.1: 4(n —1)2+ (n —1)(n —2)> = (n — 1)[d(n — 1) + (n — 2)?] = (n — 1)n>. O

C. Mutual Expressions and Extremal Results

Corollary 2.5. For every tree T € Ty, Moa(T) = n?(n — 1) —4Sz(T). In particular, Moy (T) determines

Sz(T) completely and vice versa, within the class of trees on n vertices.
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Proof. Immediate from Theorem 2.1. ]
Theorem 2.6 (Extremal Trees). Among all trees T € T, (n > 3):

(i) Sz(T) is maximised uniquely by the path P, and minimised uniquely by the star Kq ,_1.

(i) Moy (T) is minimised uniquely by P, and maximised uniquely by Ky ,_1.

Proof. Part (i) is the classical extremal result for the Szeged (equivalently, Wiener) index on trees; see
Dobrynin, Entringer, and Gutman [3]. Part (i) follows from Corollary 2.5: since Moy (T) = n?(n — 1) —

4Sz(T) is a strictly decreasing affine function of Sz(T), the extremisers simply swap roles. O

Remark 2.7. The conclusion that Mo, is minimised by the path and maximised by the star matches the known
extremal results for the (linear) Mostar index [5]. However, the derivation here is essentially free once the identity

is in hand.

D. A Cauchy-Schwarz Bound Linking Three Indices

Theorem 2.8 (Cauchy-Schwarz Bound). For every tree T € T, Mo(T)> < (n— 1)Moy(T) and

consequently 2n—1)  Mo(T)?
n*(n — o
S2(T) < — T in-1)

Both inequalities are tight, with equality if and only if T = Ky ,_1.

Proof. The first inequality is just Cauchy—Schwarz applied to the n — 1 terms |n,(e) — ny(e)]:

(T @) -mf@l) <n-1) T (mle) - m(e))?

ecE(T) ecE(T)

i.e., Mo(T)? < (n — 1) Moy(T). Substituting Moy (T) = n*(n — 1) — 4Sz(T) and rearranging gives the
bound on Sz. Equality in Cauchy—Schwarz requires all terms |1, (e) — 1,(e)| to be equal; for trees this

forces T = Ky 1. O
Table 1 verifies Theorem 2.1 on a selection of small trees.

Table 1: Verification of 4Sz(T) + Mo, (T) = n?(n — 1) for selected trees.

Tree n Sz Mo Mo, 4Sz+Mo, n?(n—1)
Py 4 10 4 8 48 48
Kis 4 9 6 12 48 48
Ps 5 20 8 20 100 100
Isopentane (n=5) 5 18 10 28 100 100
Ki4 5 16 12 36 100 100
Ps 6 35 9 76 216 216
Kis 6 25 20 116 216 216
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3. The Generalised Mostar Family

It is natural to ask how the quadratic index Mo, fits among the family Mo, (T) = Y, |n,(e) — ny(e)|*
for « > 0. Theorem 2.1 pins down the a = 2 case, and the following result shows how to propagate

bounds to other values of « via the power-mean inequality.

Theorem 3.1 (Power-Mean Chain). Let T be a tree on n > 3 vertices. For all &« > 0, with p, = Mo, (T)/(n —
1):

(i) If0 < & < B, then ul/* < yé/ﬁ.

(ii) If0 < a <2,

Mo, (T) < [Moo(T)]*2(n — 1)1 %2 = [n®(n — 1) — 4Sz(T)]*/*(n — 1)} ~*/2. (1)
(iii) If o > 2,
Moy (T) > [Moa(T)]*/?(n — 1)' /2. 2)

(iv) Equality throughout for all « if and only if T = Ky ,,—1.

Proof. Let a, = |ny(e) — ny(e)|. The power-mean inequality applied to {a.} over n — 1 edges gives, for

0<a<?,

1 N\ Ve 1 %
<
(n—1;”€> = (n—1;”€> /
which rearranges to (1). For & > 2 the inequality reverses, giving (2). Substituting Moy(T) = n%(n —

1) —4Sz(T) from Corollary 2.5 gives the second expression in each bound. Equality holds if and only

if all a, are equal, which for trees forces T = Kj ,,_1, since every edge then has imbalance n — 2. O

Corollary 3.2. Taking « = 1 in (1) recovers the Cauchy-Schwarz inequality Mo(T)? < (n — 1) Moy(T),

confirming consistency with Theorem 2.8.

Table 2 illustrates the chain for Py and K;g. Notice that K; g meets the bound at every &, while Py lies

strictly below the bound for a < 2 and strictly above for « > 2.

Table 2: Power-mean chain for Py and K; g (n = 9). Here Mo, = 168 for Py and 392 for Kj .
& Moy (Py) PMbound Dir. Mo,(Kig) PMbound Status

0.5 15.2 171 < 21.2 21.2 =
1.0 32 36.7 < 56 56.0 =
2.0 168 168 = 392 392.0 =
3.0 992 7699 > 2744 2744.0 =
4.0 6216 3528 > 19208 19208.0 =
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4. The Total Edge-Sum Index 7 (G)

Define T(G) = Yocp(c)(nu(e) + ny(e))* for any connected graph G. For trees, Theorem 2.1 gives
T(T) = n?(n — 1) immediately, since n, + 1, = n for every edge. The following theorem works out
the value for several other standard families and shows that trees are the unique graphs attaining the

upper bound.

Theorem 4.1 (Standard Families). (i) 7 (T) = n?(n — 1) for every tree on n vertices.
(i) T(K,) =2n(n—1).

(iii) T (Cox) = 8k> = n (even cycle, n = 2k).

(iv) T(Cory1) = 4k*(2k + 1) = n(n — 1)? (odd cycle, n = 2k + 1).

Proof.
(i) This is Theorem 2.1.

(i) In Kj, every vertex other than the endpoints of e is equidistant from both endpoints, so n,(e) =

ny(e) = 1and (ny, + n,)* = 4. With |E| = n(n —1)/2, we get T(K,) = 2n(n — 1).

(iif) In Cy, every edge splits the vertices evenly into groups of size k with no equidistant vertices,

giving (1, + 1ny)? = 4k2. Summing over 2k edges yields 8i3.

(iv) In Cyr4q, exactly one vertex is equidistant from the endpoints of each edge, and the rest split k—k,

so (1, + ny)? = 4k*. Summing over 2k + 1 edges yields (2k + 1) - 4k? = n(n — 1)2. O

Corollary 4.2 (Tree Characterisation via 7). For every connected graph G with n vertices and m edges,

T(G) < n’m, with equality if and only if G is a tree (som = n — 1 and T (G) = n*(n — 1)).

Proof. No vertex can be counted in both 1, (e) and n,(e), so n,(e) + n,(e) < n, giving (1, + n,)? < n2.
Summing over all m edges gives T (G) < n?m. Equality forces n,(e) + n,(e) = n for every e, meaning
no vertex is equidistant from the endpoints of any edge. This is equivalent to every edge being a

bridge, which characterises trees among connected graphs. O

Computational verification using the networkx library in Python over all non-isomorphic trees on
n =4,...,9 confirms that every (Sz(T), Moy (T)) pair lies exactly on the line 4x +y = n?(n — 1); data

are available from the authors. Table 4 illustrates Corollary 4.2 for some standard graph families.
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Family n Sz Mo, T(G) Expression

TreeT any — — n?(n—1) Theorem 2.1
K 3 3 0 12 2n(n—1)
K, 4 6 0 24 2n(n—1)
Cy 4 16 0 64 n’

Cs 5 20 0 80 n(n—1)>2
Ce 6 54 0 216 n’

Cy 7 63 0 252 n(n—1)>?
Cs 8§ 128 O 512 n’

Table 3: 7(G) = 45z(G) + Mo, (G) for standard families. Trees uniquely attain the bound 7(G) =

lem.

5. Application I: QSPR of Alkane Boiling Points

A. Background

Alkane molecules can be modelled as trees: carbon atoms become vertices and C—C bonds become
edges. Their normal boiling point is one of the most-studied targets for QSPR models [7,10], and both
the Szeged and Mostar indices have appeared as descriptors in this context [4,6]. Practitioners have
noticed empirically that, within a fixed isomer class (same molecular formula, different connectivity),
these two indices tend to rank isomers in opposite order. The identity of Theorem 2.1 turns this

empirical tendency into an exact mathematical statement.

B. Anti-Correlation Within Isomer Classes

Theorem 5.1. For any two trees Ty, To € T, Sz(T1) > Sz(Tz) <= Moz(T1) < Moz (Tz).

Proof. Corollary 2.5 says Moy (T) = n?(n — 1) — 4Sz(T), which is strictly decreasing in Sz(T). O
So within any isomer class, every gain in Sz comes at an equal proportional cost in Moy, and vice
versa. This is not a statistical tendency but a mathematical certainty.

C. Cs Isomers

The three structural isomers of pentane (CsHjy) correspond to the three non-isomorphic trees on five
vertices. Table 5 lists their boiling points alongside the index values. All three entries satisfy 4S5z +

Mo, = 100, and the Szeged ranking matches the boiling-point ordering exactly.

Molecule BP (°C) Sz Mo Mo, 4Sz+Mo, Szrank
n-pentane (Ps) +36.1 20 8 20 100 1st v
Isopentane +277 18 10 28 100 2nd v
Neopentane (K 4) 495 16 12 36 100 3rd v

Table 4: Cs alkane isomers (n = 5): indices and boiling points. All entries satisfy 4 Sz + Mo, = 100.
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D. Pearson Correlations for n-Alkanes C,—Cq

Across different chain lengths, all indices correlate positively with boiling point—primarily because
they all grow with n. The anti-correlation of Theorem 5.1 operates only when 7 is held fixed. Table 5

gives Pearson correlations for the straight-chain (n-alkane) series; boiling-point data are from [9].

Index r p-value
n (carbon count) +0.992 < 0.001
Mo +0.944 < 0.001
Sz +0.908 < 0.001
T(G) +0.904 < 0.001
Mo, +0.889 < 0.001

Table 5: Pearson correlation with boiling point, n-alkane series (n = 2, ...,10). Boiling-point data from
NIST Chemistry WebBook [9].

Corollary 5.2. For trees of fixed n: (i) Sz and Moy are perfectly anti-correlated, so including both in a QSPR
model for a fixed isomer class adds no information; (ii) the pair (Sz, Mo) may still provide complementary

information, since Mo is not a linear function of Sz in general.

6. Application II: Network Load Balance vs. Routing Diversity

A. Setup

Model a communication network as a tree T with # nodes and n — 1 links. For each link e = uv, the
quantity n,(e) n,(e) counts the pairs of nodes whose unique communication path crosses e, so Sz(T)
measures total routing diversity across the network. The squared difference (11, (e) — 1,(e))? captures

load imbalance on link e, and Mo, (T) aggregates this across all links.

Theorem 6.1 (Routing—Balance Trade-off). For any tree-topology network on n nodes,
4-Sz(T) +Moy(T) = n*(n—1).

Proof. This is Theorem 2.1. O

Corollary 6.2 (Optimal Topologies). Among all n-node tree networks:

Topology Routing diversity Load imbalance

n(n®—1) nn—1)(n—2)
6

Star (Ky,—1) Minimum (n —1)? Maximum (n —1)(n — 2)?

Path (P,) Maximum Minimum

Proof. Immediate from Theorem 2.6 and Propositions 2.3-2.4. O
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The identity makes the trade-off between routing diversity and load imbalance completely explicit:
the two objectives are coupled through the fixed cubic constant n?(n — 1), and no tree topology can

improve both simultaneously.

7. Conclusion and Open Problems

The central observation of this paper is elementary: removing an edge from a tree produces a
bipartition of the vertex set, and the resulting identity (a + b)?> = 4ab + (a — b)?, summed over all
edges, gives 45z(T) + Moy (T) = n?*(n —1). From this one identity, the extremal theory of Mo, on
trees, the Cauchy-Schwarz bound relating all three classical indices, the power-mean chain for the
generalised Mostar family, and the characterisation of trees via the total edge-sum index all follow
with minimal additional effort. The two application sections show that the identity is not merely a
curiosity: it explains the anti-correlation of Szeged and Mostar rankings within alkane isomer classes,
and it gives a precise statement of the routing-diversity/load-imbalance trade-off in tree-topology

networks.

A. Open Problems

OP1. Steiner analogue. For k-element vertex subsets, define Steiner-type analogues of S5z and Mos.

Does a relation c¢1 SSzx(T) + c2 SMo, x(T) = f(n, k) hold for trees?

OP2. Weighted trees. With positive edge weights w, and Sz, (T) = Y, weny(e)ny(e), is there a

weighted analogue, possibly with correction terms depending on the weight sequence?

OP3. Directed trees. Develop analogues of 1,(e) and n,(e) for rooted or directed trees and investigate

whether a corresponding identity exists.
OP4. Unicyclic graphs. For unicyclic graphs (m = n), 7 (G) is no longer constant. Determine sharp

bounds for max 7 (G) and min 7 (G) over the class U, and characterise the extremal graphs.
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